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Abstract

A Lie algebra is said to be metric if it admits a symmetric invari-
ant and nondegenerate bilinear form. The harmonic oscillator alge-
bra, which arises in the quantum mechanical description of a harmonic
oscillator, is the smallest solvable nonabelian metric example. This
algebra is the first step of a countable series of solvable Lie algebras
which support invariant Lorentzian forms. Generalizing this situation,
in this paper we arrive to the oscillator Lie K-algebras as double ex-
tensions of metric spaces. The aim of this paper is to present some
structural features, invariant metrics and derivations of this class of
algebras and to explore their possibilities of being extended to mixed
metric Lie algebras.
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1 Introduction

Real oscillator algebras are the Lie algebras attached to connected, simply
connected and non-simple Lie groups that admit a Lorentz invariant metric
that makes them indecomposable (see [Medina, 1985, Theorem 4.1]). This
type of algebras were introduced in [Hilgert and Hofmann, 1985] as double
extensions of Hilbert spaces, and renamed as standard solvable Lorentzian
Lie algebras A2m+2 in [Hilgert et al., 1989, Definition II.3.16]. Also, they
are the class of real solvable non-abelian Lie algebras that carry an invari-
ant inner product of metric signature (2m + 1, 1). This class is integrated
by real Lie algebras of dimension 2m + 2 for m ≥ 1. The term oscillator
comes from quantum mechanics because these algebras describe a system
of harmonic oscillator m-dimensional euclidean space. The 4-dimensional
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standard Lorentzian algebra A4 (in this paper denoted by d4(R)) is the har-
monic oscillator algebra, and it is the Lie algebra of the harmonic oscillator
group (see [Hilgert et al., 1989, Example V.4.15] and [Douglas and Premat,
2007]). Oscillator algebras also support other nonassociative structures such
as Poisson and Leibniz algebras and symmetric Leibniz bialgebras follow-
ing [Camacho et al., 2019] and [Albuquerque et al., 2021].

A Lie algebra g is a vector space over a field K endowed with a binary
skew-symmetric (12 ∈ K) bilinear product [x, y] satisfying the Jacobi identity :

J(x, y, z) = [[x, y], z] + [[z, x], y] + [[y, z], x] = 0 ∀x, y, z ∈ g. (1)

In case [x, y] = 0 for every x, y ∈ g, the Lie algebra g is called abelian and
identity (1) becomes trivial. Easy-to-follow examples of Lie algebras are
the set of linear maps over a finite-dimensional vector space V (equivalently
the set of n × n matrices) under the commutator bracket [f, g] = fg − gf
([A,B] = AB − BA in a matrix level). This algebra is called general Lie
algebra and will be denote along this paper as gl(V ) or gln(K) in its matrix
form. Any subalgebra of gl(V ) is named a linear Lie algebra.

The global structure of invariant Lie groups is encoded in the algebraic
structure of their (real) metric Lie algebras. In 1985, Medina (see [Med-
ina, 1985, Lemma 2.1 and Corollary 2.2]) provides the following equivalent
conditions on the existence of bi-invariant metrics on Lie groups:

For a given Lie group G and its Lie algebra Lie(G) = g, the
following statements are equivalents,

(a) The group G is endowed with a bi-invariant metric.

(b) The algebra g has a metric such that the adjoint action of
G on g is given by isometries.

(c) The adjoint and coadjoint representations of g are isomor-
phic by means of an isomorphism ψ : g → g∗ that satisfies
ψ(a)(b) = ψ(b)(a).

Moreover, if G is a connected group, (a) is also equivalent to,

(d) The algebra g has a quadratic form q : g → R and for every
x ∈ g, the linear transformations adx is skew-adjoint with
respect to the bilinear ϕ form attached to q, i.e. ϕ(x, y) =
q(x+ y)− q(x)− q(y).
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These conditions have been previously established by Milnor in 1976 (see [Mil-
nor, 1976, Lemmas 7.1 and 7.2]). Since adx(y) = [x, y] is the left product
on g, condition (d) is equivalent to

ϕ([x, y], z) + ϕ(y, [x, z]) = 0, (2)

for all x, y, z ∈ g. Any arbitrary Lie algebra g admitting a nondegenerate
symmetric bilinear form ϕ that satisfies equation (2) is named metric Lie
algebra, and ϕ is called invariant symmetric form on g. This notion appears
for the first time in [Tsou and Walker, 1957] under the name of metrisable
algebra. These algebras are also known as quadratic, orthogonal, metric or
metrised (these terms usually used over the reals) or self-dual. Along this
paper, taking into account that oscillator algebras arise over the real field
and following [Bordemann, 1997], any arbitrary Lie algebra g admitting a
nondegenerate invariant bilinear form ϕ will be named pseudo-metric and
if in addition ϕ is symmetric, we will say that g is a metric algebra. In
[Hilgert and Neeb, 1996, Lemma 1] it is proved that for real Lie algebras
pseudo-metric and metric notions are equivalent. Metric Lie algebras that
decompose as the orthogonal sum of two ideals are called decomposable.
Otherwise, they are called indecomposable.

