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1. Introduction

An important connection between Z-graded Lie algebras and other structures is given

by the well-known Kantor construction. The Kantor construction applied to a Jordan (su-

per)pair produces a Z-graded Lie (super)algebra which is 3-graded (that is, the support
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of the grading is contained in {—1,0,1}) (see [18]), and applied to Kantor pairs pro-
duces a Z-graded Lie algebra that is 5-graded (the support of the grading is contained in
{-2,-1,0,1,2}) (see [2]). Note that the Kantor construction for Jordan algebras, Jordan
triple systems, and Jordan pairs, is usually called the Tits-Kantor-Koecher construction,
or TKK-construction. A classification of the finite-dimensional simple Jordan pairs and
superpairs can be found in [20, Chap. 4] and [18], respectively. A different version of the
Kantor construction, defined by a quotient of a universal graded Lie algebra ([15], [16],
[4, §3], [5]), gives a bijective correspondence between the class of Z-graded Lie algebras
with a grade-reversing involution (and generated by the subspaces L; and L_) and the
class of generalized Jordan triple systems; this has also been used in the super case [7],
[23, Th. 2.1] (some details of this Kantor construction are usually omitted and, unfortu-
nately, the original references [15], [16] are not easy to find and have not been translated
from Russian). Some constructions of Lie algebras from ternary algebras appear in [1],
[10]. Kantor pairs are also called generalized Jordan pairs of second order (see [19] and
references therein). For the basic definitions related to Lie superalgebras see, e.g., [§],
[17].

The Faulkner construction has been used in Physics, where generalized Jordan triple
(super)systems with “good” bilinear forms are referred to with different names (M2-
branes 3-algebras [22], metric Lie 3-algebras [21], [12], three-algebras [23]).

The original Faulkner construction [11] uses a generalized Jordan pair “in disguise”
(one of the triple products is dropped) with a “good” bilinear form, and produces a Lie
module where the Lie algebra has a “good” bilinear form, and shows how to recover the
original triple product from the module (although it was not stated as a correspondence
between both isomorphic classes of objects since the module was not required to be
faithful). The Faulkner construction is often given in terms of triple systems instead of
pairs (e.g., see [12], [21]), and has also been used to study anti-Jordan pairs [13]. The
term generalized Jordan (super)pair has not been found explicitly in the literature.

A polished and detailed proof of the Faulkner construction, that is adapted to the
super case, for pairs instead of triple systems, and stated as a correspondence, has not
been found in the literature. Giving a nice reference for these results is one of the aims of
this work. Note that a construction in terms of superpairs is more general than in terms
of triple supersystems, because generalized Jordan superpairs can be constructed from
generalized Jordan triple supersystems (and structurable superalgebras). Since the proof
in [11] was rather sketchy and most computations were omitted, some related results have
appeared later (e.g., see [21]), and some of them are part of the proof if the construction
is formulated as a bijective correspondence.

Note that the author was studying how to extend “good” bilinear forms from Kantor
pairs to their Kantor-Lie algebras, which led to rediscover the Faulkner construction for
pairs.

Open problems: From an optimistic point of view, a Kantor construction for gen-
eralized Jordan (super)pairs, which includes the cases mentioned above as particular
cases, is expected to exist (which perhaps is already done in the literature). If the an-
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swer is positive, then the Kantor and Faulkner constructions together would produce
a Kantor-Faulkner correspondence between Z-graded Lie superalgebras and faithful Lie
supermodules, under certain constraints (“good” bilinear forms are required, and the
Z-graded Lie superalgebra L must be generated by the subspaces L; and L_1). Giv-
ing a detailed description of this Kantor-Faulkner correspondence, with necessary and
sufficient conditions, is left as an open problem. Furthermore, the Faulkner and Kantor
constructions remain to be studied in the color case, that is, where Lie color algebras
appear instead of Lie (super)algebras.

This paper is structured as follows:

In Section 2 we recall some basic definitions and introduce the notation used in further
sections. A reformulation of the Faulkner construction for generalized Jordan superpairs
is given in Section 3, where we also show that the automorphism group schemes are
preserved in the correspondence. Finally, in Section 4 we transfer the tensor product
operator from the class of faithful Lie supermodules (with “good” bilinear forms) to the
class of generalized Jordan superpairs (with “good” bilinear forms).

As an application of the original results in this paper, note that some results related to
automorphism group schemes can be transferred between generalized Jordan superpairs
and faithful Lie supermodules, with the restrictions given by the correspondence (e.g.,
classifications of gradings and orbits). (An introduction to automorphism group schemes
can be found in [24], and results that allow to transfer classifications of gradings using
automorphism group schemes can be found in [9].) Tensor products are a natural tool
for the study of generalized Jordan superpairs (e.g., by decomposing a simple object as
a tensor product of others of lesser dimension, or to construct new examples as tensor
product of others).

2. Preliminaries

The base field F will be always assumed to be of characteristic different from 2. In
this section we will recall the basic definitions used in further sections.

2.1. Lie superalgebras

Let G be a group. A G-grading on a vector space V is a vector space decomposition
r: vs= @geG Vg. If A is an F-algebra, then a G-grading on A is a vector space
decomposition

r: A=A,
geG
such that AgA, C Agp for all g,h € G. An algebra A with a G-grading is called a
G-graded algebra. The subspace A, is called homogeneous component of degree g. The
nonzero elements x € A, are said to be homogeneous of degree g, and we write deg(x) = g.
The set Supp I' := {g € G | A, # 0} is called the support of the grading.
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A nonzero linear map f: V — W between G-graded vector spaces is called homoge-
neous of degree g if f(V},) C Wy for all h € G; thus Hom(V, W) becomes a G-graded
vector space. In particular, if V' is G-graded, then End(V') becomes a G-graded algebra.

A superalgebra is a Za-graded algebra A = Ag @ Aj. The homogeneous subspaces
A and Aj are called, respectively, the even and odd subspaces. The degree map of the
Zo-grading is denoted by e, that is, e(z) == a if 0 # = € A,. An element 0 # = € A is
called even (vesp. odd) if e(x) = 0 (resp. e(z) = 1). We will usually write (—1)0 := 1,

(—1)! := —1. Also, for homogeneous elements in a Z,-grading we will denote
Moy o= (=1)7W), (2.1)
Moy i= (—1)F@WHeWe@)+e)e@), (2.2)

A Lie superalgebra is a superalgebra L = Ly @ Ly, with product denoted by [-, ], such
that

[LE, y] = _nx,y[ya $], (23)
[I’ [y,ZH = [[I’y]’z] +77x,y[y7 [:E,ZH, (24)

for any homogeneous elements x,y, z € L. Lie algebras are exactly the even Lie superal-
gebras (that is, with Ly = 0).

Recall that if A is an associative superalgebra, then A becomes a Lie superalgebra
with the Lie superbracket defined by

[z,y] == 2y — N2 yyx (2.5)

for any homogeneous elements x,y € A. Also, recall that if A is a superalgebra, then
End(A) becomes an associative superalgebra (where the homogeneous elements are the
homogeneous maps). Therefore End(A) with the Lie superbracket becomes a Lie super-
algebra, usually denoted by gl(m|n) where dim A = m and dim A = n, or gl(Ag|A;7).

Let A be a superalgebra. A superderivation of degree a is a homogeneous linear map
d: A — A of degree a € Z4 such that

d(zy) = d(z)y + na,.d(y) (2.6)

for any x, y homogeneous in A, where we write £(d) := a. A superderivation is the sum of
a superderivation of degree 0 and a superderivation of degree 1. Note that if A7 = 0, then
the superderivations are exactly the derivations of A. It is well-known that the vector
space of superderivations of A becomes a Lie subsuperalgebra of gl(m|n), where m and
n are respectively the even and odd dimensions of A.

