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Abstract

Bernoulli-Dunkl and Euler-Dunkl polynomials have been recently in-
troduced as an extension of Bernoulli and Euler polynomials to the Dunkl
context. In this article we study the asymptotic behavior of them and
prove their convergence to suitable Bessel functions, which are the func-
tions analogous to sine and cosine in the Dunkl context. Finally, we
analyze the behavior of the zeros of the Bernoulli-Dunkl and Euler-Dunkl
polynomials.
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1 Introduction

Bernoulli and Euler polynomials (see [12] for details) have many applications
to number theory, numerical analysis, combinatorics, and other areas, and, as a
consequence, they have been widely studied over the last two centuries. Usually,
Bernoulli polynomials B,,(x) and Euler polynomials E,, (x) are defined by means
of the generating functions

In [9], Dilcher studies the asymptotic behavior of these polynomials and
proves that they converge to the sine and cosine functions (more details about
this convergence can be seen in [22]). Namely, he proves that the following

This paper has been published as: J. Minguez Ceniceros and J. L. Varona, Asymp-
totic behavior of Bernoulli-Dunkl and Euler-Dunkl polynomials and their zeros, Funct. Ap-
prox. Comment. Math. 65 (2021), no. 2, 211-226, https://doi.org/10.7169/facm/1968

Research partially supported by PGC2018-096504-B-C32 (Ministerio de Ciencia, Inno-
vacién y Universidades, Spain) and FEDER Funds (European Union).

2020 Mathematics Subject Classification: primary: 11B68; secondary: 42C10,
33C10


https://doi.org/10.7169/facm/1968

sequences converge uniformly on compact subsets of C:
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Additionally, applying the Hurwitz theorem, it can be deduced that the real
zeros of the Bernoulli and Euler polynomials converge to the zeros of the corre-
sponding cosine or sine functions that appear in the limits. Dilcher also proves
in [II] that the zeros of these polynomials are not multiple.

In the mathematical literature, there are many kinds of generalizations of
the Bernoulli (and Euler) polynomials: generalized Bernoulli polynomials or
Ngrlund polynomials [23] 24], Apostol-Bernoulli polynomials [I], hypergeomet-
ric Bernoulli polynomials [17, [I8], 14], Bernoulli-Padé polynomials [I3]; see also
[12 §24.16(iii)] and the book [27] and the references therein.

As far as this paper is concerned, since the foundational article [15] a large
number of papers have been published extending the Fourier analysis to a more
general context. The ordinary derivative is replaced by a differential-difference
operator that depends on a constant «, and the Fourier transform is replaced by
the so-called Dunkl transform. In the same way, Appell sequences of polynomials
have been extended to the so called Appell-Dunkl sequences. This first happened
with the Hermite polynomials in the celebrated paper [26], and recently also
the Bernoulli and Euler polynomials have been defined in the Dunkl context,
see [B] [@].

The aim of this paper is to study the properties analogous to 7, and
the behaviour of the zeros of the polynomials, in the Dunkl context (on the
real line). We use Bernoulli-Dunkl and Euler-Dunkl polynomials instead of the
classical Bernoulli and Euler polynomials. To do this kind of extension, let us
start recalling that, for « > —1, the Bessel function of order « is

Ty (—1) (/2
1) =(3) X Tt

n=0

Throughout this paper, we will use J‘;—((f) to denote the even function

1 o~ (=D)"(z/2)%
ﬁzn!F(a—kn—&-l)’

which is analytic in C.



For the Dunkl context, instead of the exponential function e®, we consider
the following function for a@ > —1,

Eol2) = Ta(2) + ﬁzaﬂ(z), z€C,

where Z,, is given in terms of the Bessel function,

To(2) =2°T(a + 1) J(‘Zgz) =T(a+1) Z n,r((z/iLZl) = ol (a+1,2%/4)
n=0

(the function Z, is a small variation of the so-called modified Bessel function of
the first kind and order «, usually denoted by I,; see [19], [25] or [32]).

