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Abstract: Kung and Traub (1974) proposed an iterative method for solving equations defined on the
real line. The convergence order four was shown using Taylor expansions, requiring the existence
of the fifth derivative not in this method. However, these hypotheses limit the utilization of it to
functions that are at least five times differentiable, although the methods may converge. As far as we
know, no semi-local convergence has been given in this setting. Our goal is to extend the applicability
of this method in both the local and semi-local convergence case and in the more general setting of
Banach space valued operators. Moreover, we use our idea of recurrent functions and conditions
only on the first derivative and divided difference, which appear in the method. This idea can be
used to extend other high convergence multipoint and multistep methods. Numerical experiments
testing the convergence criteria complement this study.

Keywords: Kung-Traub method; Banach space; convergence criterion

1. Introduction

We consider approximating a solution x* of equation
F (x ) =0, 1)

where F : O C V; — V; is an operator acting between Banach spaces V; and V, with
Q) # @. Kung and Traub, in [1], introduced a fourth-order iterative method for solv-
ing nonlinear equations on the real line. This method in Banach space is defined for
n=20,1,2,...by

Xn — F'(x,) " YF (%)
’1F’(xn)[yn,xn;F}’lF(yn)- ()

Here [.,;F] : Q x Q — L(V1,V,) is a divided difference of order one [2]. The con-
vergence order was obtained using Taylor expansions and hypotheses on the derivative of
F of order up to five. Note that the method involves also the derivative of order one, so the
assumptions on the fifth derivative reduce the applicability of the method [1,3-5].

For example: Let V; = V, = R, O = [—0.5,1.5]. Define A on Q) by

Blogt? +1+ —t* if t#0
0 if t=0.

Yn =
Xpp1 = Yn— [Yn, Xu; F]

At) =
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Then, we have t, =1,
A" (t) = 6log t? 4 601> — 24t + 22.

Obviously A" (t) is not bounded on ). Therefore, the convergence of method (2) is
not guaranteed by the analysis in [1]. In order to avoid Taylor series expansions but still
obtain the fourth order of convergence for method (2), we use the computational order
of convergence and the approximate computational order of convergence, which do not
require more than one derivative (see Remark 1.2b).

In this paper, we introduce a majorant sequence and use our idea of recurrent functions
to extend the applicability of method (2). Our analysis includes error bounds and results
on uniqueness of x* based on computable Lipschitz constants not given before in [1] and
in other similar studies using Taylor series [3-13]. The advantages of the extended method
include: Applications for solving nonlinear Banach space valued equations are not limited
to systems of finite dimensional Euclidean space. Local convergence includes computable
upper error bounds not given before. Moreover, the semi-local convergence not given
before is proved. The motivation for writing this paper is the extension of the applicability
of method (2), as already illustrated by the example. The novelty of the paper includes the
extension of the convergence domain in both the local as well as the semi-local convergence
case and the introduction of the recurrent functions proving technique, which can be used
in other methods too [14-27].

The rest of the paper is set up as follows: In Section 2, we present results on majorizing
sequences. Sections 3 and 4 contain the semi-local and local convergence, respectively,
where in Section 5, the numerical experiments are presented. Concluding remarks are
given in Section 6.

2. Majorizing Sequences

We present results on majorizing sequences.

Definition 1. Let {u, } be a sequence in a Banach space. Then, a nondecreasing scalar sequence
{my} is called majorizing for {u, } if

41 — un|| < myyq —my, foreach n =0,1,2,.... ©)]
By this definition, we can use sequence {m, } to study the convergence of {uy }.