Given a Lie superalgebra L and a Zs-graded vector space M = Mz® M7 with a bilinear
map L x M — M, (z,v) — x-v, we say that M is an L-supermodule if Ly - My C Mgy
for any a,b € Z5 and
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[z,9] - v=2-(y v) = Nuyy- (z-v) (2.7)

for any homogeneous elements x,y € L, v € M. Modules for Lie algebras are exactly the
Lie superalgebra supermodules where L7 = 0 and M7 = 0.

Let L be a Lie superalgebra and b: L x L — F a bilinear form. We will say that b is
homogeneous if b(z,y) = 0 for any homogeneous elements x,y € L with (z) +&(y) # 0.
If

b([z,yl, 2) = b(=, [y, 2]) (2.8)

for any z,y, z € L, then b is said to be invariant. Also, if

b(xa y) = nw,yb(y’ .’L’) (29)

for any homogeneous elements x,y € L, then b is said to be supersymmetric (note that
the restrictions of b to L and Lj are symmetric and antisymmetric, respectively).

Let L be a finite-dimensional Lie algebra and M a finite-dimensional L-module. Recall
that the dual L-module is given by the dual space M™* with the dual action x - f defined
by

(@ f)v) :==—f(z-v) (2.10)

foranyx € L, f € M*, ve M.

Now assume that L is a finite-dimensional Lie superalgebra and M a finite-dimensional
L-supermodule. Consider the dual space M*. Then M* inherits a dual Zs-grading such
that the duality bilinear form is homogeneous (that is, M, and M} are paired and M,
is orthogonal to M if a # b). We will usually denote by (-,-): M* x M — F the pairing
bilinear form. Define the left-dual (or dual) L-supermodule of M as the Zs-graded vector
space M™* with the dual action z - f given by

(@ fv) = (z- [)) = = f(2-v) = =0, (f, 2 - 0) (2.11)

for any homogeneous elements x € L, f € M*, v € M. It will be denoted by M* or M*.
Similarly, define the right-dual L-supermodule M~ of M as the Zs-graded vector space
M* with the dual action = - f given by

(- f,v)=(x- f)v) = —npflz-v)=—ng(f,z-0v) (2.12)

for any homogeneous elements x € L, f € M* v € M. It is easy to see that
(M<)7 2 M = (M7)" (left and right duals are inverses) and ((M*<)<)) 2 M
and (M7)7)7)7 2 M (both dualizations have order dividing 4). In particular, when
Ly =0 and M7 =0, we have that M = M.
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Given a homogeneous element ¢ € End(M), we define its left-dual map ¢ by means
of

(@ (f),v) = np.r (f,0(v)), (2.13)

for any homogeneous f € M*, v € M. The map ¢ may also be referred to as the dual
map of ¢, and denoted by ¢*. The dual map ¢* is well-defined for any ¢ € End(M),
since any endomorphism decomposes as sum of homogeneous elements. Similarly, we
define the right-dual of ¢ by means of

(@7 (f),v) = npw(f, p(v)), (2.14)

for any homogeneous f € M*, v € M, ¢ € End(M). In the case that M7 = 0, we
have that both ¢ and ¢~ coincide with the usual dual map ¢*. Also, it is clear
that ()7 = ¢ = (¢ ) (left and right dualizations are inverse processes). Besides
(((e)) ) =pand (((¢7)7)7)" = ¢ (both dualizing processes have order dividing
4). Note that dualizing preserves parity of homogeneous endomorphisms.

If M and N are L-supermodules, the (left) tensor product supermodule is defined by
the vector space M ® N with the action

- (W) :=(T-0) QW+ N0 @ (T - w) (2.15)

for each homogeneous z € L, v € M, w € N. It will be denoted by M%N or M ®N.
The parity map that determines the Zy-grading is given by e(v ® w) := €(v) +&(w). The
tensor product operator is associative, but M ® N 2 N ® M (unless M; = 0 = N7 or
L; = 0). The right tensor product can be defined similarly, and denoted by M @>N . Note
that M&N = N® M. Besides, M SN = MEN if either M; = 0 = Nj or Lj = 0.

It is easy to see that (M ® N)* =2 M* ® N . To show this, consider the bilinear
form given by

() ((MT@NT)x (M@N) > F

(2.16)
(f®g,v@w) = ng.(f,v)(g,w),

where f € M, g€ N, v e M, w € N are homogeneous. The bilinear map in (2.16)

will be called the (left) tensor superproduct of the corresponding pairing bilinear forms
M*x M —TF and N* x N — F. Then we have that

(fega - (vow)=(f@g (x v)®w+Mn,ve (v w))
= g0 ([T V)G, W) + Nz g (f,v)(g, 2 - w)
= —Na,gNg,uMa, (T f,0)(g W) — N wNg,uMa,g{f, V) (T - g, 0)
= —(Nw,gMg,0M, 1 Mg (T - f) @ g,0 @ w)



D. Aranda-Orna / Linear Algebra and its Applications 646 (2022) 1-28 7

- (nm,vng,vnm,g)(nm,vng,v)<f ® (l‘ g),v® w>
= ~(Na,gNa, (T f) @ g+ N gf @ (2 9),v QW)
= _"733,]"'7a:,g<m : (f b2y g)a v & w>7

for any homogeneous elements € L, f € M, g€ N, v e M, w € N, which proves
the isomorphism.

Let M an L-supermodule and M’ an L’-supermodule, with L and L’ Lie superalgebras.
For a € Zs, define Hom® ((L, M), (L', M")) as the set consisting of pairs (¢o, ¢™), where
wo: L — L' is a superalgebra homomorphism (that is, an even algebra homomorphism),
@t: M — M’ is a linear map of parity a (that is, o*(M,) C M, for each b € Z5), and
where we also have

¢T (@ v) = gt 2po() - 9T (v). (2.17)
Also, denote

Hom ((L, M), (L', M")) := | J Hom* (L, M),(L', M")),
a€Zs

and Hom ((L7M), (L’,M’)) := Hom ((L,M), (L’,M’)). In the case that L = L', the
subset Hom{ (M, M') C Hom® ((L, M), (L, M")) given by the elements where ¢y = idy,
is clearly a vector space. Thus

Hom, (M, M') := Hom{ (M, M) & Hom! (M, M)

is a Zs-graded vector space. The elements of the vector space Homp(M,M') :=
Hom? (M, M’) will be called L-supermodule homomorphisms.

It is well-known that if M, N are L-supermodules for a Lie superalgebra L, then the
vector space of linear maps M — N inherits a Z,-grading, Hom(M, N) = Hom’ (M, N)&®
Hom* (M, N), and it becomes an L-supermodule with the action

(@ f)(w) ==z f(v) =N s fl-v) (2.18)

forz € L, f € Hom(M,N), v € M.

There are several definitions of automorphism groups for Lie supermodules. It is
clear that the set of bijective elements in End(L, M) := Hom ((L, M), (L, M)) defines a
group, that will be denoted by Aut(L, M). Note that Aut(L, M) < Aut(L) x GL(M).
The even elements define a subgroup Aut(L, M) := Aut’(L, M) < Aut(L, M). On the
other hand, the elements with ¢y = idy, define a subgroup Aut; (M) < Aut(L, M). Set
Autp (M) = Aut; (M) N Aut(L, M). The automorphism group schemes Aut(L, M),
Aut; (M), Aut(L, M) and Auty (M) are defined similarly.
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2.2. Generalized Jordan superpairs

Recall from [3, §3] that a trilinear pair is a pair of vector spaces V = (V~, V") with
a pair of trilinear maps {-,-,-}7: V7 x V=79 x V7 — V7 o € {+, —}. We will write

D7 ,(2) = {=,y,2}7 (2.19)

for z,z € V?, y € V77, 0 = . The superscript ¢ is sometimes omitted for short.