Following [15] for o > —1/2 and [26] for o > —1, in the real line and with
the reflection group Zs, the Dunkl operator A, is defined as

20+ 1 (f(x) - f(—w)> |

d

A, = —
fla) = o) + 22 -
where f are suitable functions on R. It is easy to check that, for any A € C, we

have
Ao Eo(Ax) = AE,(\x).

Let us note that, when o = —1/2, we have A_ ) = d/dx and E_; )5(Ax) = e,
From the definition, it is also easy to check that

Eo(2)=) =~
o In.a
with
) 2%EN (a4 1), if n = 2k,
T T 2R (0 4 1)y, ifn=2k 41,
and where (a), denotes the Pochhammer symbol
r
(@n = ala+1)(a+2)---(a+n—1) = W

(where a is not a negative integer); of course, 7, _1/2 = n!. We also define

(n) __ na
J o 'Yj,a’)/n—j,a7

which becomes the ordinary binomial numbers in the case « = —1/2.

As a generalization of the Bernoulli polynomials to the Dunkl context,
Bernoulli-Dunkl polynomials {5, o}, are defined in [5] by means of the gener-
ation function

E,(xt) = DBalr)
T P
Ia+1(t) HZ:;) ’Yn,a



Similarly, Euler-Dunkl polynomials {&,, 4}, were introduced in [I6] by means
of the generation function

For @ = —1/2, the Bernoulli-Dunkl and the Euler-Dunkl polynomials become
the classical Bernoulli and Euler polynomials, except by a change of variable to
transform the interval (0, 1) in the interval (—1, 1), namely

(5) %n7_1/2(2f - 1) = 2an(I), @n)_l/z(zl’ - 1) = 2nEn(l')

Many other properties of the polynomials 9B, , and &, , have been studied
in [6]. Here, let us only mention that the derivatives of the Bernoulli and the
Euler polynomials satisfy Bj (z) = nB,_1(z) and E/ () = nE,_1(z); in the
case of the Bernoulli-Dunkl and the Euler-Dunkl polynomials, the role of the
derivative is played by the Dunkl operator A, (see the item 1 in Lemmas
and 7 so this is the reason to say that 95, , and €&, , are generalizations to
the Dunkl context.

Euler’s formula relates the complex exponential function with the trigono-
metric functions by means of

e =cosx +isinw.

If E,(z) plays the role of the exponential, as

Bulia) = Ta(iz) + 1 50 = 2°P(a + 1) (chf) tia J;gi(ﬁ) |

the functions x‘]‘;ﬁi(f) and Ji(f) would correspond, in the Dunkl context, to
sinz and cos z, respectively (except for the constant 2°T'(a + 1)).

The goal of this paper is to obtain the asymptotic behavior of the Bernoulli-
Dunkl and the Euler-Dunkl polynomials, and, subsequently, to study their zeros.

In Theorems and we show the analogous formulas to , , and
in the Dunkl context.

Theorem 1.1. Let a > —1. The following sequences converge uniformly on
compact subsets of C:

71 k+1 1 2k o ;
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where s1 1is the first positive zero of Jar1(2).



Theorem 1.2. Let @ > —1. The following sequences converge uniformly on
compact subsets of C:

. (‘Ukjfk-ﬂ Jay1(j1) Jo(j12)
8 lim ¢ z) = — )
®) k—oo  2Maka  gitt 2ha(2) (j12)*

(=R T (1) Jat1(j12)
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where j1 is the first positive zero of Ju(z).

Let us recall that

Ty a(x) = \/Z sin(z),  J_1a(z) = \/Z cos()

so, in the case @« = —1/2, we have s; = 7 and j; = 7/2. Then, taking into
account (), it is easy to see that, indeed, the limits (6]), (7)), and (9) be-
come , 12), and .

Theorems and[L.2] will help us locate the real zeros of Bernoulli-Dunkl and
Euler-Dunkl polynomials in a very direct way. With respect to complex zeros,
the zero attractors of the Euler and Bernoulli polynomials have been studied
in [3]; in our case, we have made some numerical experiments that show, in
a graphical way, how the complex zeros of Bernoulli-Dunkl and Euler-Dunkl
polynomials are distributed.