A simple Lie algebra is a non-abelian Lie algebra without proper ideals
different form zero. Simple Lie algebras are the brick blocks that define the
class of semisimple Lie algebras. As a main example of a simple Lie algebra,
we point out sl(V ) or slm+1(K) in matrix form, the set of traceless linear
maps of V or traceless matrices. The algebra sl(V ) is a subalgebra of gl(V ),
called special linear algebra due to its connection with the special linear Lie
group SL(V ) of endomorphisms of determinant 1.

Semisimple Lie algebras under the Killing form, κ(x, y) = tr(adx ad y),
are pretty examples of metric algebras. In the opposite structural side, we
find abelian Lie algebras, all of them are metric by using any non-degenerate
symmetric form. In [Medina and Revoy, 1985] it is shown that every metric
Lie algebra which is neither simple nor one-dimensional is a double extension
of a metric Lie algebra (g,ϕ) by a simple Lie algebra or a one-dimensional
Lie algebra.

Oscillator algebras are metric and solvable Lie algebras with nilradical a
Lie algebra of Heisenberg type according to [Hilgert et al., 1989, Proposition
II.3.11]. Also, they are local algebras (only one maximal ideal), and, there-
fore, they are indecomposable as metric Lie algebras. The main goal of this
paper is to generalize the notion of oscillator algebras to arbitrary fields of
characteristic zero and, as metric algebras they are, to study their double
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extensions to other mixed metric Lie algebras. In Section 2 we introduced
general oscillator K-algebras in Definition 1 and we check in Proposition
3 that they preserve the structural basic properties that they have as R-
algebras. Our Proposition 1 expand to arbitrary fields Lemma 1 in [Hilgert
and Neeb, 1996], and Proposition 4 relates derivations of oscillator algebras
to derivations of Heisenberg algebras. Section 3 is devoted to compute the
vector space of invariant forms of this type of algebras (Lemma 1) and to
give a explicit matrix description of the whole set of derivations and skew-
derivations of the class of some basic oscillator R-algebras (Theorem 2). The
description points out that, for m ≥ 2 the algebra of skew-derivations is a
mixed Lie algebra with Levi subalgebra the special unitary real Lie algebra
sum(R). So, from oscillator algebras we can get mixed metric Lie algebras.
Double extensions of the harmonic oscillator d4(R) only produces decom-
posable metric solvable Lie algebras. But this little algebra, also known as
diamond algebra, has a self-interest of its own (see [Douglas and Premat,
2007] and [Casati et al., 2010] and references therein).

2 Metric spaces and Oscillator algebras

In the sequel, g will denote a Lie algebra with product [x, y] over a field K
of characteristic zero and ϕ : g × g → K an invariant and non-degenerate
bilinear form. So [x, y] = −[y, x] and equations (1) and (2) are fulfilled. Any
self-linear map of g that satisfies d[x, y] = [d(x), y] + [x, d(y)] for all x, y ∈ g
is called derivation. Left products adx = [x, ·] are examples of derivations
which are named inner derivations. A linear map d is said skew with respect
to ϕ or ϕ-skew if

ϕ(d(x), y) + ϕ(x, d(y)) = 0 for all x, y ∈ g. (3)

We will denote Der g, Inner g and Derϕ g the sets of derivations, inner deriva-
tions and ϕ-skew derivations of the metric Lie algebra (g,ϕ). Those sets are
subalgebras of the general linear algebra gl(g). For a vector space V , the set
of 1-forms β : V → K, will be denote by V ∗ (dual space of V ). The derived
series (lower central series) of g is defined recursively as g(1) = g (respectively
g1 = g) and g(n+1) = [g(n), g(n)] (respectively gn+1 = [gn, gn]). A Lie algebra
in which the derived (lower central) series reaches zero is named solvable
(nilpotent). Semisimple Lie algebras are direct sum as ideals of simple ones.
According to Levi Theorem, any Lie algebra decomposes as a direct sum (as
subalgebras) of its (unique) maximal solvable ideal, r(g) and a semisimple
subalgebra s called Levi subalgebra. So g = s ⊕ r(g) and, along this paper,
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g is said mixed Lie algebra if both summands are non zero. The maximal
nilpotent ideal of g will be denote as n(g) and named nilradical of g.

According to [Medina and Revoy, 1985], from a metric Lie algebra and
through out the double extension process, we can build new metric Lie al-
gebras. Here we use a more general presentation of this method that can be
found in [Bordemann, 1997].