Lety >0, >0,¢; >0,i =0,1,2,...,5 be the given parameters. Define scalar
sequences {s, }, {t,} foreachn =0,1,2,... by tp = 0,50 =

lo(s0 — to)?
7 = s —,
! o+ 2(1 — 6150)2
Xn+1
Sntl = bt — Z;t o 4
n
Oty i1(Spg1 — tngr)?
tpir = Spi1-+ 4 n+1( n+1 n+l)

2(1 - él (anrl + tn+l))2l

Where D(n+1 _ (€3(tn+] _ tn) + f3(1+[1(ii‘2£?3)(5n—fn))(tn+1 _ Sn)‘

Lemma 1. Suppose:
€117 <1, (5)
foreachn =0,1,2,...,
1
1 < 7 (6)
0

and

@)

Sp+1 T tn1 < 7
1
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Then, sequences {s,}, {t.} are nondecreasing, bounded from above by + and as such they

converge to their unique least upper bound t* € [y, %] Moreover, the following hold for each
n=0,12,...
th < Sp < tpga-

Proof. It follows from the definition of sequence {s, }, {f,} and hypotheses (5)—(7). O

Remark 1. Hypotheses (6) and (7) are verified only in special cases. That is why we introduce
stronger hypotheses implying those of Lemma 1 but not necessarily vice versa.

It is convenient for us to define sequences of functions and functions on the interval
M =10,1) foreachn =1,2,... as follows:

fn(f) = éS(th + th—l);7 +€1t2”_117
+f1fzt2n_l (t2n + 2(1 Y I t2n—1));72
o (P P o (1 b 4 27 1)) — B2 -1,

f(t) = apt’ +agt® + ast® 4 agt* + ast® + axt® + aqt + ag,
bon \?
H o= —(1-29C
fol) = -(1-1%)
Uy oo 2n+1
gu(t) = — Rttt

F2007 (P2 4 2(1 -t .. £21FDY)
—BA (P2 21+t )2,
i

g(t) = 7;7(1&7 O B4t 1) +207(1 +t)?
+2n(1+t+ tz)(% + 382 4 2t% 1 £9),
and )
- 26117
gl =—(1- 721},

where

ap = —(l1+05+206087),

a, = —(55 -0—2515277),

a = Ly+h +f1fzi7 + U5,

a3 = Lo+ 05+ 2€1fziy,

a, = Ly +2£1f217,

as = Lo +201651,

ag = 21lom
and

ay = 515217.
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By these definitions we have

f(O) = —(+40+ 2€1f217) <0,
f(l) = 2(20y+301465) >0,
g0) =~ <o

and
g(t) — +ooast —> 17,

It then follows by the intermediate value theorem that functions f and g have zeros in
the interval (0, 1). Denote the smallest such zero by b; and by, respectively. Moreover, we
have foreacht € M

foo(t) <0 ®)
and
go(t) < 0. )
Furthermore, define scalar sequences {7, } and {J, } by
= U3(tnq1 — tn) (1 = Lotn) + Lo(1 4 £y (su +tn)) (50 — tn)
! (1= Lotn) (1 = Lotns1)
and

5 — Lyt (Sn1 — tur1)
n — .
291 — b1 (tys+1 + Sn41))?

,‘I/l() = maX{’)/(),5[)}, H1 = min{bl, bz} (10)

Next, we present a second auxiliary result on majorizing sequences.
Lemma 2. Suppose that there exists y such that
o <u<p <1-—20y (11)

and (5) holds. Then, sequences {s, },{t,} are well defined, nondecreasing, bounded from above by
= %, and as such they converge to their unique least upper bound t* € [, **]. Moreover,
the following estimates hold for eachn = 1,2, ...

0 < tyig —sn < plsy —ty) < 2"y, (12)
0<sp—ty < p(tn —sn_1) < p*"y, (13)

and
0<ty—sn<tys1 (14)

Proof. Estimates (12)—(14) hold if

O<nm=<mw (15)
0<6 <y, (16)

and
te < sk < try1, (17)

are true for k = 0,1, 2, .... Notice that by the definition of sy, t; and (5), we have sy < t;.
We also have (15)-(17), which hold for k = 0 by (11). Suppose that estimates (15) and (16)
hold for k = 1,2,...n. Then, we obtain
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< bt < sy 4 a2y 4
< npHup+...+u¥y

_ 17]427(4-177 _ 77 _
1—p 1—pu

Sk

t**

7

and

Sk + ]12k+117 <t + “MZkij + ‘MZk+1’7

<
< pAun4 .+ uy

_ L 2k42
= 11#74 n <t

et

It follows by the induction hypotheses and (17) that sequences {sx} and {t;} are
nondecreasing. Estimates (15) holds if we instead show for {5 = ¢3(1 — {yt1) that