The content of the paper is organized as follows. Section [2| is devoted to
study Bernoulli-Dunkl polynomials and to prove Theorem In Section
we prove the results for Euler-Dunkl polynomials. In both sections we show
numerical experiments. Finally, the behavior of the zeros of the polynomials
are explained in Section

2 Bernoulli-Dunkl polynomials

Let us start showing some basic properties, which were proved in [5].
Lemma 2.1. The Bernoulli-Dunkl polynomials satisfy the following properties:
1. Aa(Bra)(@) = 572 By1a(@) = (n+ (a+1/2)(1 = (=1)"))Br-1,a(@).

Yn—1,

2. By o(T) is an even polynomial, n > 0, and Bopt1,o(x) is an odd polyno-
mial, n > 0, which vanishes at 1 (and hence at —1) for n > 1.

3. They can be written by

(10) Bo() =Y (1) st



As o > —1, the Bessel function J,41(z) has a strictly increasing sequence
of positive zeros {s;};>1, and the real function Im E, (iz) = mﬂlﬂ(ix) is
odd and has an infinite sequence of zeros {s;};ez with s_; = —s; and so = 0.
In [7], as a generalization of the traditional orthogonal system {e*’*};cz (which
corresponds to te case & = —1/2), an orthogonal system for the Dunkl context

is introduced. This system is given by

297 (a4 1)1/2

€q,i(z) = , E,(is;x), je€Z\{0}, z€[-1,1],
! |Za(is;)] !
and
ao(r) = 200+D/20 (o + 2)1/2)
and it is orthonormal and complete with respect to the measure %m in

[—1,1]. A property that we will use later in this paper is

_ a/2D (o 1/2
(1) (1760 0) =

In a similar way to the classical Bernoulli polynomials, which have the Hur-
witz expansion

627rzjz

n!
Bu(@) = = iy 2

JjezZ\{0}

—, x € (0,1},
I [0,1]

the Bernoulli-Dunkl polynomials have a nice expansion on the system {eq_;(z)};cz.
It was shown in [5] that this expansion is the following;:

Theorem 2.2. Let -1 <a<n+1/2 andn > 2. Then,

7(71)71777, a (*l)j
(12) %n.a(x) = 5ir ’ § €a (.CE),
) /2 1/2 n 2]
2 (a+ 1D +1) ety 5

with pointwise convergence in [—1,1].
As a consequence of Theorem we can prove the following result:

Lemma 2.3. Let a > —1. Then, for all integer jo > 2,

Bor(0) _ (RS 1 +0< : ) k- oo.
Yok o at+l o 53T (is;) 8?5*0*1/2
Proof. From and we can write
Bopa(0)  (—1)F+1 Z 1 (—1)kH 0 1
Yok o 2(a+1) et s Ta(is;) o+l o s3MTa(is;)



Then, taking the tail
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and using the estimate (see, for instance, [16])
# < Ca‘8j|a+1/2,
|Za(is;)] —
where C,, is a constant that depends only on «, we have that
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3
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and the last series is absolutely convergent for 2k — o — 1/2 > 1 because the
asymptotic behavior s; = mj + O(1) (see [19, §5.13], [25 §10.21] or [32, Chap-
ter XV]). O

We denote the section of the function 2°T(« + 1) Jo(2) a5

o

T2k,a(z) _ Z (_1) 22],

and the section of 2°T'(a + l)zJZﬁ(lz) as

Note that, if « = —1/2, they are the partial sums of the functions cosz and
sin z, respectively.
Now, we prove the following result.

Theorem 2.4. Let o > —1. Then, for k big enough and for all z € C,
a+1 (_1)k+1

Ca
13 Bok,a —— Tora(512)| < —==E,(|s22]),
(13) Yk, 2ka(2) s2K T, (is1) 2.0 (512) |52|2F (Is22l)
atl (—1)H+! D,
H Bont1,a(2) = g Pokr1.a(512)] € g Ba(ls22]),
14) V2k+1,a 2t+1,0(2) kaHIa(isl) 2kt 1,0(512) |5 |2k+1 (Is22])

where Cy, and D, denote constants depending only on a.

