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Abstract

It is well known that the arithmetic nature of Mills’ prime-representing
constant is uncertain: we do not know if Mills’ constant is a rational
or irrational number. In the case of other prime-representing constants,
irrationality can be proved, but it is not known whether these constants
are algebraic or transcendental numbers. By using Liouville or Roth’s
theorems about approximation by rationals, we find a couple of prime-
representing constants that can be proved to be transcendental numbers.

1 Introduction

A prime-representing constant is a constant that, by means of some process,
generates infinitely many prime numbers, sometimes all the prime numbers.

The first and best known result about prime-representing constants was
established by Mills in 1947 [7]. He proved that there exists a real number θ
such that bθ3nc is a prime for every positive integer n (and where the so-called
floor function b·c is used to denote the integer part). The proof of this fact
depends on a result of Ingham that is not elementary [6]: if pn denotes the nth

prime, then there is a constant K such that pn+1−pn < Kp
5/8
n for n = 1, 2, . . . .

Assuming Ingham’s theorem, finding Mills’ constant θ is not difficult.
There is no closed-form formula known for such θ and, actually, there are

uncountably many possible values of θ with the prime-representing property.
Hence, if one wants to define Mills’ constant, a good approach is to look for
the least θ such that bθ3nc is prime for n = 1, 2, . . . . In this way, and by
making some unproved but reasonable assumptions (in particular, the Riemann
hypothesis), Mills’ constant can be computed with precision. For instance, [1]
shows a method that gives θ = 1.3063778838 . . . to over 6850 decimal places.
But it is not known whether θ is a rational number.
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The primes generated using Mills’ procedure grow very fast. If we denote
Mn = bθ3nc, one has

M1 = 2, M2 = 11, M3 = 1361, M4 = 2 521 008 887,

and M5 has 29 digits (OEIS sequence A051254, see [8]).
In 1951, Wright [11] found another prime-representing constant using a

method that, instead of relying on Ingham’s theorem, depends on Bertrand’s
postulate, a much more elementary result: pn+1−pn < pn (or, as usually stated,
there is always a prime between N and 2N). Using this, Wright proves the ex-
istence of a constant α ∈ (1, 2) such that, if we recursively define α0 = α and

αn+1 = 2αn , then bαnc is prime for n = 1, 2, . . . (said more compactly,
⌊
22

. . . 2α⌋
is a prime for any number of iterations of the exponential). Again, the method
to obtain α is not unique, and, in this case, for historical reasons (it is the
example proposed by Wright), it is customary to take the biggest α with that
property; this gives α = 1.928780 . . . . In any case, the primes generated using
Wright’s procedure are much larger than in Mills’ procedure; with the above
mentioned α, if we denote Wn = bαnc, the first values are W1 = 3, W2 = 13,
and W3 = 16381, while W4 has about 5000 digits (OEIS sequence A016104, [9]).
If we try to find the smallest α, the corresponding primes are W1 = 3, W2 = 11,
and W3 = 2053, while W4 has 618 digits, but this sequence is not included in
the OEIS.

The proofs of Mills’ and Wright’s results and references to some similar ones
can be found in [2]. And some interesting variants of Mills’ procedure can be
seen in [3].

There are also some prime-representing constants that allow us to find all
the primes; here we show two examples that can be found in [5, § 22.3, p. 345].

The first example takes β =
∑∞
k=1 pk/102

k

, where pk is the kth prime number;
then we have

pn = b102
n

βc − 102
n−1

b102
n−1

βc. (1)

For the second example, let us assume that we have previously proved that, for
a positive integer r, the primes satisfy pn ≤ rn for any n; this is true for r = 2
due to Bertrand’s postulate, but yet more elementary for r = 4, as we can see in
[5, Theorem 20, p. 17]. Then the number β =

∑∞
k=1 pk/r

k2 gives the following
method to generate the primes:

pn = brn
2

βc − r2n−1br(n−1)
2

βc. (2)