1— 2k+1 1— 2k
€5(y2k+1+y2k)71+glwzk+glemzyzk< H + H >

1—pu 1—pn
1—y2k 1—l/l2k+2
—}4<1—50<1_y+ T )"

(1— 1) (1 — p?+2) ,72>

2
T e

< 0

or
fr(t) <0 for t = p. (18)

We need a relationship between two consecutive functions f;. By the definition of
function f, we can write, in turn, by adding and subtracting f

fear(t) = felt) + L5 (262 4 21 g2k 2kely, 4 (21 g2k
0l P+ b4 A P2 L (Lt 4.+ 269
(At ) T+ t4 .+ 2T

N (G R e N )

—(A4t+ . A (Tt 2]

)+ [ls(P+ 12—t —1) +£,(2 = 1)

+ (#7218 287 4 2t4 4283 + 2 — 2t — 2)) 1 6oy

(P + £+t 4 P)] Py

= A&+ Oy, 19)

where we used t* < t,k =1,2,...,since t € (0,1). Define foo(t) = limy__,, fi(t).
Then, we can show instead of (18) that

IN

foo(u) <0, (20)

whichis trueby (8). Set ¢y = t2*+2(1+t4 ...+t ) and dy = 22 4 2(1 4t + ... 4 2K+,
As in (15), estimate (16) holds if
Qk(t) <0 for t = p. (21)

Function g (t) can be written as

f = 554772t2k+2 lnd. — 2y2d? — 1
8k(t) = — 7 en + 2byndy — by dy — 1.
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Then, we again need a relationship between two consecutive functions gx. Notice that

Cop1 —Ck = t2k+4(1 b4+ t2k+3) o t2k+2(1 b+ t2k+1)
_ t2k+2(_1 — 4 t2k+2 + t2k+3 + t2k+4 + t2k+5),

deor —dp = (A+t4. + ) L (144 .. 412

—(I4 b4+ (At 4+ 122
t2k+2 + 2t2k+3 + t2k+4

and
deoq —die = 41+ £+ 4 12KFD) o 32K42 | pp2k43 4 p2kd

By adding and substracting g, from gj 1 we obtain

2
() = qlt)+ 5%77 2 (A5 | ikt | kS k2 )
+203 (12572 4 242613 4 g2 22 (a2 — d2)
< gilt) + g .

Define geo(t) = limy__, gk (f). Then, we can show instead of (21) that

geo(p) <0,

which is true by (11). The induction for estimates (15)—(17) is completed. Hence, sequences
{su}, {tn} are nondecreasing, bounded from above by +** so they converge to t*. [

3. Semi-Local Convergence

Let U(xp,7) ={x € Vi : |[x —x¢|| <r,r >0}and Ulxg,r] = {x € V1 : ||[x —xo|| <7,
r > 0}. The semi-local convergence analysis of method (2) uses conditions (H1)—(H4).
Suppose:

(H1) There exists xo € Q and # > 0 such that F/(xy)~! € L(V5,V;) and
n

IF' (x0) " F(x0) || < 7.
(H2) For each x € O
IF (x0) ™ (F'(x) = F'(x0)) | < follx — xo.
Set Oy = U[xo, %] naQ.
(H3) For each x,y € (), the following holds

IF" (x0) " (F'(y) = F'(x))| < lly — x|,

IF (x0) ™ ([y, 2 F] = F'(x0)) | < €a(lly = xoll + [l = xo]]),
F'(x0) " H([y, x: F] = F'(x)) || < La]ly — x|
IF" (x0) ™ (2, F] = [y, x: EDIL < &1z = yll + lly — 1))

and
IF'(x0) 'F'(x) || < La]|x — xo|-

(H4) U[xo,t*] C Q.
Then, we can show the main semi-local convergence result for method (2).
Theorem 1. Suppose that conditions (H1)—(H4) hold. Then, sequence {x, } generated by method (2)

is well defined in U[xo, t*], remain in U[xy, t*| for each n = 0,1,2,... and converge to a solution
xy € Ulxg, t*] of equation F(x) = 0, so that
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s — xp|] < =ty

Proof. Assertions

(A 1y — xiell < s — i

(Bi) llxesr = yell < ta — sk

shall be proven using induction on k. It follows from the first substep of method (2) that

lyo — xol| = || (x0) *F(xo)|| < 1 = s — tg = so < t*.