Proof. From ([10)), By« (z) can be expressed in terms of the coefficients B o (0)
and, from item 2 of Lemma Boj+1,0(0) = 0 for every j > 0. So, we can
write

k

k .
1 1 2k . - 2k—2j
o Bok,a(z) = ot E ( ) %%a(o)z%*% = (a+1) E : Baja(0) 2

Y2k, V2k,a 4 =0 V25,0 V2k—2j,«



When kg is big enough and k > kg, from Lemma [2.3] with jo = 2 we have

ko 2k—2j
a+1 Boio(0) z J
%2k,a<z):(a+1)z 5,0(0)
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On the other hand,
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so we have proved (13)). The proof of is similar. O

The partial sums Tog(s12) converge uniformly on compact subsets of C to
the analytic function Z,(is12), and Togy1(s12) do to %Iaﬂ(islz). Thus,
Theorem is obtained as a consequence of Theorem [2.4], as follows.

Proof of Theorem[I.1 Multiplying by |(—1)¥+1s2*Z,(is1)|, the right part
converges to zero when k — oo because |s1/s2| < 1. Then, we have

(—1)FH1s2k (o + 1), (i51)

lim Bok.a(z) — Top(s12)| =0,
k—o0 V2k,a
S0 @ is obtained. The limit can be deduced in the same way. O

We can make some numerical experiments that show, in a graphical way,
the approximations given in Theorem For convenience, let us set

D ot et Tl g
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Figure 1: For a = 1, comparison of B} , () and slx‘](‘;jii)ffﬁ) (on the left), and
comparison of B3, () and % (on the right).
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Figure 2: For a = 4, comparison of Bj; () and slx‘](‘;:“zli)(jlfl) (on the left), and
Jol12) (o the right).

(s12)”

comparison of B, ,(r) and

and i1 _—

-1 a+1)s Ja(s

(=) ( )87 (al)‘szH,a(x).
V2k+1,0x 51

Bijr1,0(2) =

In Figures [T and [2} and for different values for o and n, the dashed lines corre-
spond to the polynomials B} (x), and the solid line to the functions slmtf;i)(aslfl)

(for odd n) or J((;g‘;l)i) (for even n).

3 Euler-Dunkl polynomials

We list some of the properties of these polynomials, as stated in [16]:
Lemma 3.1. The Euler-Dunkl polynomials satisfy the following properties:

1Ay (€ 0)(z) = € o(2) = (n + (a+1/2)1 - (—1)”))&‘3,1,1,0[(33).

Tn—1,«

2. Cap.a(x) is an even polynomial, n > 0, which vanishes at 1 (and hence
at —1) forn > 1, and €311 o(2) is an odd polynomial, n > 0.



3. They can be written by

€, 0(r) = zn: (7>a€j,a(o)xk—ﬂ'.

i=o M

The Fourier-Dunkl orthogonal system {eq m mez introduced in [7] is very
useful to approximate Bernoulli-Dunkl polynomials (recall Theorem, but, to
approximate Euler-Dunkl polynomials, it is much better to use another orthog-
onal system. With this aim, the so-called Fourier-Dunkl system of the second
kind is introduced in [16]. Let {jm}m>1 be the zeros of the Bessel function
Jo(x) with a > —1, and j_,,, = —Jm, and set

20/2H (q + 1) (o0 + 1)1/2
o) = ot Ul{a+ 1)
|JmIa+l(23m)|

Eo(ijmz), x€[-1,1], meZ\ {0}.

Then, { fa,m}mez\{o} is @ complete othonormal system with respect to the mea-

2a+1
sure 2‘<ic+|11“7(a?1) in [—1,1]. Tt is again useful to know the value of the orthogonal

functions at x = 0, that is,

2a/2+1(a+1)r(a+1)1/2
17 a,m(0) = ; i1
(17) fam(0) (= 1)+ 5,0 | o1 (3im)

With this orthogonal system, an analogous formula to is obtained for
Euler-Dunkl polynomials:

Theorem 3.2. Let -1 <a<n+1/2 andn > 1. Then,

( 1)n+lin7n a § : (—=1)" sgn(m)
) a/2 1/2 n+1 )

with pointwise convergence in [—1,1].