Let G be an abelian group and 'V a trilinear pair. Given two decompositions of vector
spaces ['7: V7 = GBgGG Vg, for 0 = &, we will say that I = (T, T7) is a G-grading on 'V
if {Vg,V,7,V7} C V7,4 forany g,h,k € G and o € {+, —}. The vector space V&V,
is called the homogeneous component of degree g. If 0 # x € V7 we say x is homogeneous
of degree g. Notice that if z,y are homogeneous, then D7 , is a homogeneous map of
degree e(D7 ) = e(x) +£(y).

A generalized Jordan superpair is a trilinear pair V = (V~, V1), where the subspaces
V= and VT are Zj-graded and we have that

D?, D7, — (_1)(6(I)+€(y))(6(2)+6(7ﬂ))D;wD;y

Z,w

(2.20)
_ o xT “+e z)te(z xT o
= D, ew (—1)=@e@)Fel)e(z)te(2)e( )Dz,D;,;w
for any homogeneous elements z,z € V7, y,w € V=7, 0 = +. Note that the left side of
(2.20) is just the Lie superbracket

(D7, D2,] = D3,,D%

(o8 ag
.,y 2w w — TIDg D"tz,wa,y'

Yz,

Thus (2.20) is equivalent to

[DG Dg,w] = D%g,yz,w - 77$7yazD

T,y?

T (2.21)
In particular, if V§ = 0 for o = =+, then V is called a generalized Jordan pair. On the other
hand, if V§ = 0 for o = +, then V is called a generalized Jordan antipair. Sometimes
(2.21) is referred to as the fundamental identity.

Let V be a generalized Jordan superpair, D = (D™, D") € End(V~) x End(V*), and
a € Zy. We will say that D is a superderivation of degree a of V, and write (D) := a, if
we have that D?V] C V7, for any o = £, b € Z3, and

DG({:C’ Y, Z}) = {Da(x)’y7 Z} + T]D,x{x7Dia(y)’ Z} + D,D, {xvy’ DU(Z)} (222)

for any homogeneous elements x,z € V7, y € V=7, A superderivation is the sum of an
even superderivation and an odd superderivation.
Given a generalized Jordan superpair V, consider the operators

v(z,y) := (D —nw,yD;;w) € End(V™) x End(V™), (2.23)

z,y?
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for homogeneous elements 2 € V=, y € V*. For convenience, we will also denote

v(y,z) = —ng,v(x,y). (2.24)

By (2.20) or (2.21), we have

Dy y{u,v,w} = {Dy yu, v, w0} — Ny u{tt, Dy 2v,w} + NDy,y,Du,v {u,v, Dy yw}

= {Dzﬂl/u’ v, w} - nxyynDz,yvu{u7 Dva,l)? w} + nDz,nyu,v {u’ v, nyyw}7

so that the operators v(x,y) are superderivations. Also note that

v(z,y),v(z,w)] = v(Dyyz, W) — Ny V(2, Dy zw) (2.25)
=vw(z,y) - z,w) +n.p, ,V(z,v(r,y) w).

Denote V, := "V, @V} for a € Zy. The inner structure (Lie) superalgebra of a generalized
Jordan superpair is the Lie superalgebra

inste(V) := span{v(z,y) |z € V",y € VT} < gl(V5| V1), (2.26)

and its elements are called inner superderivations of V. (Inner structure algebras appear
in [11], and are also used in the Kantor construction.) If V{ = 0 for o = +, then instr(V)
is a Lie algebra called the inner structure algebra of V, and its elements are called inner
derivations. From (2.25), it is clear that

[z, v(f,v)] =v(z- f,v)+ 0 sv(f,x-v), (2.27)

for any homogeneous elements x € inste(V), f € V=, v € V.
A generalized Jordan superpair V is called a Jordan superpair if

{x» Y, Z}U = nr,ynx,zny,z{za Y, 'T}a (2.28)

for all z,2 € V7, y € V77, 0 = &. If a Jordan superpair is even (V§ = 0 for o = %), it
is called a Jordan pair. If a Jordan superpair is odd (V§ = 0 for o = %), it is called a
Jordan antipair or anti-Jordan pair (this is equivalent to the definition in [6]).

Given a generalized Jordan pair V, we say that V is a Kantor pair (or generalized
Jordan pair of second order) if

Kfe .w=K7,DI0 + Dy K7, (2.29)

forall z,2 € V7 y,w € V77 ¢ = +. It is well-known that Jordan pairs are exactly the
Kantor pairs satisfying K, , =0 for all z,y € V7, 0 = +.

Let V= (V*,V7) be a generalized Jordan superpair with a bilinear form (-,-): V= x
V+ — F. We will say that (-,-) is left-superinvariant, or superinvariant, if
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(Dgyz, W) = Ngy (2, Dy zw) (2.30)

for any homogeneous elements z,z € V=, y,w € V*. Similarly, (-,-) is said to be right-
superinvariant if

(Dg.y2, W) = Ng.ywlZ, Dy zw). (2.31)

In particular, if Vi = 0, then the bilinear form (-,-) is left-invariant if and only if it
is right-invariant, and in this case it will be said to be invariant. If (x,y) = 0 for any
x € V7, y € VT such that e(z) # (y), then the bilinear form is said to be homogeneous.
On the other hand, we will say that (-,-) is left-supersymmetric, or supersymmetric, if it
satisfies the identities

(Dayz,w) =np, ,.D. (D20, Y),
oy e (2.32)

<1'7 Dy12w> =MD, y.D.w <Z, Dw,a:y>

for any homogeneous elements x, 2 € V=, y, w € V. Note that the two identities in (2.32)
are equivalent if (-,-) is either left-superinvariant or right-superinvariant. Similarly, we
will say that (-,-) is right-supersymmetric if it satisfies the identities

D,,i 2, W) =1D, ,D. Dzv L5Y)
(Dg,yz, w) wvws Dz (D205 Y) (2.33)
<‘T7 Dy,zw> =Dy w,D .y <Za Dw,my>

for any homogeneous elements x,z € V=, y,w € V*. Note that if V; = 0, then the
left and right supersymmetric identities coincide, and we will say in this case that the
bilinear form is symmetric.

Recall that a homomorphism ¢: V — W of generalized Jordan pairs is a pair
of linear maps ¢ = (¢ ,9"), with ¢7: V¢ — W7 such that ¢({z,y,2}°) =
{07 (), 077 (y), ¢ (2)} for any z,z € V°, y € V77 o = +. For generalized Jordan
superpairs, we also require that the homomorphisms preserve the parity. As usual, the
automorphism group of V will be denoted as Aut(V), and the automorphism group
scheme as Aut(V).

3. The Faulkner construction for GJSP

In this section we will revisit the Faulkner correspondence, giving a detailed proof
that is adapted to generalized Jordan superpairs.

Notation 3.1. We will denote by FLSM the class of objects of the form (L, M,b),
where L is a finite-dimensional Lie superalgebra, M is a finite-dimensional faithful
L-supermodule, and b: L x L. — [ is a nondegenerate homogeneous invariant super-
symmetric bilinear form. We will denote by Aut(L,b) the subgroup of Aut(L) preserving
the bilinear form, which consists of the elements ¢y € Aut(L) such that



D. Aranda-Orna / Linear Algebra and its Applications 646 (2022) 1-28 11

b(wo(), po(y)) = blz,y) (3.1)

for any xz,y € L. Also, we will denote by Aut(L, M,b) the group of automorphisms of
the supermodule preserving the bilinear form, which consists of the pairs ¢ = (¢o, 1) €
Aut(L, M) such that ¢y € Aut(L,b). The subgroup schemes Aut(L,b) < Aut(L) and
Aut(L,M,b) < Aut(L,M) are defined similarly. The subclass of objects of FLSM
where L7 = 0 and M7 = 0 will be denoted by FLM.