In both cases, checking the expressions (1) and (2) is easy; in particular, the

first one is a simple manipulation of the decimal expansion of β =
∑∞
k=1 pk/102

k

and has the primes embedded in it.
It may seem like a dirty trick to use the primes to define β and then manip-

ulate β to recover the primes but, actually, the same idea appears in Mills’ and
Wright’s procedures. For instance, Wright starts by taking the prime W1 = 3;
then, using Bertrand’s postulate, there exists a prime W2 between 2W1 and
2 · 2W1 (we can take W2 = 11 or W2 = 13), and the method continues, always
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taking a prime Wn+1 between 2Wn and 2 · 2Wn . Then the primes Wn are used
to define Wright’s constant α, and the manipulation of α recovers the primes.
Something similar happens in the case of Mills’ constant θ (with an additional
difficulty due to the fact that the constant K in Ingham’s theorem is not made
explicit). Actually, this is already remarked in [5, § 22.3, p. 345]: “Any one of
these formulae (or any similar one) would attain a different status if the exact
value [of the prime-representing constant] which occurs in it could be expressed
independently of the primes. There seems no likelihood of this, but it cannot
be ruled out as entirely impossible.”

In 2019, a group of students from Buenos Aires University discovered another
nice prime-representing constant; see Fridman et al. [4]. They took

λ =

∞∑
k=1

pk − 1∏k−1
i=1 pi

,

a series whose convergence can be proved using Bertrand’s postulate. It is not
difficult to check that λ = 2.920050977316 . . . . Starting with the “Buenos Aires
constant” λ, we recursively define λ1 = λ and λn = bλn−1c(λn−1−bλn−1c+ 1),
and then we have bλnc = pn, for n = 1, 2, . . . . Moreover, it can be seen that
λ is an irrational number (as we have already remarked, this is not known for
Mills’ constant).

Just as we have wondered about the irrationality of λ, we may be interested
in knowing whether it is an algebraic or a transcendental number. Let us recall
that a real number is algebraic of degree n if it is the root of a nonzero irreducible
polynomial in Z[x] of degree n (in particular, the rational numbers are the
algebraic numbers of degree 1), and a number is said to be transcendental if it
is not algebraic of degree n for any positive integer n.

It is not known if λ or any other of the above-mentioned prime-representing
constants are algebraic or transcendental numbers. Is it possible to find a prime-
representing constant that is a transcendental number?

Only a few classes of transcendental numbers are known, in part because it
can be extremely difficult to show that a given number is transcendental. In
1844, Liouville gave the first construction of a transcendental number using the
idea of very fast rational approximation, a property shared by only a very thin
class of transcendental numbers (known as Liouville numbers). The work of
Roth in 1955 allows one to identify a wider class of transcendental numbers,
but again relying on very fast rational approximation (although not necessarily
as fast as in the case of Liouville numbers). We will recall both Liouville’s
theorem and Roth’s theorem in Section 3 of this article.

The idea for finding a transcendental prime-representing constant is to de-
fine it by means of a series, as in the construction of the numbers β used in (1)
and (2), but in such a way that the series converges to a transcendental number.
This happens when the series converges fast enough to allow an approximation
by rationals that, according to Liouville’s or Roth’s theorems, generates a tran-
scendental number. Liouville’s theorem is much more elementary than Roth’s,
while, on the other hand, Roth’s theorem is more powerful. Later we are going
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to give two prime-representing constants that are transcendental numbers. For
the first one, its transcendence will be proved using Liouville’s theorem; to prove
the transcendence of the second constant, we will use Roth’s theorem.

Of course, this does not imply that the constants β used in (1) and (2)
are algebraic numbers, only that the series that define them are not useful
in proving transcendence using Liouville’s or Roth’s theorems. It is possible
that these β are transcendental numbers (actually, we think that this is likely,
because, in the sense of cardinality, almost all real numbers are transcendental),
although different arguments would be necessary to prove this, and finding them
does not seem to be an easy task. But, actually, this already happens with
e =

∑∞
k=0 1/k!, which is a transcendental number (proved by Hermite in 1873),

although the series is not useful in proving transcendence.
Thus, the main theorems of this article are the following.

Theorem 1. Let a ≥ 2 be an integer, let {pk} be the sequence of prime numbers,
and define

µ =

∞∑
k=1

pk
ak+k!

.