Theorem 1. Let (g,ϕ) be a finite-dimensional metric Lie algebra over a
field K. Let b be another finite-dimensional Lie algebra over K and suppose
there is a Lie homomorphism φ : b → Derϕ(g). Denote by w : g× g → b∗ the
bilinear skew-symmetric map (a, a′) → (b → ϕ(φ(b)(a), a′)). Take the vector
space direct sum gb := b⊕ g⊕ b∗ and define the following multiplication for
b, b′ ∈ b, a, a′ ∈ g, and β,β′ ∈ b∗:

[b+ a+ β, b′ + a′ + β′] := [b, b′]b + φ(b)(a′)− φ(b′)(a) + [a, a′]g

+ w(a, a′) + β′ ◦ ad b− β ◦ ad b′. (4)

Moreover, define the following symmetric bilinear form ϕb on gb:

ϕb(b+ a+ β, b′ + a′ + β′) := β(b′) + β′(b) + ϕ(a, a′). (5)

Then the pair (gb,ϕb) is a metric Lie algebra over K and is called the double
extension of (g,ϕ) by (b,φ). □

Example 1 (One-dimensional double extension). Starting with the K-vector
space V2 = span〈x, y〉 and the bilinear symmetric and nondegenerate form
ϕ(x, x) = ϕ(y, y) = 1 and ϕ(x, y) = 0, the set Endϕ(V2) of linear maps
that satisfy expression (3) is a one-dimensional subspace generated by the
linear isomorphism δ(x) = y and δ(y) = −x. Then, the Lie algebra obtained
as double extension of the abelian metric algebra (V2,ϕ) by b = K · δ =
Endϕ(V2) = Derϕ V2 is the 4-dimensional Lie algebra d4(K) = K·δ⊕V2⊕K·δ∗.
Where the Lie bracket given in expression (4) turns into (in this case β◦ad b =
0 and w(a, a′) = ϕ(δ(a), a′)δ∗):

[tδ + λ1x+ λ2y + sδ∗, t′δ + µ1x+ µ2y + s′δ∗] :=

(tµ1 − t′λ1)y − (tµ2 − t′λ2)x+ (λ1µ2 − λ2µ1)δ
∗, (6)

for t, t′, s, s′ ∈ K (for basic generators, [δ, x] = y, [δ, y] = −x and [x, y] = δ∗).
The bilinear form extends ϕ to ϕb by declaring the orthogonal decomposition
d4(K) = span〈δ, δ∗〉 ⊥ V2 where δ and δ∗ are isotropic vectors and ϕb(δ, δ

∗) =
1. So W = span〈δ, δ∗〉 is an hyperbolic subspace. In this way we arrive to a
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4-dimensional algebra which is the smallest nonabelian solvable metric Lie
K-algebra. The real algebra d4(R) is the harmonic oscillator algebra, with
metric signature (3, 1). This algebra is also known as diamond or Nappi-
Witten Lie algebra (see [Casati et al., 2010] and references therein) and
can be obtained as the central extension of the Poincaré Lie algebra in two
dimensions.

Definition 1. Let (Vn,ϕ) be a n-dimensional K-vector space endowed with
a symmetric and non-degenerate form ϕ. Consider now any skew-linear
automorphism δ of Vn; it is only possible for n = 2m. The double extension
d(V2m,ϕ, δ) = K · δ⊕V2m⊕K · δ∗ where δ∗ is the dual 1-form of δ is a metric
Lie algebra that we will call generalized oscillator K-algebra on the triple
(V2m,ϕ, δ) (to shorten d2m+2(K)).

Remark 1. The algebras d2m+2(R) are the real oscillator algebras introduced
firstly in [Hilgert and Hofmann, 1985, Proposition 2.2] as Lorentzian semi-
algebras of Class II (see also [Hilgert et al., 1989, Proposition II.3.11]).
In [Neeb, 1993, Definition II.7] and [Hilgert and Neeb, 1996] they appear
as remarkable examples of Lie algebras with cone potencial. The study of
other nonassociative structures on oscillator algebras in [Albuquerque et al.,
2021, Section 5] yields to some geometric information on connections and
metrics on oscillator Lie groups.

A representation of g is a homomorphism of Lie algebras ρ : g → gl(V ),
so ρ([x, y]) = ρ(x)ρ(y) − ρ(y)ρ(x). Here the vector space V is called g-
module. As main examples of modules we have the adjoint ρ = ad and
coadjoint ρ = ad∗ representations. The first one provides V = g as g-
module (adx(y) = [x, y]) and the last one the dual module V ∗ = g∗ (here
ad∗ x(β) = −β ◦ adx). The vector space of g-module homomorphisms, de-
noted as Homg(g, g

∗), consists on the linear maps f : g → g∗ such that

f([x, y]) = −f(y) ◦ adx for all x, y ∈ g. (7)

The algebra g is called self-dual if the adjoint and coadjoint representations
are isomorphic (there is a bijective g-module homomorphism from g to g∗).

We come back now to items (c) and (d) of the multiple characterisa-
tion result of Lie groups with bi-invariant metrics and their Lie algebras
(see [Medina, 1985]) that we have mentioned in the introductory section.
Both items highlight the natural relationship between invariant forms on
Lie algebras and homomorphisms of their adjoint and coadjoint represen-
tations. As vector spaces, the set of invariant bilinear forms, Binv(g) and
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Homg(g, g
∗), are isomorphic:

∆ : Binv(g) → Homg(g, g
∗), ∆(b)(x) = b(x, ·) = ψb(x), (8)

and ∆−1(ψ) = bψ, bψ(x, y) = ψ(x)(y). Even more, ∆ sends a non-degenerate
invariant form into a g-module isomorphism and conversely.