Also, denote by GJSP the class of objects of the form (V,{(-,-)), where V is a
finite-dimensional generalized Jordan superpair with a nondegenerate homogeneous su-
perinvariant supersymmetric bilinear form (-,-): V= x V¥ — F. We will denote by
Aut(V, (-,-)) the group of automorphisms preserving the bilinear form, which consists
of the pairs ¢ = (¢, ¢") € Aut(V) such that

(™ (f), 0" (v)) = (f,v) (3.2)

for any f € V=, v € V*. Again, the subgroup scheme Aut(V, (-,-)) < Aut(V) is defined
similarly. The subclass of objects of GJSP where V; = 0 will be denoted by GJP.

Next result generalizes part of [11, Lemma 1.1] to the super case:

Proposition 3.2. Let L be a finite-dimensional Lie superalgebra, M a finite-dimensional
L-supermodule, and b a nondegenerate homogeneous invariant supersymmetric bilinear
form on L. Let M* := M* denote the (left) dual L-supermodule of M. Consider the
pairing bilinear form (-,-): M* x M — F given by (f,v) := f(v) forve M, f € M*,
and also denote

(v, f) = nf,v<fa v) = nf,vf(v)' (3.3)

For eachv € M, f € M*, denote by [f,v],[v, f] € L the only elements satisfying

b(x, [f,v]) = (z- f,v) and b(x,[v, f]) = (v, f) (3.4)

forallx € L. Then Vi, pr = (M*, M) becomes a generalized Jordan superpair with triple
products given by

{fvvvg}i = [f,v]-g, {U7f7w}+ = [va]'wv (35)

for f,g € M*, v,w € M. Besides, (-,-) is a nondegenerate homogeneous superinvariant
supersymmetric bilinear form on Vi, ar.

Proof. First, we claim that [f,v] and [v, f] are well-defined. For each f € M*, v € M,
consider the map ¢y ,: L — F, 2 — (z - f,v). Since ¢y, € L* and b is nondegenerate,
there exists a unique element y € L such that vy ,(z) = b(x,y) for all € L, which



12 D. Aranda-Orna / Linear Algebra and its Applications 646 (2022) 1-28

proves the claim for the former case, and the latter case is analogous. It is also clear
that the expressions [f,v] and [v, f] are bilinear on their parameters. Since b and (-, -)
are homogeneous and b is nondegenerate, it follows that the brackets defined in (3.4) are
homogeneous too, that is,

e(lf,v]) = e(f) + e(v) = &([v, £1)- (3.6)

We need to prove that the identities

[Df D’D ] Difvgw nf,v,gD;fouﬂ (37)
+ + 1= pt +
(DY s Dl gl = Dy = ey (3.8)

hold for any v,w € M, f,g € M*.
From (3.4) and (2.11), it follows that

bz, [f,v]) = (- fiv) = _nm,f<fa$ V) = N N, (T 0, f) = b(, _nf,v[va I
for all homogeneous =z € L, f € M*, v € M, and since b is nondegenerate, we get that
[f,v] = =npolv, f] (3.9)

for all homogeneous f € M*, v € M.
For each homogeneous elements x € L, f,g € M*, v,w € M, we have that

( [[fa v], [g, H) =(2.8)
= b([, [f, 0] [9, w]) =(3.9)
= ([ [f,0]] -9 w) =)
=(z- ([fa vl 9)sw) = N (70 ([f, 0] (- 9)s w) =(3.9),2.11)
=b(z, [[f,v] - g w]) + N, N2 f 0,00 (T - 9, [, 0] - W) =50y, 3.9
= b(x, [[f,v] - g,w] = (11,970,9)05.0[9: [V, ] - w])
= b(z, [{f, v, g}, w] = np0,4lg, {v, fw}]),

and since b is nondegenerate it follows that

[[fv U]v [g’w]] = [Df,vng] - nf,v,g[gyDv,fw]' (3'10)

Similarly, and using (3.3), we get that

[[’Uv .ﬂ? [w’ g]] - [Dv,fwv g] - nv,fﬂv[w? Df,vg]a (311)
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although this also follows from

[[Ua f]v [U}, g” —(3.9)

= Nfllgw Hf» vl [ng]] =(3.10)

= Nfwlg,w ([Df,vga w] - 77f7v}g[9, Dv,fw]) =(3.9)

= (1f,0Mg,w) (=N f,0M0,wNg,w) [W, Dy 9]

= (Nf,0Mg.0)Nf 0,9 (—Ng,0Mg, £ Mg ,0) [Do, pw, 9]

= [Du,yw; 9] = 0o, f.0[w, Dy.vg]-
Note that the actions on M* given by the elements of each side of Eq. (3.10) coincide
with the actions given by the operators on each side of Eq. (3.7), from where it follows
that Eq. (3.7) does hold. Similarly, Eq. (3.8) does hold too. Thus we have proven that
Vi, is indeed a generalized Jordan superpair.

On the other hand, from (2.11) and (3.9), it follows that for homogeneous f,g € M*,
v,w € M we have

(Dfwg,w) = ([f 0] - g, w) = =np,0],4(9, [f, 0] - w)
= Nf.9M0,gM0(9: [V f] - w) = nf0,6(9, Do yw),
that is, the bilinear form (-,-) is superinvariant. Since b is supersymmetric, we get
(Dgwg, w) = ([f, 0] - g,w) = b([f,v], [g, w]) = ny5,01,1g,10([g, w], [f, 0])
= ND;.,Dy.0 9, w] - f,0) = 0D, D, . (Dgwf,0),
and therefore (-, ) is also supersymmetric. O
The following result is a generalization of [21, Lemma 23] to the super case:
Proposition 3.3. Under the assumptions of Proposition 5.2,
inste(L, M) := span{[f,v] | f € M*,v € M}

is an ideal of L, and the restriction of the representation ®: L — gl(M* & M) defines
an epimorphism of superalgebras given by
T:inste(L, M) — inste(Vp ar) < gl(M* & M),

(3.12)
[fv U} — V(fv U) = (Df,vv _nf,va.,f)'

Furthermore, ker ® = inste(L, M)*. In particular, if the L-supermodule M is faithful,
then L = inste(L, M) = inste(V ar).
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Proof. It follows from (3.10) and (3.6) that inste(L, M) is a Lie subsuperalgebra of L.
Moreover, for each homogeneous z,y € L, f € M*, v € M, we have that

b(y7 [!E7 [fv U]]) = b([y,a:], [f7 U]) = ([y,x] ' fv 7)>
(y-(z-f)v) =meylx-(y-f)o)

(Y, [Z‘ -, U]) + nx,yna:,y'f<y “fz-v)
(ya[x'fav]+n$,f[fax'v])a

with b nondegenerate, which implies that

[x,[f,’l}]] Z[x'fav]‘ﬂh,f[f,x'v], (3.13)

and therefore inste(L, M) is an ideal of L. It is clear that the action of [f,v] on M* & M
is given by v(f,v), and since inste(Vy ar) is spanned by the operators v(f, v), it follows
that T is an epimorphism. (Also, note that the notation in (2.24) is consistent with
(3.9).)

Set K = instv(L, M)+ := {k € L | b(k,inste(L, M)) = 0}. Note that since b is
homogeneous and inste(L, M) is a subsuperalgebra of L, it follows that we can decompose
K = K5 ® K7 with K, C L,. For each homogeneous k € K, f € M*, v € M, we have

<f,k'1}> = —77k,f<k'fav> = _nk,fb(k’ [vaD =0

with (-, -) nondegenerate, hence k-v = 0 and k- f = 0, which shows that K C ker ®. On the
other hand, for each z € ker @, f € M* v € M, we have that b(z, [f,v]) = (2 - f,v) =0,
so ker @ C inste(L, M)+ = K. We have proven that K = ker ®.

