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Abstract

We obtain results on convergence of Padé approximants of Stieltjes-type mero-
morphic functions and relative asymptotics for orthogonal polynomials on un-
bounded intervals. These theorems extend other results of Guillermo Lépez
changing the Carleman condition in his theorems by the determination of the
corresponding moment problem. Our technique allows us to stretch other results
obtained by Lopez.
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1. Introduction and notations

Two of the most striking papers of Guillermo Lépez have been [I1] and [12].
In the first, he solved a conjecture posed by A. A. Gonchar 10 years earlier about
the convergence of Padé approximants of Stieltjes-type meromorphic functions.
Gonchar [8] proved the convergence of Padé approximants to Markov-type mero-
morphic function whose measure « is supported on a bounded interval of the

real line, and o > 0 a. e. in this interval. Later on, Rakhmanov [16] showed
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that the convergence does not hold for arbitrary positive measure on R. In
[11] Lépez gave a very general sufficient condition to get convergence of Padé
approximants for Stieltjes-type meromorphic functions (the measure can have
unbounded support on R). The main idea of Lépez is to reduce the problem to
study orthogonal polynomial on the unit circle with respect to varying measures.

In [I2] Lépez showed that orthogonal polynomials with respect to varying
measures are an effective tool not only for solving problems on rational ap-
proximation but also for studying questions on orthogonal polynomials involv-
ing fixed measures and observed that orthogonal polynomials with respect to
varying measures on the unit circle provide a unified approach to the study of
orthogonal polynomials on bounded and unbounded intervals. There he obtains
relative asymptotics for orthogonal polynomials on unbounded intervals.

In this paper we extend the results of Lépez in [I1] and [12]; here we change
the Carleman condition on the moments of the measure by the corresponding
moment problem is determinate. This hypothesis carries a thorough analysis of
the method developed by Lépez in [11] and [12]. Our main ideas are the use of
rational approximation in the unit circle and the relation between determination
of moment problem and one side approximation.

Let a denote the Cauchy-Stieltjes transform of «

&(2):/ ! da(z), ze€D=C\]|0,+00),

z—x
where « is a positive Borel measure on [0, co) with finite moments, [ 2% da(z) <
00, k=0,1,... By Mg we denote the class of positive Borel measure on [0, c0)
with finite moments such that the Stieltjes moment is determinate. Let r be a

rational function whose poles lie on D and r(c0) = 0. Let

f(z)=a(z)+r(z), zeD. (1)

Given n € Z,, the Padé approximant, m,(z) = 5”8

, of order n at infinite of f



satisfies:

e p, and ¢, are polynomials with deg(p,) < n, deg(g,) < n, ¢, Z0.

* ¢u(2)f(2) —pn(z) = Z;in.u An,j/zj-

The difficulty of the study of convergence of Padé approximant for Stielt-
jes meromorphic function can be valued by the fact that the Stieltjes moment
problem for the measure a can be determinate, so the corresponding Padé ap-
proximants of @ converge to the Stieltjes transform a; nevertheless after a mass
€ has been added at the origin, the new measure generates an indeterminate
Stieltjes problem and its Padé approximants can not converge to the corre-
sponding Stieltjes transform, a(z) 4 < (see [10]); another interesting example

can be founded in [16]. We obtain the following result:

Theorem 1. If « € My and & > 0 almost everywhere on (0,00), then

lim,, 7, = f uniformly on each compact subset of D\ {z : r(z) = 0o} .

Under more restrictive assumption on the measure « this theorem was proved
by Lépez in [II]. He assumes that the moments of the measure « satisfy the
Carleman condition. This is a very well known sufficient conditions for the
determinacy of the Stieltjes moment problem. Our technique allows us to ex-
tend another results obtained by Lépez changing the Carleman condition by the
determination of the corresponding moment problem. The another most impor-
tant extension is the following theorem on relative asymptotics for orthogonal
polynomials on R. A simple example does not cover by Lépez’s condition but
cover by our assumptions is the measure on R with image measure on [0, c0) by
b(z) = 2% equal to %dw, 1/2< A <1,z € (0,00) (see Sectionfor further

details).

Theorem 2. Let M denote the class of positive Borel measure on R with finite

moments whose Hamburger moment problem is determinate. Let v € M be



such that v > 0 almost everywhere in R and let g € L*(R) be such that g > 0,

gdv € M, and there ezist a polynomial Q and p € N such that £ z)g()z) € L>®(v).

