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Abstract

In the classical Kantorovich theorem on Newton’s method it is assumed that the second Fréchet derivative of the
involved operator satisfies the condition ||F”(x)|| < K in an appropiate domain. In this paper we study a modification
of this condition, assuming that ||F"(x)|| < w(]|x||), where  is a continuous and non-decreasing real function. ©) 2001
Elsevier Science B.V. All rights reserved.
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1. Introduction

The classical Kantorovich conditions are the most famous ones in the study of Newton’s method
in Banach spaces. These conditions are the following (we denote them by (#") throughout this
paper):

(1) F is a Fréchet differentiable operator defined on a non-empty open convex set € included in a
Banach space X and with values in another Banach space Y.
(ii) There exists a point xo € Q where the operator I'g = F'(xo)~! is defined, ||Iy|| < b and
|[ToF (x0)|| < a.
(i) [|[F"(x)|]| <K, x € Q.
(iv) h=abK <1)2.
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(v) B(xg,t*) C 2, where

. 1—v1=2h _ .
- and  B(xo,t*) = {x;|]x — xo|| < *}.
Under conditions ("), it is proved that Newton’s method,
xn+1:xn_FnF(xn)s Fn:F/(xn)ila n z O, (1)

converges to a solution of the equation F(x)=0. Further, Kantorovich-type results provide the regions
where the solution is located and unique, along with some error estimates.

There is a wide bibliography concerning Newton—Kantorovich results, such as the classical text
of Kantorovich and Akilov [5]. Some authors have studied different modifications of (¢"). These
changes mainly affect condition (iii). Instead of assuming that the derivative F” satisfies condi-
tion (iii), results have been obtained when F’ satisfies a Lipschitz condition [5] or when F’ is a
(k, p)-Holder function [2], or more generally when F’ satisfies

IF'G) = F'O)II < o([x = pl],
where w is a given real function [1].
Results have also been obtained by assuming a Lipschitz condition on the second Fréchet derivative
(see [3]). In [4], Newton’s method is studied under the condition

|F"(x) = F"(x0)|| < klx — xol.

In this case, the Lipschitz condition is weakened because one of the points is fixed.
In this paper, we investigate whether it is possible to weaken the conditions on the second Fréchet
derivative assuming only that

(ii") [F") < o)), x €,

where the function w(z) is a continuous and non-decreasing real function for z > 0 and such that
w(0) = 0. As we will see, this change also influences conditions (iv) and (v).
From now on, we assume that the operator F' satisfies the following conditions (we denote them
by (A7)):
(i") F is a Fréchet differentiable operator defined on a non-empty open convex set Q included in
a Banach space X and with values in another Banach space Y.
(ii") There exists a point xo € © where the operator I'g = F'(xo)~" is defined, ||[I'y|| < b and also
IToF ()] <a
Gil") [|F"(x)|| < o(||x]]), x € Q, where the function w(z) is a continuous and non-decreasing real
function for z > 0, and such that w(0) > 0.
(iv") If we denote the real function M () = w(]|xo|| + ), there exists at least one positive root of
the equation

2[1 — bM(t)t]a — [2 — 3bM(t)t]t = .

We denote the small positive root of this equation by R.
(V') B(xo,R) C Q.
Our goal, in this paper, is to prove that, under conditions (.#”), Newton’s method converges to a
solution of F(x)=0. In addition, we give the domain where the solution is located. To do that we
follow a new technique based on the use of recurrence relations instead of the classical majorizing
sequences.
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2. The main result

First of all, we give some technical lemmas.

Lemma 1. Under conditions (A"), we define f(x)= (1 —x)~" and denote 6 = bM(R)R. Then, the
following hold.

(i) $6/(0) < 1.
.. n j _ S1(S n+1
m>(z[pfww>a:(1&@%%%)a<(bﬂ&w@)a:R

j=0

Proof. Notice that R verifies
2[1 — bM(R)R]a — [2 — 3bM(R)R]R =0,
and therefore
2(R—a)
Rb(3R — 2a)
So, 0 < 2/3 and (i) is then proved. The proof of (ii) follows easily from (i). [

M(R) =

Lemma 2. With the notations of the previous lemma, we have:

There exists I'y, and ||[,F'(xo)|| < f(9), n = 1.

F G < SMQRR] il 1 > 2.

s —xall < 2SO o0 — var| <R, 7 > 2.