Finally, assume that the representation ® is faithful. Then Y is an isomorphism. Since
K = inste(L, M)+ = ker ® = 0, the restriction of b to inste(L, M) must be nondegenerate
and L =inste(L,M). O

Definition 3.4. Under the assumptions in Propositions 3.2 and 3.3, we will say that V_p
is the generalized Jordan superpair associated to the L-supermodule M, and the ideal
inste(L, M) < L will be called the inner structure superalgebra of the L-supermodule M.

The following result corresponds to the super case of part of [11, Lemma 1.1]. Note
that the fact that b is well-defined is not trivial, and according to Faulkner’s proof (where
the details are omitted), this follows from the (super)symmetry of (-, ). The proof of this
detail is omitted in the proof of [21, Proposition 25], where b was assumed to be well-
defined without mention to the (super)symmetry of (-, ).

Proposition 3.5. Let (V, (-,-)) be an object in GISP and set L = inste(V). Then M := VT
and M* := "V~ are faithful dual L-supermodules and
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O: M*"®@M — L

(3.14)
f@vr—v(f,v) = (Dfv, =0t vDo,f)

is an epimorphism of L-supermodules. Consequently, (M* @ M)/ker® = L.
Furthermore, (-,-) induces a mnondegenerate homogeneous invariant supersymmetric
bilinear form b: L x L — F given by

b(v(f,v),v(g,w)) := (¥(f,v) - g, w) = (Dy g, w). (3.15)

Proof. Since (-, -) is superinvariant and nondegenerate, it is clear that M and M* are dual
L-supermodules (where M* = M), and both are faithful because L C End(M* & M)
consists of endomorphisms. By the universal property of the tensor product, the bilinear
map

M*xM — L, (f,v)— v(f,v)

corresponds to a unique linear map M* ® M — L, namely the map O. It is clear that ©
is surjective, and for any homogeneous elements f,g € M*, v,w € M, we have that

O(v(f.v) (g@w)) =6((v(f,v) 9) ®w+1ngp,,9® (f.v) w))
= V(V(f/(}) ' g,'UJ) +779,Df,2,l/(93 V(f,’U) ! ’lU)
= [U(f,’l})ﬂ/(g,w)] = V(fvv)'y(ng) = V(f,’l}) '@(Q@w),

thus © is an epimorphism of L-supermodules.
We will show that b is well-defined. Set M = M* ® M and consider the linear map

A-MOM — F,

(3.16)
(fev)®(gew)— ((f,v)- g,w) = (Dy g, w).

Note that
ker(© ® ©) = ker(0) @ M + M @ ker(0©)
and
im(O@®0)=im(0)®im(O) =L L.
We claim that A restricts to the quotient
M@M)/ker(O®0O) = L& L.

To show the claim we need to prove that ker(@®©) C ker A. It is clear that ker(©)@M C
ker A. Since (-, ) is supersymmetric, we have that
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A(fov)®(g@w)) = (Dfog,w) =n0p,..D,.(Dguwfsv),

which shows that M ® ker(©) C ker A. Consequently, ker(© ® ©) C ker A and A induces
a linear map A: L®L — F. Tt is clear that A corresponds to a bilinear map L x L — F,
namely b. We have proven that b is well-defined. Note that since (-, -) is supersymmetric,
we have that

b<V(faU)7V(g’w)):<Df,vg’ >_77Df'u; gw< g,wfa >
= 77Df,'u7Dg,wb(V(g7 w)? V(fv U)):

so that b is supersymmetric. It is clear that b is nondegenerate because (-, -) is nonde-
generate. Finally, for each homogeneous = € L, f,g € M*, v,w € M, we have that

b([v(f,v),z],v(g,w)) = —ns,p, ,b([z, v(f,v)],v(g,0))
_ﬁm,Df,l,b(V(f - fv) + nz,f’/(fa T -v),v(g,w)) =(3.15)
= Ny, V(@ f,0) - g w) = New(V(f, 2 0) - g,w) =(2.30)
~Na,D . IDs 1.0, Dy V(g W) - (T - f),0)
= N2 wNDy 0 Dy V(G w) - o2 0)
= —(Ne,04., N4 .0,Dg,0) N f,D4 N, ) f, T - (V(g, W) - 0))
+ (M2,07MD; o 0, Dg 0 )1f,D 0 (3 V(g5 W0) - (- 0))
= (Nz,0Mg,0Mw0,w)(f 2 - (V(g, W) V) = M2, , V(g w) - (- v)))
—(Nz,0Mg,0Mw,0) (f: [z, (g, w)] - v)
= (Ma,0Mg,0Mw,0) (Mf.anf.gMfw) [T V(g w)] - f,0) =315
= (Ne,0Mg,vw,0) (Mf,275,9Mf,0)b([2, (g, w)], V(f,v)) =(2.9)
=b(v(f,v), [z, v(g,w)]),

=(2.11)

which shows that b is also invariant. O
The following result generalizes [11, Lemma 1.1]:

Theorem 3.6 (Faulkner correspondence). There is a bijective correspondence between
(isomorphy classes of) objects in FLSM and objects in GISP, which in turn re-
stricts to a correspondence between objects in FLM and objects in GJIP. Further-
more, given (L,M,b) € FLSM and its associated object (V,{(-,-)) € GISP, we have
Aut(L, M,b) ~ Aut(V, (-,-)).

Proof. The correspondence of objects in both classes is consequence of Propositions 3.2,
3.3 and 3.5 (it is easy to see that both constructions are inverses of each other). Let
(L, M,b) and (V, (-, -)) be associated objects in this correspondence.
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Fix (¢7,9") € Aut(V, (). Note that o= = ((¢7))~!. Consider the map
¢o: End(V™) x End(V*) — End(V~) x End(V*) given by ¢o(x) := p oz ot Let
feM*=V" andve M ="V*. Then

do(V(f,v)) = (¢" 0 Dyyo (7)), —npupt 0 Dy o (p)™h)
= (Do (1)t )s ~M10 Dt (01,0 (1)) = V(@07 (), 7 (v)),

so that ¢ restricts to an element ¢y € GL(L). Besides, it is easy to see that ¢y € Aut(L).
Also,

b(eo(v(f,0)), ¢ w))) =b(v(e™ (), ¢" (), vl (9), 9" (W) =3.15)
= (v(p ( ) ( )¢ (9). 0" (w)) =)
={e" (N "), 0™ (@} e (W) = (e~ ({f,v,9}), " (w))
=

{ g} > (3.5) < (fv ) 7w> =(3.15)
(v(f

=b w)),

so we get that g € Aut(L,b). Moreover, for x € L we have that

(f,et(@-v) ={(p7) 1 (f)z-v) =3
= Nf,z0(T v, (- ) (f)> =(3.15)
= f0b(2, (v, (07) ()
= 1t.000(0(x), po(v (v,(so )7H))
:fo~vb(<ﬂo( ), (‘P+(”)7f)) =(3.15)
= Nfa(Po(T) - ¢
= (f,po(x) - 9" (v)

"), f) =@
)

with (-, -) nondegenerate, which implies that (2 -v) = po(x) - @1 (v). Thus (po, ™) €
Aut(L, M,b) and Aut(V, (-,-)) < Aut(L, M, b).