Then
i Tnl99v:2) _ S(9,9.2)
n—oo Hn(l/,Z) S(gaQ7Z)

uniformly on each compact subset of Q= {z € C: 3z > 0}, where H,(gdv, z),
H, (v, 2) are the orthogonal polynomials of degree n with respect to g(x)dv(x)
and v, respectively, normalized by the condition that both are equal to 1 at 1,

and

1 rz+1 dx
Q = 1 A O
S(g,Q,2) = eXp(2m/ g()z_xaﬁ+1>, z €,

is the Szegd function for g with respect to the region ).

Theorem [1] is proved in Section [4] the proof of Theorem [2 is included in
Section [5| the auxiliary results on moment problem appear in Section [2| and
Section [3] contains the study of orthogonal polynomials with respect to varying

measures.

2. Moment problem and one side approximation

Example. First, we observe that there exist measures satisfying conditions

in the Theorem [2| whose moments do not satisfy the Carleman condition. Let

$<A<Lif
A
efw
dO’)\(x) = m dx € (0,00),
then s, = fo x"doy(z) = %, so using Stirling’s asymptotic formula we

1
n=1 1/2n

have that sy/™ ~ knl/> , where k is a constant, and > - = oo for § <
A < 1; so by the Carleman condition (for the Stieltjes case) the Stieltjes moment
problem is determinate. The symmetric measures af’\ on R, whose image measure
in (0,00) by b(z) = 2? is 0, has Hamburger moment determinate (see [4] or [10])

and their moments Sa, = S, Son4+1 = 0 does not satisfy the Carleman condition



o0

for Hamburger moment problem (3",

ﬁ < oo since 5;7/1(2”) ~ knt/ N and
% < X\ < 1). Sometime we use the notation oy (z?) = o—f’\(gz:)7 z R,

Denote I' = {¢ € C: [¢| = 1}. For 3 € M, let 1i® be the image measure of 3

in the unit circle by ¥1(z) = (ziﬂ) Observe that the function z = Zii, z €

'\ {1}, # € R, has inverse z = Zt{. Let Mr be the class of measure z on I' such

r—1

that the image measure S* € M. The above change of variables establishes an
one to one correspondence between M and Mr.
We will use the following Riesz’s lemmas (see [5], page 73, or [I§] for the

proof of Lemmal[l} and [3], Corollary 3.4. there, or [I9] for Lemma 2).

Lemma 1. Suppose that 3 € M and f is a continuous functions on R such

that there exist constants A >0, B > 0 and j € Z4 such that
|f(z)] < A+ Ba*, zeR.

Then for every e > 0 there exists N € N such that for any n > N there are

algebraic polynomials w, and v, such that deg(u,) < n, deg(v,) <n and

up(z) < f(z) < wvyp(x), Ve € R, /(vn(as) —up(x))dB(z) <e.

Lemma 2. Suppose that 3 € M and 3 is non-discrete. Then for every zg € C

and for every j € N, |z — z|¥dj3 € M.

We are also interesting in the case when j < 0 and 2y = 7 in the Lemma above

(|lz —i% = ﬁ) The same conclusion of the lemma above is obtained for

j < 0 in the following two lemmas.

Lemma 3. (see [1], p. 43 or [18]) If B € M, the polynomials are dense in
12(g).

Lemma 4. (see [18]) Let 3 be a positive Borel measure on R with finite mo-

ments. Then u € M if and only if the polynomials are dense in L?((1+x2)dpu).



Let g be a real continuous function on I'\ {1} such that there exist constants

C >0,D >0and j > 0 such that

lg(2)| <C+D zel\{1}.

Lemma 5. Let k € Z. Under assumption above on g, given it € Mr, € > 0, and
k € 7Z, there exist two polynomials tunix = Unik(2,27 1), Vnak = Vnar(z,271)
such that deg(unsr) < n+ k, deg(vnix) < n+ k in each variables z and z~*

and

Vnar(z,271)
|Z'—71\2”’ ze '\ {1},

/ Vnak (2,27 — Upap(z,271)

lz— 1

Unir(z,271)

< <
lz—1pr = 9(2) <

du(z) < e.