On the other hand, for any bilinear form ϕ of g, we can set the bilin-
ear form ϕt(x, y) := ϕ(y, x). From the anticommutativity of g it is easily
checked that ϕt is invariant if and only if ϕ so is. In this way, over fields of
characteristic not 2, the usual decomposition of ϕ as sum of its symmetric
part ϕs and its skew-symmetric part ϕas

ϕ =
1

2
(ϕ+ ϕt) +

1

2
(ϕ− ϕt)

preserves the invariance, and, therefore, Binv(g) decomposes as the direct
sum of the vector spaces of symmetric invariant forms, Bs

inv and that of the
skew-symmetric forms Bas

inv :

Binv(g) = Bs
inv(g)⊕Bas

inv(g).

So for invarint forms, at a matrix level, we recover the natural decomposition
of a matrix as sum of a symmetric matrix and a skew-symmetric matrix.

Definition 2. Let g a Lie K-algebra, the metric dimension m(g) of g is the
dimension of the vector space Binv(g).

Our next result restates and expands Lemma 1 in [Hilgert and Neeb,
1996] and it clarifies the equivalent assertions for Lie algebras attached to
Lie gropus with bi-invariant metrics given by Medina and Milnor.

Proposition 1. Let g be a Lie algebra over a field of characteristic different
from 2. Then it is equivalent:

(a) There exists a nondegenerate form ϕ ∈ Binv(g).

(b) There exists a nondegenerate form ϕ ∈ Bs
inv(g).

(c) The adjoint and coadjoint representations of g are isomorphic.

Moreover, over fields that have at least dim g+ 1 elements, the vector space
Binv(g) is linearly generated by the set of invariant and non-degenerate sym-
metric bilinear forms and previous assertions are also equivalent to:

(d) m(g) is greater or equal than one.
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Proof. Let us assume (a) and, using [Bordemann, 1997, Proposition 2.4],
(b) follows. From (b) we get (c) taking into account that the isomorphism
∆ in expression (8) sends any non-degenerate invariant form b into the iso-
morphism ϕb : g → g∗, ϕb(x) = b(x, y). This map is one-to-one because b
is nondegenerate and, since g and g∗ are equidimensionals, it is bijective.
Moreover as b is invariant, for all x, y ∈ g:

ϕb([x, y]) = b([x, y], ·) = −b(y, adx(·)) = −b(y, ·) ◦ adx = −ϕb(y) ◦ adx.

This is just equation (7), so ϕb ∈ Homg(g, g
∗) and adjoint and coadjoint rep-

resentations are isomorphic. Finally, for any bijective map ψ ∈ Homg(g, g
∗),

bψ(x, y) = ψ(x)(y) is a bilinear form and bψ(x, g) = 0 implies that ψ(x) is
a null map, so x = 0 because ψ is one-to-one. Thus bψ is nondegenerate.
Moreover bψ([x, y], z) = bψ(adx(y), z) = ψ([x, y])(z) and from equation (7),
ψ([x, y]) = −ψ(y) ◦ adx and ψ([x, y])(z) = −ψ(y)([x, z]) = −bψ(y, [x, z]).
Hence bψ ∈ Binv(g), and (a) follows. According to Lemma 2.1 in [Bajo and
Benayadi, 1997], Binv(g) = span〈Bs

inv(g)〉 over the real field. The arguments
in the proof of this lemma are also valid for fields that have at least dim g+1
elements. And the equivalence of the four statements is then proved.

We point out a final pattern on metric Lie algebras (see [Hofmann and
Keith, 1986, Corollary 1.4]). Here U⊥ is the orthogonal subspace of any
subspace of a vector space (V,ϕ) where ϕ : V × V → K is a symmetric
bilinear form.

Proposition 2. In any Lie algebra g endowed with an non-degenerate sym-
metric invariant form, the map I → I⊥ is an involutive anti-automorphism
of the lattice of ideals of g that maps g2 = [g, g] to the centre Z(g) and, more
generally, the descending central series to the ascending central series. This
map also sends maximal ideals into minimal and vice-versa.

From Definition 1 and Theorem 1, the K-algebras d(V2m,ϕ, δ) are one-
dimensional double extensions of a metric abelian algebra by non-singular
self-derivations with bracket product (see expressions (4) and (6)),

[tδ + u+ sδ∗, t′δ + v + s′δ∗]d2m+2 = tδ(v)− t′δ(u) + ϕ(δ(u), v)δ∗. (9)

The metric structure (there may be other) in d(V,ϕ, δ) is given by expres-
sion (5).