Hence, (Ay) is true and yy € U|[xo, t*]. We can write by the first substep of method (2)
forn = 0 and (H2)

F(yo) = F(yo) — F(x0) — F'(x0) (y0 — X0),
(so — to)*.

N~

_ 0
IF'(x0) " F(yo) | < 3llyo — xoll* <

Next, we show the invertability of linear operator [y, xo; F|. Indeed, we have by (H2) that

IF’ (x0) =" ([yo, x0; F] — F'(x0)) 1([lyo = xoll + [[x0 — xol[)

<
< li(so—to) <1,
so by the Banach lemma on linear invertible operators [20], [yo, xo; F] —1 exists,

1

L xo; F17 L (x <
”[yO 0 ] (0)” ElH]/O_xO” 1—(1(50—1’0)

(22)
and iterate x; is well defined by the second substep of method (2) for n = 0. We can write

— Yo = —[yo, %0; F] "' F'(x0) [yo, x0; F] " F(yo)

leading to

IN

1lyo, x0; F] ' F' (x0)

x|[yo, x0; F] " F' (xo) 1|1 F' (x0) "' F (o)
{(so — to)?

- 2(1 —615())2

showing (Byp). We also obtain

121 = woll

= tl — 50,

le1 — 20|l < |lxo — woll + [lyo — xol| < t1 —so+s0—to =t < t7,

so x; € U[xo,t*]. Suppose that (Ay) and (By) hold, yi, xx1 € Ulxo, t*] and F/(x;) 7},
[yk, xx; F] 1 exist for each k = 1,2, ... We shall show they hold for k = n + 1. By the second
substep of method (2), we can write, in turn

F(xn+1) = F(xp1) — F(yn) — [yn,xn;F]F'(xn)*l[yn,xn;F](an —Yn)
([xXn+1,yn; F] = [ymxn;F]F’(xn)’l[yn,xn;F])(an —Yn)
= [([xn+1,yn F] = [y, xn; F]) + [y, xn; F|
—[yn, xn; ]F’(xn)_l[yn,xn;F](an —Yn)
= [(ns1, v Fl = [yn, xn; F]) + [yn, X F]
X (I —F'(xn)” [yn/xn?F])](an —Yn)
= [([ns1,Yn; F] = [Yn, Xu; F]) + ([yn, Xn; F] = F'(x0) + F'(x0))
X (F'(xn) = [y, Xn; F])] (X1 = Y).-
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Then, by conditions (H3) and the induction hypotheses, in turn, we obtain that

IF (o) " F(rs) | < 1(l1xus1 = yll + [y = xall) + (1 + o(lyn = xoll + [lxn — x0[1))

O lyn — xa]|
S — x —
1_£0Hxn_x0”]” n+1 yﬂH
14+ 1(sy+tn))la(sy — ¢
< llsltaga — )+ EEACEERBE Zh)y )
n

= &4l
We must show F’/(x,,1) is invertible. Indeed, we have by (H2)
IF' (x0) ™ (F' (1) — F'(x0)) || < Lollxuy1 — 0l < lotuya <1,
)

1

F “1F < —
I F (xn41) (x0)[| < 1— lotpie

Hence, we obtain by method (2) and the two preceding estimates that

[Yns1 — X1l < F (xng1) " F (x0) 1| F'(x0) " F (1) |
Xp+1
< _— —t ,
= T lobenn Sn+1 — tnt1

showing (Ay) for k = n + 1. We also obtain

[¥n+1 = Xna | + X041 — x0]|
Sn+1 — tny1 + a1 — o
= Sny1 S t*/

Yns1 — x| <
<

S0 Ypt1 € Uxp, t*]. In view of the first substep of method (2), we can write

F(yn41) = F(Yns1) — F(xpq1) — F/(anrl)(ynJrl — Xp41),

leading to

(Sp41 — tn+l)2

N~

_ 14
1F (x0) " F(us) | < 5 llynse1 = xusa || <
2

SO

2 = yusall < Myner, o 1V (0) P (o) ™ F () HIF (x0) ™ F (s |

Oty (Spi1 — tns)?
2(1 = l1(sp41 + tng1))?
= fpt2 — Sutl,

<

showing (By) for k = n + 1. Moreover, we obtain

042 = Yny1ll + |Yns1 — xoll

X2 —xol] <
< tugo = Spa1 FSuq1 — to = tpyo <,

and

[Xn+1 —xull < Nxnser —yull + lyn — xal|
< g1 —Sut+Sn—tn.