Then µ is a transcendental number and it generates the primes by means of
p1 = ba2µc and

pn = ban+n!µc − a1+n!−(n−1)!ba(n−1)+(n−1)!µc for n = 2, 3, . . . . (3)

Theorem 2. Let a ≥ 2 and m ≥ 3 be two integers, let {pk} the sequence of
prime numbers, and define

ν =

∞∑
k=1

pk

ak+mk
.

Then ν is a transcendental number and it generates the primes by means of
p1 = ba1+mνc and

pn = ban+m
n

νc − a1+m
n−mn−1

ba(n−1)+m
n−1

νc for n = 2, 3, . . . . (4)

The structure of the article is as follows. In Section 2, we give a lemma that
will be used to prove that a constant defined as a series is a prime-representing
constant. Finally, we prove Theorems 1 and 2 in Section 3.

2 A preliminary lemma

Here, we show a general scheme to find prime-representing constants defined
by means of series. In the proof, we only need to use Bertrand’s postulate, a
consequence of which is that the kth prime is at most 2k. It would not be very
difficult to weaken the hypotheses in the lemma and give a very similar proof,
but the following statement is enough for the purposes of this article.
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Lemma. Let f : N → N be a function that satisfies f(k) ≥ 2k+1f(k − 1) and
f(k − 1) | f(k) for k ≥ 2, and define

S =

∞∑
k=1

pk
f(k)

with {pk} the sequence of prime numbers. Then p1 = bf(1)Sc and

pn = bf(n)Sc − f(n)

f(n− 1)
bf(n− 1)Sc for n = 2, 3, . . . .

Proof. Take

f(n)S =

n∑
k=1

f(n)

f(k)
pk +

∞∑
k=n+1

f(n)

f(k)
pk.

Since f(k−1) | f(k), it follows that the first sum gives an integer; let us analyze
the second sum. Recall that, as a consequence of Bertrand’s postulate, we have
pk ≤ 2k. For the first summand k = n+ 1, we have

f(n)

f(k)
pk =

f(k − 1)

f(k)
pk ≤ 2−k−1 · 2k = 2−1,

and, for k > n+ 1,

f(n)

f(k)
pk =

f(n)

f(n+ 1)

f(n+ 1)

f(n+ 2)
· · · f(k − 2)

f(k − 1)

f(k − 1)

f(k)
pk

≤ 2−n−2 · 2−n−3 · · · 2−k−2 · 2−k−1 · 2k ≤ 2−k−3,

so

0 ≤
∞∑

k=n+1

f(n)

f(k)
pk ≤

1

2
+

∞∑
k=n+2

1

2k+3
=

1

2
+

1

2n+4
< 1.

As a consequence,

bf(n)Sc =

n∑
k=1

f(n)

f(k)
pk.

Then, for n > 1 we have

bf(n)Sc − f(n)

f(n− 1)
bf(n− 1)Sc

= f(n)

n∑
k=1

pk
f(k)

− f(n)

f(n− 1)
f(n− 1)

n−1∑
k=1

pk
f(k)

= pn,

and the case n = 1 is trivial.

The smallest f that satisfies the hypotheses of the lemma is f(1) = 1 and
f(k) = 23+4+···+(k+1) for k > 1. Other examples (that correspond to (2) and

(1), respectively) are f(k) = rk
2

for any r ≥ 2, and f(k) = 102
k

.
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Here we will use functions f that grow still faster, such as

f(k) = rkak! or f(k) = rkam
k

for r, a,m ≥ 2, and that also satisfy the hypothesis of the lemma, but we will
restrict some of the parameters to prove transcendence (in particular, we will
use a = r and we will take m ≥ 3).

3 Proofs of the theorems

For the sake of completeness, let us reproduce Liouville and Roth’s theorems on
approximation of rationals.

Liouville’s theorem was proved in 1844 and was used to prove that the num-
ber

∑∞
k=1 1/10k! (or

∑∞
k=1 1/ak! for a ≥ 2) that is not rational because its

decimal expansion (respectively, its expansion in base a) is neither finite nor
periodic, cannot be algebraic of degree n for any n ≥ 2. Thus it is a transcen-
dental number. Prior to this result, the existence of transcendental numbers
was uncertain.