Following [Dixmier, 1996], a K-algebra of Heisenberg type is a Lie algebra
h whose center is one-dimensional and equal to its derived algebra. For such
algebra, the Lie bracket, [x, y] = bz(x, y)z (here z is the only central element,
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up to scalars), provides an alternanting bilinear form bz : h × h → K and
(h)⊥ = h2 = K · z. Note that bz is non-degenerate on any complement
summand V of the centre Z(h) in h. Hence V is a vector space of dimension
even and bz|V×V has a canonical basis {u1, . . . , um, um+1, . . . , u2m} such that
bz(ui, um+i) = 1 = −bz(um+i, ui). Then, Heisenberg algebras have odd
dimension and, for any natural m ≥ 1, there is a unique Lie algebra of
Heisenberg type of dimension 2m+ 1 described by the standard basis given
in expression (10).

{u1, . . . , um, um+1, . . . u2m, z}, with nonzero brackets [ui, um+i] = z. (10)

The Heisenberg algebra of dimension 2m+ 1 will be denoted as h2m+1.
The next result condenses and expands the structural algebraic properties

of the oscillator R-algebras (Propositions II.3.11 and II.3.12 of [Hilgert et al.,
1989]) to any field of characteristic zero.

Proposition 3. The generalized K-oscillator algebra d2m+2 = d(V2m,ϕ, δ)
is a solvable metric algebra under the invariant bilinear form ϕδ described in
equation (11). The nilradical n(d2m+2) = d22m+2 = V2m ⊕ K · δ∗ is its only
maximal ideal. In particular, d2m+2 is a local and indecomposable metric
algebra, and its centre,

Z(d2m+2) = d
(2)
2m+2 = K · δ∗ = Z(n(d2m+2)),

is the orthogonal subspace of n(d2m+2) and the only minimal ideal. Moreover
n(d2m+2) is a Lie algebra of Heisenberg type in which the product is completely
determine by the automorphism δ through the formulas [u, v] = ϕ(δ(u), v)δ∗

and [δ, u] = δ(u) for all u, v ∈ V2m.

ϕδ(tδ + u+ sδ∗, t′δ + v + s′δ∗) = ts′ + t′s+ ϕ(u, v). (11)

Proof. Since δ is a linear automorphism, following [Benito and Roldán-
López, 2023, Lemma 2.8]), from expression (9) we get d22m+2 = Im δ +
span〈ϕ(δ(u), v)δ∗ : u, v ∈ V2m〉 = V2m ⊕ K · δ∗ and Z(d2m+2) = (Z(V2m) ∩
Ker δ)⊕K ·δ∗ = K ·δ∗. Now d

(3)
2m+2 = [d

(2)
2m+2, d

(2)
2m+2] = 0, so d2m+2 is a solv-

able algebra, that is, r(d2m+2) = d2m+2. And it is not nilpotent because of
d32m+2 = d22m+2. Then its Jacobson radical, J (d2m+2) = [d2m+2, r(d2m+2)] =
d22m+2, is just its derived algebra (see [Jacobson, 1979, Chapter III, Section
9] and [Marshall, 1967]). As J (d2m+2) ⊆ n(d2m+2) ∕= d2m+2 and it is the in-
tersection of the whole set of maximal ideals, it is the only maximal ideal and
J (d2m+2) = n(d2m+2). The statement on the Lie bracket of two elements of
V2m follows from equation (9). To finish the proof, we use Proposition 2 and
the definition of a generalised Heisenberg algebra.
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Following Proposition 3, Z(d2m+2) = K · δ∗, n(d2m+2) = d22m+2 and

d2m+2(V2m,ϕ, δ) = K · δ ⊕ V2m ⊕K · δ∗ = K · δ ⊕ n(d2m+2)  
h2m+1

.

Setting d = add2m+2 δ, we have d|V2m = δ and d(δ∗) = 0. Then, the nilradical
is d-invariant and any oscillator algebra can be viewed as the split extension
of an algebra of Heisenberg type h2m+1 by a map d ∈ Der h2m+1 such that
ker d = Z(d2m+2) = Z(h2m+1) and

h2m+1 = Im d⊕ ker d.

Proposition 4. Any oscillator K-algebra can be obtained as a split extension
of a Lie algebra of Heisenberg type h2m+1 and a map d ∈ Der h2m+1 such
that h2m+1 = Im d ⊕ ker d where ker d = Z(h2m+1) and the invariant vector
space Im d is endowed with a symmetric and nondegenerate bilinear form ϕ
for which d|Im d is ϕ-skew. Moreover, a self-linear map D of the oscillator
K-algebra d(V2m,ϕ, δ) is a derivation if and only if:

(a) n(d(V2m,ϕ, δ)) is D-invariant and D|n(d(V2m,ϕ,δ)) ∈ Der h2m+1.

(b) D(δ∗) = αδ∗ for some α ∈ K.

(c) D(δ(a)) = [D(δ), a] + [δ, D(a)] for all a ∈ V2m.