Hence, we deduce x,,1» € U[xp, t*] and sequence {t,} is Cauchy in a Banach space V;.
Hence, it converges to some x* € U[x, t*]. By letting n — oo in the estimate

IF (o) " F(xnsn) || < e,
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and the continuity of F, we obtain F/(x*) = 0. O

Concerning the uniqueness of the solution x, we have:

Proposition 1. Suppose: There exists
(i) A simple solution x* of equation F(x) = 0.
and
(ii)) § > t* such that
b(5+1t") < 2.

Set O = U|[xg, 5] N Q. Then, the only solution of equation F(x) = 0 in the region Q)q is x*.

Proof. Let X € () with F(¥) =0.Set T = fol F'(% 4 6(x* — %))df. Then, by (H2) and (ii),
we obtain

IF' (x0) (T = F'(x0))| < /01 @o((1—0)[[% — xol| +0[[x* — x0[)d0
Ly

< 5(5—1—1&*) <1,

leading to ¥ = x*, where we used the identity T(x* — %) = F(x*) — F(¥) =0—0 = 0and
the invertability of T. O
4. Local Convergence
LetL,L;,j=0,1,23,4 be positive parameters. Set S = [0, L%) Define function i; on
: _ o 1
the interval S = [0, 7-) by
(t) = L
N =50 "1
Then, parameter r; is defined by

2
T 2Lg+1L

r (23)

solves equation
$1(t) =1 =0.

Moreover, define functions g, p on interval S by
q(t) = Loy1 ()t — 1 and p(t) = Ly (1 + ¢ (8))f = 1.

Suppose that equations
q(t) =0, p(t) =0
have smallest solutions 14,7, € S — {0}. Set Sy = [0, 1), where ryg = min{r,, 7, }. Define
function ¥ on Sg by

L¢3t

21— Loy (1)t
LaLy(1+91(t)) 1 (t)t

(1= Loy ()t)(1 — L1 (1 + ¢ (£)t))

LoLy(1+ 91 ()91 (8)t

(1=Li(1+y1()t))*

h(t) =

_|_

Suppose that equation
$a(t) =0
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has the smallest solution r, € Sy — {0}. We shall prove that
r=min{r;}, i=1,2 (24)

is a convergence radius for method (2). Set S; = [0, 7). By these definitions, we have that
foreacht € §;

0<Lot<1, (25)

0<q(t) <1, (26)

0<p(t) <1, (27)
and

0 < i(t) < 1. (28)

As in the semi-local convergence case we develop the following conditions (C1)—(C4).
Suppose:

(C1) x* is a simple solution of equation F(x) = 0.
(C2) Foreachx € O
IF (") 71 (F' (x) = F'(x*))|| < Lollx — xo]|-

Set () = U(x*,%o) naQ.
(C3) Foreachx,y € (4
IE"(x*) "1 (F'(y) = F'(x)) || < Llly —xll,
IF" () [y, F] = F/ ()| < Lallly = x|+ lx = x*]),
IF" ()~ ([y, % F] = F'(0))[| < Lally — x|
IF' ()" ([z, 0 F] = F'(9)I| < Lslly — x||-

and
[F'(x*) 7 F'(x)|| < Lyllx — x*||.

(C4) U[x*,r] C Q.

Then, we can show the local convergence result for method (2).