Now, take (po,") € Aut(L,M,b). Set ¢~ = ((¢*)7)7!, so that we have
(™ (f), ¢ (v)) = (f,v) for any f € M*, v € M. Then,
b(z, 0o (v(f,v))) = fi0)) =)

= g (00 (@) - v) = =na s (07 (), 0T (05 ' () - 0))
= 1ot (e” (f)rz- 9T (v) =@11)

= (-0~ (f), 9" (v)) =(s.0)

=b(z,v(¢™(f), ¢ (v)))

b0

:< ()f> (2.11)
Po
(f
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with b nondegenerate, thus we get again that o (v(f,v)) = v(¢~ (f), T (v)). Also,

(o™ (@ f),v) = (& £, (") () =1
= g (frz (1) W) = e g (07 (ot (2 (07) W)
=~ 1 (" (f)s po(z) - v) =(2.11)
= (¢o(z) - ¢~ (f), v)

with (-, -) nondegenerate, which implies that (¢g, =) € Aut(L, M*,b). Finally, note that

v(e™ (f), ¢ (0) - ¢ (9) = po(w(f,v)) - ¢ (9)
o~ (w(f,v)-9) =¢ ({fiv,9})s

{o™ (), ¢ (v), 0 (9)}

and similarly {p*(v), ¢~ (f), ¢ ()} = @+ ({v, f,w}), thus (9=, @) € Aut(V, (-,-)) and
Aut(L, M, b) < Aut(V, (-, ).

The result follows since the same arguments can be used with automorphism group
schemes, and because both constructions of automorphisms are inverses of each other.
(Note that for the automorphism group schemes, the bilinear forms b and (-,-) are
extended as R-bilinear forms, for each corresponding associative commutative unital
F-algebra R. In this case, it is easy to see that the duals relative to (-,-) used in the
proof are still well-defined.) O

Remark 3.7. Note that if (V,(-,-)) € GJISP and (L, M,b) € FLSM are associated
objects in the correspondence from Theorem 3.6, then for any A € F* we have also that
(V,A(-,-)) € GISP and (L, M, \b) € FLSM are associated objects.

Remark 3.8. If we had Aut(V) ~ Aut(L, M) for associated objects in the Faulkner
correspondence, then the Transfer Theorems in [9] show that the classifications up to
equivalence (or up to isomorphism) of gradings by abelian groups would be the same for
both objects. However, in general we just have Aut(V,t) ~ Aut(L, M,b) for associated
objects, which implies a bijective correspondence for gradings (by abelian groups) that
are well-behaved with the bilinear forms in a certain sense. Note that if an object (V,t) €

GJP is given by a simple Jordan pair with its generic trace, it is well known that
Aut(V,t) = Aut(V) (see [20, (16.7)]).

Remark 3.9. The problem that motivated this work is how to extend “good” bilinear
forms from a finite-dimensional simple Kantor pair V to its associated Kantor-Lie algebra
L = ’(V) = @?2_2 L; obtained by the Kantor construction. This can be useful to
recover Killing forms (up to multiplication by a scalar), or to find another bilinear form
with nice properties when the Killing form is degenerate (which might happen if the
characteristic of the field is positive). The answer to this problem is given by the Faulkner
construction, as follows. First, we use the bilinear form (-,-) on V to get the associated
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bilinear form b on Lg, from the Faulkner correspondence. Then, using that Lo and L_o
are dual Lg-modules, we can use b to get a third bilinear form L_o x Ly — F, from
the Faulkner correspondence. Together, these three bilinear forms determine a unique
bilinear form that is homogeneous for the Z-grading of the Kantor construction, which
also has properties analogous to the ones of a Killing form.

4. Tensor products of GJSP

In this section we will transfer some results of tensor products from supermodules to
generalized Jordan superpairs.

Definition 4.1. For ¢ = 1,2, let (V;,(-,-);) be objects in GISP and (L;, M;,b;) their
associated objects in FLSM. Consider the Lie superalgebra L = L; & Lo with the
bilinear form b = b; L by. Also, consider the trivial action of L; on M; for i # j. Then
M = M;®Ms is a (not necessarily faithful) L-supermodule. By Proposition 3.2, (L, M, b)
can be used to construct an object in GJSP, which will be denoted by V1 ®Vs (or V; ‘@\72)
and referred to as the (left) tensor product of the generalized Jordan superpairs V; and
Vs. The right tensor product, denoted V1§\72, can be defined similarly. Notice that
(V1 ®V3)? =V] ® V] for o0 = £, and the parity map is given by e(v @ w) = e(v) + &(w)
for homogeneous elements v € V], w € V3.

Also, note that inste(V; @ Vs) is a quotient of L = Ly @ Loy, and in general inste(V; ®
V) # L. (For instance, if V1 = V5 are 1-dimensional simple Jordan pairs and V = V; @V,
then V is also 1-dimensional, so that diminste(V) < 1 = diminste(V;), hence inste(V) #
inste(V1) @inste(Vz).) Since the tensor product operator is associative for supermodules,
it is also associative for objects in GJSP. It is also clear that \71%\72 o \72@)\71. Note
that V; &V, = v, V, in GIP.

We define the direct sum of objects (L;, M;,b;) in FLSM, for i = 1,...,n, as
(D, Li, D, M;, L; b;). Notice that direct sums in FLSM correspond to direct sums
in GJSP. Also, note that the tensor product of supermodules is not distributive for
the sum (since the Lie superalgebra acting is not preserved). Consequently, the tensor
product is not distributive for direct sums in GJSP.

Notation 4.2. Let V and W be generalized Jordan superpairs, and R an associative com-
mutative unital F-algebra. We will denote the extension of scalars by Vi :=V ® R. For
each A\ € R* we have an automorphism ¢y = (¢} ,cl) € Autr(Vg) given by

(x) ;= X"z, for each x € V%. (4.1)
We will denote G, := GL;. Consider the subgroup scheme
Aut(V) ®@q,, Aut(W) < GL(V- @ W) x GL(VT @ W)

defined by



20 D. Aranda-Orna / Linear Algebra and its Applications 646 (2022) 1-28

(Aut(V) ®q,, Aut(W))(R) :={f®g | f € Autr(Vg),g € Autgr(Wr)}, (4.2)

where f® g:= (f~ ®9g, fT ®g"). Here, we identify (V ® W)g with Vg ®g Wg, and
f ® g means f ®g g (i.e., tensors are R-bilinear).

Note that the morphism Aut(V) x Aut(W) — Aut(V) ®q,, Aut(W) sending (f,g) €
Autp(Vg) x Autr(Wg) to f ® g € Autg(Vg) ®gx Autg(Wg) has kernel

Tl(R) = {(CA,Cxl) S AutR(VR) X AutR(WR) | A€ RX},

so we have that

Aut(V) ®q,, Aut(W) ~ (Aut(V) x Aut(W))/ T, . (4.3)
Also, note that Ty ~ G,, is a 1-torus. More in general, given generalized Jordan super-
pairs V1,...,V,, we can define in a similar way the tensor product
® G, Aut(\?
i=1

which is a quotient of [];_; Aut(V;) by an (n — 1)-torus given by

T, 1(R) == {(cr,---,Cr eHAutR r) | \i € R, H)\ =1}.

Note that the tensor products Aut(V) ®q,, Aut(W) are a particular case of central
product of group schemes relative to G, (a definition for central product of groups can
be found in [14, Chap. 2, p.29]).

Proposition 4.3. Let V; be nonzero objects in GJSP fori=1,2 andV =V, ®Vs. Then:

1) The bilinear form (-,-) on 'V is given by the tensor superproduct of the bilinear forms
of V1 and Vs, that is,

(f1 ® f2,01 @ v2) =Ny 0, (f1,01)(f2, 02)-
2) The generators of inste(V) are of the form
v(fi1 ® f2,01 @ v2) =1, 0, (<f2yv2>1/(f1701) + <f1,v1>1/(f2,vz)>~

3) The triple products on 'V, for homogeneous elements z;,z; € V¢ y; € V7, are given
by

{21 ®@ 22,91 ®Y2,21 ® 22} =

= Nza,y1 ({xlaylv Zl} & <$27y2>2’2 + M21,22Me1 2 <$1, y1>21 ® {1‘2, Y2, Z2})
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4) Aut(Vy, () ®q,, Aut(Va, (-,-)) < Aut(V, (-, -)).