Liouville’s theorem (1844). Let ξ be an algebraic number of degree n ≥ 2.
Then, for any fixed arbitrary constants ε > 0 and K, there are only finitely
many rational approximations p/q (with q > 0) for which∣∣∣∣ξ − p

q

∣∣∣∣ < K

qn+ε
.

Roth’s theorem was proved in 1955 after some previous results on the order
of approximation by rationals for algebraic numbers were established by Thue
and Siegel; for this reason, it is sometimes known as the Thue–Siegel–Roth

theorem. It can be used to prove that some series such as
∑∞
k=1 1/am

k

for
a ≥ 2 and m ≥ 3 converge to a transcendental number.

Roth’s theorem (1955, [10]). Let ξ be an irrational algebraic number. Then,
for any arbitrary fixed ε > 0, there are only finitely many rational approxima-
tions p/q (with q > 0) for which∣∣∣∣ξ − p

q

∣∣∣∣ < 1

q2+ε
.

Now we have all that we need to prove our theorems.

Proof of Theorem 1. It is clear that, expressed in base a, the digital expansion
of µ is not finite or periodic, so it is not a rational number. Let us see that µ
cannot be algebraic of degree n for any n ≥ 2.

For fixed n, let us denote the partial sums of µ by

µj =

n+j−1∑
k=1

pk
akak!

=
rj
sj
,
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where sj = a(n+j−1)+(n+j−1)!. By Bertand’s postulate, pk ≤ 2k ≤ ak, so we can
write ∣∣∣∣µ− rj

sj

∣∣∣∣ =

∞∑
k=n+j

pk
akak!

≤
∞∑

k=n+j

1

ak!
≤

∞∑
k=(n+j)!

1

ak

=
1

a(n+j)!

(
1 +

1

a
+

1

a2
+ · · ·

)
=

1

a(n+j)!
a

a− 1
.

Moreover, sn+jj = a(n+j−1)(n+j)+(n+j)!, so∣∣∣∣µ− rj
sj

∣∣∣∣ ≤ a(n+j−1)(n+j)

sn+jj

a

a− 1
=
a(n+j−1)(n+j)+1

(a− 1)sj−1j

1

sn+1
j

=
a(n+j−1)(n+j)+1

(a− 1)a(j−1)(n+j−1)+(j−1)(n+j−1)!
1

sn+1
j

≤ Ka,n

sn+1
j

for a constant Ka,n that does not depend on j. Thus, we have infinitely many
rational approximations rj/sj and then Liouville’s theorem with ε = 1 shows
that µ cannot be an algebraic number of orden n.

Now, the prime representation (3) is a direct consequence of the lemma.

Proof of Theorem 2. Expressed in base a, the digital expansion of ν is not finite
or periodic, so it is not a rational number.

To prove transcendence, let us denote the partial sums of ν by

νj =

j∑
k=1

pk

akamk
=
rj
sj
,

where sj = aj+m
j

. By Bertand’s postulate, pk ≤ 2k ≤ ak, so we can write∣∣∣∣ν − rj
sj

∣∣∣∣ =

∞∑
k=j+1

pka
−ka−m

k

≤
∞∑

k=j+1

a−m
k

=

∞∑
i=1

(
am

j)−mi
=

∞∑
i=1

(
sj/a

j
)−mi ≤ ∞∑

i=1

(
sj/a

j
)−mi

=
1

(sj/aj)m − 1
.

Moreover, observe that (sj/a
j)m ≥ s

m−1/2
j if and only if sj ≥ a2jm, and this

inequality holds for j ≥ 2 because j +mj ≥ 2jm (recall that m ≥ 3). Then, for
j ≥ 2, ∣∣∣∣ν − rj

sj

∣∣∣∣ ≤ 1

s
m−1/2
j − 1

≤ 1

s
m−3/4
j

≤ 1

s
2+1/4
j

,

where in the last step we have used m ≥ 3. By applying Roth’s theorem with
ε = 1/4, this implies that ν is a transcendental number.

Finally, to find (4) it is enough to apply the lemma.
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