Theorem 2. Under conditions (C1)—(C4) further suppose that xy € U(x*,r) — {x*}. Then,
sequence {xy, } generated by method (2) is well defined in U(x*,r), remains in U(x*,r) for each
n=20,1,2,...and converges to x* so that

[y = x| < r(llxn — xF (D llxn — 27| < Jlxn — 27| <7 (29)

and
ln1 = x* < a(flxen — x| [0 — 27| < flaen — 27| (30)

Proof. Letz € U(x*,r) — {x*}. Using (C1), (C2), (24) and (25) we obtain
[F'(x*) "1 (F'(2) = F' ()|l < Lollz — x*|| < Lor < 1,

so F'(z) is invertible with

1
/ —1 % < )
IF' ) () < f g &)

Iterate y( is well defined from (31) for z = xy and the first substep of method (2).
Using (24), (28) (for i = 1), (31) (for z = x¢) and (C3), we obtain
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lyo— x|l < |[F'(x0) 'F'(x")]
XW/F’ “U(F! (x0 + 0(x0 — %)) — F(x0))d6(x0 — x°) |
. Lx—x|?

2(1 — Lol|xo — x*[])
1(llxo — x| |0 — x*||
lxo — x*|| <, (32)

INIA

showing (29) for n = 0 and yy € U(x*,r). Next, we shall show that [u, v; Fl=' e L(V,,Vq)
for u,v € U(x*,r). Indeed, by (24), (26), (C3) and (32) we have

IE (x*) "M ([yo, x0; F] — F'(x)) | Li(llyo = *"[[ + flxo — x7[])
Ly (@1 (lxo = x*[1) + 1) [[xo — 7|

p(llxo —x*[)) < p(r) <1,

IN A

SO
1

= p(llxo —x*[))’
We also have that (11) holds for z = yo. Hence, iterate x; is well defined by the second
substep of method (2). Then, we can write in turn that

Tyo, xo; F] T F/(x*)|| < (33)

x1—x" = yo—x.—F(yo) 'F(xo)
+(F'(yo) ™" = [yo, x0; F] " F'(x0) [o, x0; F] ") F(yo).

However, we obtain

F'(y0) ™" — [yo, x0; F| ' F' (x0) [yo, x0; F] "
= F'(yo) "(I - F'(yo)lyo, x0; F] 'F'(x0) [yo, x0; F] ")
F'(y0) " ([yo, x0; F] — F'(y0) + F' (o)
—F'(y0)[yo, x0; F] ' F' (x0)) [vo, x0; F] "

and
[vo, x0; F] = F'(y0) + F'(y0) — F'(y0) [vo, x0; F] ' F'(x0)
= ([yo, x0; F] = F'(y0))
+F (y0) [yo, x0; F] ™ ([yo, x0; F] — F'(x0)),
SO

x1—x" = yo—x"—F(yo) 'F(yo)
+F'(yo) " ([yo, x0; F] = F'(0)) [yo, x0; F) " F(yo)
“+[yo, x0; F] " ([yo, x0; F] — F'(x0)) [yo, x0; F] ' F(yo),
(34)

In view of (24), (28) (for i = 2), (31) (for z = xy, yo) and (32)—(34), we obtain, in turn,

*HZ

* L”yO_x
b=l s S Lo — )
. Ls||lyo — xol|La/lyo — x™||
(1= Lollyo — x*[1)(1 = L1 (llyo — x*|| + [lxo — x*[|))
La||yo — xol|Lallyo — x*||
(1= Li(llyo — x|l + [[xo — x*|1))
P2 (llxo — x*[[)[Jxo — x*|| < [[lxo — x*|, (35)

+

IN
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showing (30) for n = 0 and x1 € U(x*,r). Moreover, exchange x, o, X1 by Xj,Yj, Xj+1,in the
preceding calculations, respectively, to complete the induction for estimates (29) and (30).
Furthermore, from the estimate

251 — x*]| < cllxj — 2", (36)
where ¢ = i ([[xo — x*||) € [0,1), we conclude lim; ., x; = x* and x;; € U(x*,7). O

Remark 2. (a) The value r1 was given by us in [6] for the radius of convergence for Newton’s
method. It then follows from (24) that
r <. (37)

Hence, the radius of convergence r for method (2) cannot be larger than Newton’s. Notice that
the radius of convergence given independently by Rheinboldt [7] and Traub [8] is p = %, where K
is the Lipschitz constant on Q). We also have p < r, since Ly < Kand L < K.
(b ) We compute the computational order of convergence (COC) defined by

COCZln<||xn+1_x*||>/ln( Hxi’l_x*” )
[0 — x| %01 — x*]]
or the approximate computational order of convergence (ACOC)
Acoc_ln(||xn+1_xn||>/ln< ||x7’l_xn—1|| )
260 — x|l -1 — xn—2l|
Then, we obtain in practice the convergence order and avoid the existence of the higher order
Fréchet derivatives for operator F.