Thus, using , and Lemma we can give a result that is analogous
to Lemma

Lemma 3.3. Let a > —1. Then, for all integer mg > 2,

—1
Y1) . "2 1 1
— == = (=) (a+1) -+ 0| ———5 ], k— oo
Y2k,a mz::1 ]72nk+21a+1(11m) 3727]1@0 atl/2

Now, in the same way as in Theorem we have the following:
Theorem 3.4. Let o > —1. Then, for k big enough and for all z € C,

I Copal2) (—1)* . Co .
: - - —Tor.0(12)| < —55 Eal(lj22]),
’4(04 +1) Yok G, (ih1) j3"
1 Cokt1,a(2) (—1)*

‘ D .
Tok+1,0(d12)| < ij%Ea(\]zzD,
2

'4(04 +1) Yok+ia G T (id1)

where Cy, and D, denote constants depending only on a.

10
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Figure 3: For o = 1, comparison of &}; ,(z) and jlz‘&%(gfl) (on the left), and

comparison of €%, ,(r) and Jalinz) (on the right).
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Figure 4: For o = 4, comparison of €} ,(z) and jlz{‘;l%(gfl) (on the left), and

comparison of &%, ,(r) and J(‘;l(il)i) (on the right).

Using this theorem we obtain Theorem

Again, let us make some numerical experiments to show the convergence
stated in the theorem. We set
(=152 Jar1 (1)

J
¢ k x),
2v2k,a jlo"H 2.0 (%)

€§k7a(x) =

and

(=D**"° Jara (1)
¢ k all).
PATTE T 2i+1.0(7)
In Figures [3| and (4] and for different values for o and n, the dashed lines corre-
spond to the polynomials & (x) and the solid line to the functions jlx‘bf;i)(ifl)

(for odd n) or % (for even n).

Eopot1,a(®) =

4 Zeros of Bernoulli-Dunkl and Euler-Dunkl poly-
nomials

To study the zeros of the polynomials in question, we use the Hurwitz theorem,
that, under some conditions, associates the zeros of a convergent sequence of

11



functions with that of their corresponding limit (see [8, Chapter VII, p. 152] or
[21, Chapter I, p. 4]). For the sake of completeness, we quote it here:

Theorem 4.1 (Hurwitz). Let {gn}nen be a sequence of functions which are
analytic in a region R and which converge uniformly to a function g(z) # 0 in
every closed subregion of R. Let £ be an interior point of R. If £ is a limit point
of the zeros of the gn(2), then & is a zero of g(z). Conversely, if £ is an m-fold
zero of g(z), every sufficiently small neighborhood K of € contains exactly m
zeros (counted with their multiplicities) of each gn(z), n > N(K).

Jo(s12)

512)%
Hurwitz’s theorem,(elve)ry zero of these functions is the limit of a sequence of real
zeros of the Bernoulli-Dunkl polynomials. Moreover, the complex zeros of these
polynomials must converge to infinity, as n — oo. (In principle, a portion of the
real zeros of the polynomials could escape to infinity similarly as the complex
zeros, although it is most likely not the case here.)

Analogously to the Bernoulli-Dunkl case, from Hurwitz’s theorem we obtain
that every zero of the functions J(‘;l(i 3? and jlz%(gﬁ) is the limit of a sequence
of real zeros of the Bernoulli-Euler polynomials. Again, the complex zeros of
these polynomials must converge to infinity.

As a consequence of Hurwitz’s theorem we have only obtained that the
complex zeros of B, o(z) and €, ,(z) must move further away from the origin
as n goes to infinity, because the functions to which they converge only have real
zeros. Then, to study the manner in which they go to infinity, the usual way
is to normalize the variable by taking nz in the place of z. Historically, Szeg6
showed in 1924 that, if we denote s,(z) = Z?:o 27 /§! to be the nth partial
sum of the exponential function e?, the zeros of the normalized partial sum
sn(nz) tend, as n — oo, to the curve |ze!=*| = 1 in the complex plane, which is
now known as the Szegé curve. Similar behavior happens with the zeros of the
partial sums or cos(z) and sin(z), see [30].