APenrr = x| A+ 30/ (8) + (30/(0)) + -+ +(50/(8))a <R, n > 1.

B~ W~

Proof. Firstly, notice that, for all x € B(xy,R), we have
11— ToF ()] < [|To|[1IF'(x) = F'(xo)|| <6< 1.

Then, F'(x)~! exists and
_ 1
IF'(0)™ ' F'(xo)|| < A

In addition, we have that ||x; — xo|| <a < R, and then x; € B(xo,R). Therefore I'; = F’(x;)~! exists
with |[F'(x;)"'F'(x0)|| < £(5). Further, by Taylor’s formula, we obtain

F) = F(xo) + F'(x0)(x1 — x0) + / " PG — x)dx

X0

1
- / F"(xg + t0r1 — x0))(1 — £)(x1 — x0)? di.
0

Consequently

[[F(x1)|| < IM(R)R||x1 — xol,
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and

(b2 = x| < [T F Gl ol HIF Gl | < 50 (0)]xr —xof| <@ < R. (2)

1

2
So, by Lemma 1,
b2 — 2xo]| < [lez =21 + [Jx1 = xol| < (14 30£(9)) [x1 — xo|

< (1+15f(8)a<R. 3)

Secondly, it is possible to go on with the process because x, € B(xp,R). Then I'y =F'(x;)~" exists
and moreover

ID2F" (o)l | < £(9).

In addition, as in the previous step, we have

!
[|[F ()| = H/ F'(x1 + #(xa — x1)(1 — t)(x2 _xl)zdtH
0
< SM(R)R||x; — xi1]].
Then

s — 2| < [[T2F o)l T o[ F ()| < 501 (9)] ez — 1]

<|Jx2 —x1]| <|[Px1 —x0|| <a <R
and finally, by Lemma 1, (2) and (3),
|lxs — xol| < []x3 — x2|| + |2 = xol] < 36/ (0)||x2 — xi|| + (1 + 36£(0)) a
< (143070 + (J0/()f )a <R

The rest of the proof follows inductively. Assume that the conditions of the Lemma hold for
2,3,...,n—1. As x, € B(xo,R) C Q, then I', exists and

[C.F (x0)|| < £(9).
Next, as ||x, —x,—1|| < R, we have
1
FQ)Il < SMER|Pxy — x5l 4)
So, it follows that

[t =l | < LGF o) ol [Fea)l] < 501 (D) x — xa—i || < R.
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Now, take into account that
[ = Xt || < 1T F' Gl Il I G| < 20£(0)] et — sl
n—2 n—1
< < (36£00) T —xill < (530/(8)) a<R,
by Lemma 1, we have

benst —xall < (307(9)) a <R (5)
Finally, from (5) and the previous lemma:

[Benst =0l < [lxsr = all + [l — o]
< (14 36/ @)+ (307 OF + -+ (26£@) ") a+ 3078 bn = x001

< (1 +15£8) + (Lo£O)f + -+ (%51‘(5))”) a<R O
Theorem 3. Under conditions (A") we have that Newton’s method (1) converges to a solution x*
of the equation F(x)=0.

Proof. From Lemma 2, it follows that
Hxn+m _an < ”anrm _xn+m—1|| +ot Hxn+1 _xn”

< N wsm—1F G0l [ 1FCenm—0I| =+ <+ [ITuF " xo) [ || Tol| [1F ()]

n+m—1 n+m—1 )
< SO Y FE)I < 2or0)a D> [Laf@) .
Jj=n Jj=n

Then {x,} is a Cauchy sequence and therefore converges. Let x* be the limit. By letting » — oo in
(4), we obtain F(x*)=0. O

References

[1] LK. Argyros, The Newton—Kantorovich method under mild differentiability conditions and the Ptak error estimates,
Monatshefte Math. 101 (1990) 175-193.

[2] LK. Argyros, Remarks on the convergence of Newton’s method under Holder continuity conditions, Tamkang
J. Math. 23 (1992) 269-277.

[3] LK. Argyros, Concerning the radius of convergence of Newton’s Method and applications, Korean J. Comput. Appl.
Math. 6 (1999) 451-462.

[4] J.M. Gutiérrez, A New semilocal convergence theorem for Newton’s method, J. Comput. Appl. Math. 79 (1997)
131-145.

[5] L.V. Kantorovich, G.P. Akilov, Functional Analysis, Pergamon Press, Oxford, 1982.