Next, we present a uniqueness of the solution result.

Proposition 2. Suppose:
(a) There exists a simple solution x* of equation F(x) =0

(b) There exists ¥ > r such that )

<f0.

Set )y = QN U[x*,7]. Then, the only solution of equation F(x) = 0 in the region () is x*.

7

(38)

Proof. Let b € (), with F(b) = 0. Set Q = fol F'(x* + 0(b — x*))d6. Then, using (C1)
and (38), we obtain

1
IF'(x*)"HQ = F'(x")]| < /OLo9||bfx*|ld9
< %7<1,

leading to b = x*,since Q! € L(V5,V;) and A(b—x*) = F(b) = F(x*) =0—-0=0. O

5. Numerical Experiments

We provide some examples, with [x, y; F] = fol F'(y+6(x —y))do.
Example 1. Define function
ll)(x) = box + by + by sinbsx, xg =0,

where bj, j = 0,1,2,3 are parameters. Then, clearly for bz large and by small, %0 can be small
(arbitrarily). Notice that %0 — 0.
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Example 2. Consider V1 =V, = C[0,1], Q = U[0,1] and Q : Q — V, defined by

Q)(w) = plx) =5 [ x0y(6)de @)

We obtain

Q'(y(&))(x) =&(x) —15 /01 x0p(60)%E(0)d0, foreach & € D.

Then since x* = 0, conditions (C1)—(C4) are verified for Lo = 7.5,L = Ly = K = 15,

L= L, =Lz = 2 Then, the radii are:

= 2 ,
2
r =r1 = 0.066667, r; = 0.109818,and p = 3K 0.0667.

Example 3. Consider the motion system

Gi(x) =e¢%, Gy(y) = (e =Dy +1, G3(2) =
Gi1(0) = G2(0) = G3(0) = 0. Let G = (G1,G2,G3). Let Vi = Vo = R,
U(0,1),x* = (0,0,0)T. Define function G on Q for w = (x,y,z)" by

G(w) = (e* 1*1/ +y,2)".
Then, we obtain

er 0 0
G’(v):[ 0 (e—1y—+1 0].
0 0 1

Hence, conditions (C1)—(C4) are verified for Ly = (e —1),L = e=1 = L4, L1 = %,
L, =1L3= %, K = e. Then, the radii are:

2
r =r; = 0.382692, rp, = 0.417923 and p = 3K~ 0.2453.

Example 4. Let Vq, Vo and Q) be as in the Example 2. 1t is well-known that the boundary value
problem [2]

¢(0)=0,(1) =1,
¢ =—p—0¢’

can be given as a Hammerstein-like nonlinear integral equation

—s+/ b + og?(1))dt

where o is a parameter. Then, define F : () — V; by

[F(x)](s) = x(s) —s — /01 M(s, t)(x3(t) + ox®(t))dt.

Choose x¢(s) = s and QO = U(xg,po). Then, clearly U(xo,p0) C U(0,p0 + 1), since
lxo|| = 1. Suppose 20 < 5. Then, conditions (H1)—(H4) are verified for

20 +3pp + 6 0 o+ 600 +3

by = 8 4 ,

0= %0,62 = g, U3 = g and y = 4L Notice that ly < (1.
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In general the radius of convergence decreases, when the order increases. However, notice
that in the local convergence Examples 2 and 3, the radii for the fourth-order method (2) compare
favorably to the ones given in [7,8] for Newton’s (see r and p).

6. Conclusions

The Kung-Traub method was revisited, and its applicability was extended in both
the semi-local and local convergence case from the real to the Banach space setting. Our
analysis includes error bounds and uniqueness on x* information not available before and
under weak conditions. This idea is very general and can be used to extend the applicability
of other methods.
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