Proof. 1) This follows because duality of supermodules satisfy the property (M ® N)*

21

>~

M* ® N*, where the bilinear pairing form (M* ® N*) x (M ® N) — F is the tensor

superproduct of the bilinear pairing forms M* x M — F and N* x N — F.
2) Take homogeneous elements z € inste(V), f; € V; , v; € V;. We claim that

Nz, f1Nz,vy (fi,v1) = <f1,111>~

(4.4)

Indeed, if £(f1) = &(v1) we have that 7, f,7.,0, = 1, otherwise we have that (fi,v1) =0

because (-, -) is homogeneous, and in both cases the claim follows. Then

b(x,u(f1 ® f2,01 @ Uz)) =(3.4)
= (7 (f1 ® f2),v1 ® v2) =(2.15)
=& f1)® fot+ N f1 @ (T f2),v1 ®va)
= Nfo00 (T f1,01)(f2,V2) + N, fy N fo00 (f1, 01) (@ - f2,02) =(3.0)
= N0 0(2, V(f1,01)) (f2, v2) + N 00 T, f1 Toon (f1, 01)0(2, v(f2, v2)) =40
= b(2, 0py,0, (f2, 2)(f1,01) + 0py 00 (f1, 01)0(f2, 02)),

and since b is nondegenerate, the property follows.
3) The triple product for homogeneous elements is given by

{1 @ 22,51 @ Y2, 21 ® 22} =35
=v(21 @ T2, Y1 ®Y2) - (21 ® 22)

= Nxa,yr (<332vy2>V(CU1>y1) + <x1ay1>V(3327y2)> : (Zl ® 252)
= s s (22, 92) (W (@1,9) - 21) @ 2
+ Nz1,22T21,y2 <$1a y1>Z1 Y (V(an y2) : 22)) =(3.5)

= Nza,y1 ({mhyla Zl} ® <x2,y2>22 + Nz1,22M21,y2 <£L’1,y1>2’1 ® {anyQa 22})

4) Let p; € Autr((Vi)r, (-,-)) for i = 1,2 and ¢ = ¢1 ® @2 (where ® = ®p). We will

7 ?

first show that (-,-) is ¢-invariant. Indeed, for any homogeneous f; € V
have that

(07 (f1® f2), ¢ (01 @ v2)) = (o7 (1) ® 05 (fo), 1 (v1) ® 93 (v2))
= Nfz,0 <<,01_(f1),@T(U1)><<P2_(f2)7§0;(v2)> = Nf2,01 <f1’1}1><f2’112>
= (/1 ® f2,v1 ® v2),

v; €V, we
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which proves that (-,-) is ¢-invariant. On the other hand,

{7 (f1® f2), T (v1 @ v2), 0™ (91 ® g2)}
= {1 (f1) ® 3 (f2), 7 (1) @ 93 (v2), 97 (91) © 93 (92)}
= Nps o {07 (1), 07 (01), 907 (91)} @ (05 (f2), 3 (v2)) 05 (92)
1100 Mgn, fa g w2 (01 (F1): 07 (01)) 01 (91) @ {02 (fo), 03 (v2), 95 (g2)}
=Nfro 1 {f1:01,01}) @ 05 ((f2,02)92)
+ 001 Mgr, £ g1 0 P1 ((f1501)91) @ 03 ({f2, 02, 92})

= (p1 ®py) (an,vl{fh v1, 91} ® (fa,v2)92

+ Nfa,01Mg1, f2 g1 ,02 <flavl>gl 2y {f2av2592}>
= (P_({fl ® f27v1 R v2, 01 ®92})7

and similarly we get
{ot (1 @ v2), 07 (f1 ® fa2), T (w1 ®wa)} = o+ ({1 @2, /L © fa2, w1 © wa}).
We have proven that ¢ € Autg(Vg, {-,-)). O

Remark 4.4. We can define a tensor product for automorphism group schemes in FLSM,
analogous to (4.2), given by

(Aut(Ly, M) ®q,, Aut(La, Ms))(R) :={(1 X @2,9] ® ¢3) |

(4.5)
(pir o) € Autg ((Li)r, (M;)R)}-
By Th. 3.6, property Proposition 4.3-4) is equivalent to
Aut(Ll, Ml, bl) ®Gm Allt(LQ, MQ, bg) S Aut(L, M, b), (46)

in FLSM, where M = M; ® My, b =0y L by, and L is a quotient of L & L.

Proposition 4.5. Assume that the base field is algebraically closed. Let V be an object in
GJSP and L = inste(V). Assume that V7 is an irreducible L-supermodule for o = =+,
and also that L = L1 & Lo where Ly and Lo are b-orthogonal graded ideals of L. Then
there are objects V; in GISP such that V = Vi ® Vs, inste(V;) = L;, and VI is an
irreducible L;-supermodule for i =1,2 and o = +.

Proof. By Faulkner’s correspondence, it suffices to prove that if V' is a finite-dimensional
irreducible (super)module for some finite-dimensional Lie (super)algebra L = L; & Lo,
where L; and Lo are graded ideals of L, then V = M; ® My where M; is an L;-
(super)module and where the action of L; on M; is trivial for ¢ # j. Actually, this result
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is well-known at least for the non-super case, but in absence of a good reference, a proof
will be given. (The author is grateful to A. Elduque for providing a sketch of the proof
for the non-super case.)

Denote S = Ly, T = Ly. It is clear that [S,7] = 0. Let W be an irreducible S-
subsupermodule of V. Since V is irreducible and finite-dimensional, it decomposes as a
direct sum of n S-supermodules isomorphic to W, for some n € N. Since F is algebraically
closed, it follows by Schur’s Lemma that Homg (W, V) is n-dimensional, so that dim L =
dim(Homg (W, V) @ W). We claim that Homg(W, V) is a T-supermodule with action
given by (¢t- f)(w) :=t- f(w) foreach t € T, f € Homg(W, V), w € W. For homogeneous
seS,teT, fe Homg(W,V), w € W, we have that

(b s -w) =t fls-w) = npat- (s f(w))
= s ([ts) - )+ mess - (- Fw)) )
= s (0 mss - (¢ N)(w)))
= nepes (£ D)),

so that t- f € Homg(W, V) with e(¢- f) = e(¢t)+e(f). On the other hand, for homogeneous
elements x,y € T, f € Homg(W, V), w € W, we have

([z,9] - N)w) = [z,y] - f(w) =z (y- f(W)) = Nayy - (& f(w))
= (z- (- )W) =Ny (y- (- f))(w)
) =

f
= (x- (Y- f) = ey - (@ f))(w).
We have proven that Homg (W, V') is a T-supermodule. We can consider the trivial actions
T-W =0and S-Homg(W, V) = 0, so that W and Homg(W, V) become L-supermodules.
Furthermore, the map ¢: Homg(W,V)@W — V, fQw — f(w), is a homomorphism
of L-supermodules. By dimensions and since V' is irreducible, it follows that ¢ is a
bijection. We have proven that V and Hom¢ (W, V) ® W are isomorphic L-supermodules.
Note that for each T-subsupermodule N of Homg¢ (W, V'), we have that N ® W is an L-
subsupermodule of Homg(W, V) ® W; hence, since V is an irreducible L-supermodule,
it follows that the T-supermodule Homg(W, V) is irreducible too. O

Notation 4.6. Let (V, (-,-)) be a 1-dimensional object in GJSP (i.e., dim V" = dim V™ =
1), and (L, M,b) the associated object in FLSM. Since (-,-) is nondegenerate and ho-
mogeneous for the Zq-grading, it follows that V is either a pair or an antipair. Thus we
can consider its parity, denoted by £(V) or e(M), and set (V) = n(M) := (=1)*V). We
will also denote 7, := (—1)% for a € Zs.