Proof. The first part follows from previous discussion. The second part is
based on the fact that the nilradical and the centre of any Lie algebra are
characteristic ideals, which means that they are invariant through deriva-
tions. So (a), (b) and (c) are necessary conditions if D is a derivation. For
the converse, it is straightforward to check that if D is a self-linear map of
the oscillator algebra satisfying (a), (b) and (c), D also satisfies the identity
d([x, y]) = [d(x), y] + [x, d(y)].

3 Double extensions of Oscillator R-algebras

Following Theorem 1, the knowledge of the set Derϕ d(V2m,ϕ, δ) allows to
expand oscillator algebras to other metric algebras. The latter set is closely
related to Der h2m+1 which is well-known set easy to describe. Using Propo-
sition 4, in this section we will give an explicit description of the whole sets
of derivations and skew-derivations of real oscillator algebras. And we will
also describe their invariant forms. The results let us obtain two countable
series of mixed metric Lie algebras based on oscillator algebras.
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According to [Benito and de-la Concepción, 2013], the 2-graded decom-
position h2m+1 = V ⊕ Z(h2m+1), where V is an arbitrary K-complement,
induces a natural grading on End (h2m+1) and lets us describe the deriva-
tions of h2m+1 as (for a matrix description see [Rubin and Winternitz, 1993]):

Der h2m+1 = {δ : δ |V ∈ sp(V, bz), δ(Z(h2m+1) = 0}  
s∼= sp2m(K)

⊕

r(Der h2m+1)  
K · id⊕ {δ : δ(V ) ⊆ Z(h2m+1), δ(Z(h2m+1)) = 0}

Here sp(V, bz) is the set of bz-skew linear maps of the vector space V . And
id means id|V = idV and id|Z(h2m+1) = 2idZ(h2n+1). So, the Levi subal-
gebra s of Der h2m+1 is a simple symplectic Lie algebra. And its solvable
radical is a (2m+ 1)-dimensional Lie algebra with abelian nilpotent radical
n(Der h2m+1) = {δ : δ(V ) ⊆ K · z, δ(z) = 0}. In matrix form the general
shape of a derivation in an ordered standard basis as described in (10) is




M + αIm P 0

Q −M t + αIm 0

ct1 ct2 2α



 , (12)

where α ∈ K, ci are column matrices, M,P and Q are m × m matrices
P t = P and Qt = Q.

Returning to the real field and applying the spectral theorem, for any real
ϕ-skew and invertible map of an euclidean space, δ : (V2m,ϕ) → (V2m,ϕ),
there is an orthonormal basis {e1, . . . , e2m} such that δ(e2i−1) = λie2i and
δ(e2i) = −λie2i−1 and λ1, . . . ,λ2m are positive real numbers (w.l.o.g. we
can assume λi ≤ λi+1). So any oscillator R-algebra of dimension 2m + 2
is determined by an m-fold λ = (λ1, . . . ,λm) of positive scalars such that
0 < λ1 ≤ · · · ≤ λm (to shorten dλ2m+2(R) for a fixed m-fold λ),

d2m+2(λ1, . . . ,λm) = R · δλ ⊕ V2m ⊕ δ∗λ.

Applying Proposition 3, the structure constants respect to the basis
δλ, e1, . . . , e2m, δ∗λ are determined by the entries of λ. Using ϕ(ei, ej) = δij
and [u, v] = ϕ(δλ(u), v)δ

∗
λ for all u, v ∈ V , we have

11








[e2i−1, e2i] = −[e2i, e2i−1] = λiδ
∗
λ,

[ep, eq] = 0 if (p, q) ∕= (2i− i, 2i), (2i, 2i− 1),

[δλ, e2i−1] = −[e2i−1, δλ] = δλ(e2i−1) = λie2i,

[δλ, e2i] = −[e2i, δλ] = δλ(e2i) = −λie2i−1,

[d2m+2, δ
∗
λ] = 0.

(13)

From the basis-bracket description of dλ2m+2(R), the next lemma restates
[Hilgert et al., 1989, Proposition II.3.14].

Lemma 1. Let λ = (λ1, . . . ,λm) and dλ2m+2(R) = R·δλ⊕span〈e1, . . . , e2m〉⊕
R ·δ∗λ the oscillator algebra with Lie bracket given in equations (13). For any
t ∈ K and s ∕= 0 the symmetric bilinear form ϕt,s given as the orthogonal
sum span〈e1, . . . , e2m〉 ⊥ span〈δλ, δ∗λ〉, ϕt,s(δλ, δλ) = t, δλ and δ∗λ isotropic,
{e1, . . . , e2m} orthogonal family and ϕt,s(δλ, δ

∗
λ) = s = ϕt,s(ei, ei) is invariant

and nondegenerate. The set {ϕt,s : t, s ∈ K, s ∕= 0} is the whole set of sym-
metric invariant and nondegenerate bilinear forms of dλ2m+2. In particular,
Binv(d

λ
2m+2) = span〈ϕ0,1,ϕ1,1〉 and the metric dimension of real oscillator

algebras is two.