In the classical case of Bernoulli and Euler polynomials B,,(nz) and E,,(nz),
Boyer and Goh [3] study the limit distribution of the zeros of Euler polynomials,
and they prove that their zero attractor is

.]a+1(512)

The functions and 8125 e have only simple real zeros so, from

A={zeC:e*™ M2 =1/7, Im 2z > 0}
U{zeC:e™m2z| = 1/7, Im2z < 0}
U{z+0-ie€C:—1/(me) <x <1/(me)};

some other families of Appell polynomials have similar behaviour (see [10, 20} 4]
28]). In the recent paper [2], new explicit expressions are obtained for rescaled
Appell polynomials which can be used to study the zero attractors and the
asymptotics of these polynomials.

However, it does not seem easy to adapt the proofs of these results to the
Dunkl context, because they depend strongly on properties of the exponential
function that we do not have for F,(z) (in particular, because the Dunkl trans-
lation is a far from trivial operator, see [6] 26, 29], and the relation e*t¥ = e*e¥

12
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Figure 5: On the top, zeros of Ty51(45s12) (on the left) and zeros of B4s 1(452)
(on the right). On the bottom, zeros of T50,(50s12) (on the left) and zeros of
B50,0(50%) (on the right).

has a much more complicated version in the Dunkl context). Instead, we have
made some numerical experiments that allow us to conjecture the limit distri-

bution of the zeros of B, o(nz) and &, ,(nz).
In our case we suspect that the zeros of B, (nz) are inside the circle |z| =

1/s1 and have as their limit points the set

C={zeC:e'™1m23| = 1/5;, Im 2 > 0}
(19) U{zeC:e!t1 M5 = 1/s), Imz < 0}
U{z+0-i€C:—1/(s1e) <z <1/(s1€)},
where s is the first positive zero of the function J,41(2). Actually, it has been
proved in [31] that the zeros of the sections T}, o(ns1z) have the set C' as their
set of limit points and thus our conjecture is that the zeros of B, (nz) have
the same limit distribution. In Figure 5] we draw, for some values of o and
n, the circle of radius 1/s1, the curve described in , the complex zeros of

T, «(ns1z) and the complex zeros of B, (nz).
Analogously, we can observe that the zeros of the Euler-Dunkl polynomials

&, o(nz) have as limit points the set

D={zcC:e ™23 =1/j;, Imz > 0}
(20) U{zeC:e ™73 =1/j;, Im2 < 0}
U{z+0-i€C:—1/(jie) <z <1/(j1e)},

13



\\\
\\
o\
7]
./
/
\\.
\
— .\;
%
/
° ,,/
///
//

~
.
.

e
N

/ \ \ /
/ ®/ \® \ /

/ 0/ 01| \‘\0 \ / :/ 01f \).- \\
/ H H \ / H H \
e /s 3 \ | "

03 0.2 :701 0.1\‘.. 02 03 \03 0.2 o | 01 Dl\‘ Y 02 03
\ d B ,f : R
\ e J \ A |2 /
\ o\ /e / \ . \\ /e /
\ o\ /e / \ o\ X /

AN 02 -02
\\ . . /// \\\ .\ . ///
0 RN
08/~ — 0~

\\\
=3/
////
.
\
\
e
///
/

/ . \.. \\ ) / .- / 01 ‘\\ o. \\

/ o/ \® \ / o/ \e \
[ IR R
| ) i ‘ | 3. i \
,UP 0] \\'0.01 ‘bZ OJ\Q 7;ﬁ / \ ‘.1 PQ
L E) i &)

\ o\ e / \ . . /

\ ° 01 ° / .. \ —o1f /.. /

7
\ s
\\\\
P
/
/
\\\
\\\\

Figure 6: On the top, zeros of Tys/2(45j12) (on the left) and zeros of
€45,1/2(452) (on the right). On the bottom, zeros of T502(50512) (on the left)
and zeros of €59 2(502) (on the right).

where j; is the first positive zero of the function J,(z). In Figure |§| we draw
the circle of radius 1/j1, the curve , the complex zeros of T, (nj1z) and
the complex zeros of &, ,(nz).
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