Take f € V=, v € V' such that (v, f) = 1, or equivalently, n(V)(f,v) = 1 because
Nrw = (V). Take the element z = v(v, f) = —n(V)v(f,v) € L. Since any other choice
for the pair (f,v) has the form (a1 f, av) for some o € F*, it follows that the element
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x does not depend on the choice. Also, e(x) = e(f) +e(v) = 0if x # 0. Let A € F be the
eigenvalue of the action of z on V¥ = M (thus x acts on V= = M* with multiplier —\).
Equivalently, {v, f,v} = Av and {f,v, f} = n(V)Af. Let G = TF X Zs. It is clear that the
object V (resp. M) is uniquely determined (up to isomorphism) by A and (V), and also
by the parameter o = (A, e(V)) € G, so we can denote V (resp. M) by V,, (resp. My).
Also, note that A =0 iff x = 0 iff L = 0.

Given a = (\,a), 8 = (u,b) € G, we claim that

Vo ® V@ = Va+5. (4.7)

Let (f,v) and (f’,v") be pairs of elements, as above, in V, and Vg, respectively. Then
(o, pf ® f',v @) is a pair of elements of V = V, ® Vg with (v @ v/, ny s f @ f') =
(v, /H(W', f') = 1. Tt is clear that ¢(V) = (Vo) +e(Vg) = a+b and n(V) = nasp = nap =
N(Va)n(Vg). Then we have that

vV, nysfef, vav}=
= {U7 fav} ® <Ul7f/>v/ +77v,v’77v,f’<v7f>v 02y {’Ul,f/,?]/}
=(M\)@v +v@ ()= A+ pvev.

Hence, V =V, with v = (A + p,a + b) = o + 3, which proves the claim. On the other
hand, it is easy to see that for any object V € GJSP we have that

Vo@VEVEV V. (4.8)

Let V and W be objects in GJSP, and a € G. Denote VI*l := V@ V,. We will
say that V is a tensor-shift by « of W (and that V and W are tensor-shift related) if
V = Wl Tt is clear that V 2 VIO and (V[e])I8] = vlet+8] "and it follows that tensor-shift
relation is an equivalence relation. Note that tensor-shifting with an element o = (), 1)
produces a bijection between the isomorphic classes of pairs and antipairs (although this
correspondence may not restrict to particular subclasses of GJSP, e.g., Jordan pairs do
not correspond to anti-Jordan pairs).

Given o = (\,a) € G, we can identify VI® with the vector spaces of V, with degree
map €[q](7) := &(x) + a, with the new bilinear form

(fs U>[a] = nana,f<f7 v) = 77a77a,w<f7 v), (4.9)

and shifted triple products given by

{QZ‘, y7 Z}?(;] = ﬂa,y({x, ya Z}Jr + )\<£E, y>2),
(4.10)

{x7y7z}[;] = ﬂana,y({xa%z}_ + )\<$7y>2),

where we denote 7, = (—1)*®). Using (4.4) it follows easily that
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VRV, 2V, ®V. (4.11)
Furthermore, it is easy to see, using (4.10), that
Aut(VIl (- ) )) = Aut(V, (-, ), (4.12)

that is, tensor-shifts preserve automorphism group schemes.
In particular, if @ = (X,0) = \, we can identify VN with the vector spaces of V, with
the same bilinear form, and shifted triple products given by

{xayvz}[k] = {l',y,Z}+)\<iL’,y>Z (413)

Example 4.7. Denote M, p, :== M, »(F). Recall that simple Jordan pairs of type I, ,
(p < q) are given by v§,{2, = (M., M, 4) With triple products {z,y,2} := 2y 2 + 2y,

and generic trace t: M, , x MY, — F, t(z,y) := t(xy"). It is casy to sce that (V,(){Z, t) is

an object in GJP (the invariance and symmetry of the generic trace follow easily from
the property t(zy) = t(yz) for the trace of matrices © € My, 1m, y € My ).

The bilinear form and triple products in V = \75{; ®V§{; on the basis {e; ®e;} (tensor

product of canonical bases) are given by
(e; ® ej, e ® e)) = 5ik5jl7
and

{ei®ejer@epem @en} =
= {ei,ep,em} @ t(ej, er)en +tlei, ex)em @ {ej, e, en}
= (0irem + Okmei) @ djien + dixem @ (0j1€n + dine;)
= 20ik0j16m @ €n + Okm0ji€; @ €n + digOinem © €;.

Hence, the tensor-shift V=2 has the same bilinear form, and triple products given by
{ei Kej,ep e, em 6n}[—2] = 5km5jlei ® en + Oiklinem ® €.

On the other hand, note that the generic trace and triple products on V,(,{% are given

by
t(Eij, Ex) = t(Eij En) = 0ikdji,
and

{Eij7 Ekh Emn} = EijElk:Emn + EmnElkEij = 6]l(skmEzn + 6n16klEm]
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Consequently, the map e; ® e; — E;; defines an isomorphism of (generalized) Jordan
pairs

v = () @ pIN=2 =y g v @ v_,, (4.14)
Example 4.8. Now recall that the simple Jordan pair of type I'V,, is given by ng) =
(F™ F™), with generic trace form t(x,y) := ¢(x,y), and triple products {z,y,z} :=
q(z,y)z + q(z,y)x — q(x, z)y, where ¢: F™ x F® — F is a nondegenerate symmetric
bilinear form. Without loss of generality, we can assume that ¢ is the standard scalar
product. Note that the generic trace and the triple products are given on the canonical
basis {e;} by t(e;,e;) = d;; and {e;,ej,ex} = d;;ex + 0kje; — d;xe;. Then we have that
anv) is an object in GJP (the invariance and symmetry of the generic trace can be
checked easily).
The bilinear form and triple products on V = VSI,)L ® V%IV) are given by

(ei ®ej,ex ®er) = Oindji,

and

{e; Rej,ep Qe em e} =
= {ei, e, em} @ t(ej, er)en +t(es, ex)em @ {ej, e, en}
= (Oikem + Okmes) @ jien + dinem ® (6j16n + dinej — Gjmer)
= 20ik0j1€m © €n + Okm0jiei ® en + dikdinem @ €5 — dikdjnem @ er.

Therefore, the tensor-shift V=2 has the same bilinear form, and triple products given
by

{ei®ej,er @ e em @ ent—2 = Okmdjiei ® en + dir0imem @ €j — digdjnem @ e;.

On the other hand, let Vy, be the Kantor pair associated to the structurable algebra
M, := M, (F), where the involution is the transposition. The triple products on Vy¢, are
given by {z,y, 2} = vy 2z + 2y x — 22 Ty. Consider the bilinear form t: M, x M} — F
given by t(z,y) := t(zy'). Then (Va,,t) is an object in GJP (the invariance and
symmetry of the bilinear trace form follow easily from the properties ¢(zy) = t(yz) and
t(x") = t(x) for z,y € M,,).

Note that the bilinear form and triple products of Vi, are also given by

t(Eij, En) = t(EijEi) = 0idj1,

and
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{Eij, Exi, Emn} = Eij EiEpn + Enin Bk Eij — Epn EjiEjy

It follows that the map e; ® e; — E;; defines an isomorphism of generalized Jordan
pairs

Ve, = (V) @ vI)=A = v @ vV gy _,, (4.15)

n
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