Proof. Note that detϕt,s = s2m+2, so ϕt,s is nondegenerate if and only if
s ∕= 0. The invariance of ϕt,s is equivalently to

ϕt,s([x, a], b) + ϕt,s(a, [x, b]) = 0 ∀x, a, b ∈ d2m+2.

The equality follows by checking it for x ∈ {δλ, ei} (only ϕ0,1 and ϕ1,1 need to
be checked). Now let b an arbitrary invariant symmetric and nondegenerate
form. From Proposition 2 (d22m+2)

⊥ = Z(d2m+2) = Kδ∗λ and b(δλ, δ
∗
λ) =

s0 ∕= 0 because b is non-degenerate. We also set b(δλ, δλ) = t0. Since
δλ(e2i−1) = λie2i and δλ(e2i) = −λie2i−1, we get

b(δλ, e2i) =
1

λi
b(δλ, δλ(e2i−1)) = b(δλ, [δλ, e2i−1]) = 0

by using that b is invariant. So b(δλ, e2i) = 0 and b(δλ, e2i−1) = 0 in the
same vein. Finally, from (13), b(δλ, [e2i−1, e2j ]) = δijλis0 and by invariance:


b(δλ, [e2i−1, e2j ]) = b(δλ(e2i−1), e2j) = λib(e2i, e2j),

b(δλ, [e2i−1, e2j ]) = −b(δλ(e2j), e2i−1) = λjb(e2j−1, e2i−1).

Therefore, b(e2i, e2j) = b(e2i−1, e2j−1) = δijs0. A similar reasoning yields

b(e2i, e2j−1) =
1

λi
b(δλ(e2i−1), e2j−1) = λib(δλ, [e2i−1), e2j−1]) = 0,
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so b = ϕt0,s0 . The final assertion follows from Proposition 1 and the linearly
depending relation ϕt0,s0 = (s0 − t0)ϕ0,1 + t0ϕ1,1.

There are three classes of metric real oscillator algebras depending on
λ = (λ1, . . . ,λm) (see [Medina and Revoy, 1985, Section 4]):

O-I: all the entries of λ are different. Then, the set of ϕ0,1-skew deriva-
tions is an abelian Lie algebra.

O-II: all the entries of λ are equals to λ1. Up to isomorphisms for
any m ≥ 1 we have the series d2m+2(1, . . . , 1). Since λ = (λ1, . . . ,λ1),
rescaling the basis of dλ2m+2(R) in the form 1

λ1
δ, e1, . . . , e2m,λ1δ

∗
λ we

arrive at d2m+2(1, . . . , 1). The set of ϕ0,1-skew derivations is the special
unitary Lie algebra sum(R), a simple Lie algebra of type A (i.e. the
complex extension sum(R)⊗ C is slm(C)).

O-III: there are at least two different entries λi < λi+k and one of them
of multiplicity ≥ 2. The set of ϕ0,1-skew derivations is a reductive non-
abelian Lie algebra.

To end this section, we will compute explicitely the whole sets of derivations
and ϕ0,1-skew derivations of d2m+2(1, . . . , 1) (for short d2m+2). In the sequel,
we fixed a natural m ≥ 1 and, in order to get a more symmetric block
description of any derivation, all the self-linear maps of d2m+2 will be given
in a matrix level with respect to the ordered basis

{δλ, x1, . . . , xm, y1, . . . , ym, δ∗λ = z}

with xi = e2i−1 and yi = e2i. In this way, {xi, yi, δ∗λ} forms a standard
basis of h2m+1 as in expression (10). For the rest of products we observe
equations (13) with λi = 1. Let D be any derivation of d2m+2. From

D(δλ) = γδλ +

m

i=1

bixi +

m

i=1

ciyi + βz,

items (a), (b) and (c) in Proposition 4 and matrix description in (12), we
arrive at the general matrix description:

D =





0 0 0 0

b M + αIm P 0

c −P −M t + αIm 0

β −bt −ct 2α



 , (14)
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with β,α ∈ R, b, c 1×m matrices and M t = −M and P t = P . The set of
inner derivations Inner d2m+2 = span〈ad δλ, adxi, ad yi : 1 ≤ i ≤ m〉 is just
the set of matrices as in equation (14) with M = 0, β = α = 0 and P = µIm.
Using ad[x, y] = [adx, ad y], we get the derived subalgebra of this algebra,
(Inner d2m+2)

2 = span〈adxi, ad yi : 1 ≤ i ≤ m〉, which is clearly abelian.
Among the derivations of (d2m+2,ϕ0,1), we look for the ϕ0,1-skew ones:

D ∈ Derϕ0,1 d2m+2 ⇐⇒ ϕ0,1(D(x), y) + ϕ0,1(x,D(y)) = 0. (15)

From (15), the skew-derivations are as in (14) with β = α = 0. Hence, any
derivation D decomposes into the generic sum of basic blocks of derivations:

D =

αD0,1,2
  



0 0 0 0

0 αIm 0 0

0 0 αIm 0

0 0 0 2α



+

s0  



0 0 0 0

0 M 0 0

0 0 M 0

0 0 0 0



+

∈ s1  



0 0 0 0

0 0 P0 0

0 −P0 0 0

0 0 0 0





  
s2 = [s, s]s

+

µ ad δλ ∈ s1  



0 0 0 0

0 0 µIm 0

0 −µIm 0 0

0 0 0 0



+

t = (Inner d2m+2)
2

  



0 0 0 0

b1 0 0 0

b2 0 0 0

0 −b1
t −bt

2 0





  
Inner d2m+2

+

βD1,0,0
  



0 0 0 0

0 0 0 0

0 0 0 0

β 0 0 0



,

where M t = −M and P t
0 = P0 are m ×m traceless matrices. Let denote s

the set of 2m× 2m matrices of the following shape:


M P

−P M


=


M 0

0 M


⊕


0 P0

−P0 0


⊕


0 µIm
−µIm 0


, (16)

here P = P0 + µIm and µ = trP
m . It is easily checked that s is a vector

space which is closed under the bracket [x, y]s = xy − yx. Then, s is a
linear Lie subalgebra of the special linear algebra sl2m(R) and the direct sum
decomposition given in (16) provides a Z2-graded decomposition s = s0⊕s1.
So, the even part s0 is a Lie algebra, in this case isomorphic to the simple
orthogonal algebra of skew symmetric matrices som(R) if m ≥ 3.

Theorem 2. Let dλ2m+2(R) = R · δλ⊕ (V2m,ϕ0,1)⊕R · δ∗λ, m ≥ 2, be the real
oscillator Lie algebra of m-fold λ = (1, . . . , 1). The sets of derivations and
skew-symmetric derivations can be described as follows:
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(a) Der d2m+2 = R ·D1,0,0 ⊕ R ·D0,1,2 ⊕ [s, s]s ⊕ Inner d2m+2 where D0,1,2

is the derivation given by D0,1,2(δλ) = 0, D0,1,2(v) = v for all v ∈ V
and D0,1,2(z) = 2z and D1,0,0(δλ) = z and D1,0,0(d

2
2m+2) = 0.

(b) Derϕ0,1 d2m+2 = s ⊕ [Inner d2m+2, Inner d2m+2], and s2 is isomorphic
to the special unitary simple Lie algebra sum(R). For m ≥ 3, s0 is the
orthogonal simple algebra of m×m skew-matrices.

For m = 1, Der d4 = R·D0,1,2⊕R·D1,0,0⊕Inner d4 and Derϕ0,1 d4 = Inner d4.

Proof. The result follows from previous matrix decompositions and discus-
sion. Since the special unitary real Lie algebra can be realized as the vector
space of traceless skew-Hermitinan m×m matrices, so sum(R) = {M + iP :
M t = −M,P t = P, trP = 0} and som(R) = {M : M t = −M} is a subal-
gebra. It is easily checked that the map M + P0 → M − iP0 (here M + P0

represents the two first summands in the decomposition (16)) is a Lie iso-
morphism from s2 to sum(R). The same map proves that s0 ∼= som(R).

Remark 2. Let J = H(Mm(R, t)) be the real simple unitary Jordan algebra
of m × m symmetric matrices for m ≥ 2. Up to isomorphisms, s0 and
s = R · ad δλ ⊕ [s, s]s are just the algebra of derivations of J and the Lie
multiplication algebra of J according to [Jacobson, 1968, Chapter VI, Section
9, Theorems 9 and 11]. And the Z2-graded decomposition s2 = s0 ⊕ s1 ∩ s2

is related to the compact symmetric space SU(m)/SO(m) (see [Helgason,
1979, Table V, page 518]). We also point out that Jordan algebras were
introduced by Pascual Jordan in 1933 to formalize the notion of an algebra
of observables in quantum mechanics. The algebra d4(R) is the algebra of
the observables of the quantum mechanical model of the harmonic oscillator.

The existence of s2 ∼= sum(R) and s0 ∼= som(R) as simple subalgebras of
Derϕ0,1 d2m+2 for m ≥ 2 and m ≥ 3 lets us construct, in parallel with the
quadratic solvable series (d2m+2,ϕ0,1), the series of mixed quadratic algebras,

(d2m+2)sum(R) := sum(R)⊕ d2m+2 ⊕ sum(R)∗, and

(d2m+2)som(R) := som(R)⊕ d2m+2 ⊕ som(R)∗,

by following Theorem 1. In this case, we extend from the natural inclusion
of s into the set of skew-derivations, so b = s2, s0 and φ = ι.

Since Derϕ0,1 d4 = Inner d4, double extensions of the oscillator algebra
d4(R) by means of its skew-derivations only produce decomposable metric
algebras that are orthogonal sums d4 ⊕ a, with a metric abelian (see [Benito
and Roldán-López, 2023, Lemma 2.8]).
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