Proof. Applying the Lemmas to

g (&t : 2k
flz) = ( >2k:g(z+z> |z — 1|

x—1 22k

and
B 22k 43K (z7)

dB(z) Te Pk z €R,

given € > 0, we obtain polynomials w4k, vn+k of degree at most n+ k such that

22k ()

Unik(z) < f(7) Svpgp(r), 2 €R, /(anrk(x) — Uptx(T)) W

2t
P

z+1 g(2) z+1
un+k(zzl>§|zl|2k§vn+k i—), #e€l\ {1}

2+ 1 z+1
/<vn+k <Zz— 1) — Uptk (Zz— 1)> |z — 1% du(z) < e.
Since

241\’ iz + 1)(2 = 1)) [z — 1P
1) T |2 — 1|2nt2k

Changing variables, z =4 %, z € I', the above relations are transformed into

) L p\nt+k—j
J4+1g2n-+2k—; Sl 0(1 — cosb) J

— 9
=(=1) |z — 1]2n+2k ’

zel, z=¢e",




the above relations are equivalent to there exist polynomials
~ -1 ~ -1
un+k(2az )’ 'Un+k(zvz )

of degree at most n + k in each variables z and z~! such that

an+k(z7z_1) 5n«Hc(ZWz_l)

< '\ {1
|Z—1|2n —g(z)— |Z_1‘2n y 2 € \{}7
~ 1y _ o~ -1
Un+k\Z, 2 — Unpn+k (2, 2
/ + ( |z)_ 1‘27;‘!- ( )dp,(Z) <e.
|

If p € My and p® is the measure on R with the image measure p on [0, c0) by
the function b(z) = 2%, € R, then p® € M and if, moreover, p is a non-discrete
measure, then the Hamburger moment problem is also determinate and for all
j€Z, (1+z)dp(z) € My (see []); these results are stated in the following

lemmas:

Lemma 6. If p € My and p is a non-discrete measure, then p € M and for

all j € Z, (1 4+ x)ldp(x) € My.

Lemma 7. If p € Mg and p® is the measure on R with the image measure p

on [0,00) by the function b(x) = 22, x € R, then p® € M.

3. Orthogonal polynomials for varying measure

Let p be a positive Borel measure on I' with infinite points in its support

and the sequence of measures

d
dpn(2) = |Z"l_L(f|)2n, zel,neN;

we assume that for each n € N and k € Z, we have 2*¥ € L'(u,). So we can

put each pair (n,m) of natural numbers in correspondence with a polynomial



Onm(2) = Epm2z™ + ... (with positive leading coefficient Ky m = fm(tn)) of

degree m, orthonormal with respect to the measure pu,:

_ 1
/z’C Onm(2) dun(2) =0, k=0,...,m—1, 2—/ |On.m (2) % dpin(2) = 1.
r T Jr

Let ®,.,(2) = ﬁgpnm(z) denote the monic orthogonal polynomials of de-
gree m. In some case we shall do explicitly reference to the measure writing

@m (tin, 2) = ©n,m(2). The following relations are well known:

Prmt1(2) = 28 (2) + Prm41(0) @7, 4, (2), (2)
Rn,m *
@n,m-&-l(z) = an,m(z) + (I)H,Wl+1(0)<pn,m(z)7 (3)
Kn,m+1
2

HTL m

7 =1- ‘(I)n,m+1(0)|2§ (4)
ﬂn,erl

moreover, we have |®,, ,,,4+1(0)] < 1 and the zeros of ¢,, ,, lie in the disk |z| < 1.

Here after, if p is a polynomial of degree m, p*(z) = 2™p(1/%z).
We need also the following well known Geronimus’ identity (see [7], or [5,

p. 198).

2 ———— = [ Zdu,(z), 7=0,%£1,...,+m. (5)
L i~

Let i/ denote the Radon-Nykodym derivative of p with respect to the Lebes-
gue measure (|dz|) on I'. Let u(z) = p/(2)|dz| + ps(z) be the Lebesgue decom-
position of u; if ' > 0 almost everywhere on I', we can consider that u’ = oo
(& ﬁ = 0) on the support of s which has Lebesgue’s measure equal to zero.
We use the notations ||g||zs() = (5 [ |g[Pdp)'/? and L' = L*(|dz[). Our main

Pn,nthkt1(2)

result in this section is the ratio asymptotics lim,, .~ ; for this aim

Lpn,ni»k(z) ’
we need the following two lemmas.
Lemma 8. Letk € Z. If i/ >0 a.e. on T, then
2
‘(p( : H{;i) — 6] < 2min ‘1(1} +k1(;2 — - f Wtk € Prik
z— z z—
AR VY W) 2




where Py denotes the set of polynomials of degree at most n + k. Moreover,

if Bulw) = (£21) € M, then

lim

n—oo

2
‘cpn,nwc(Z)

(z—-1)"

Proof.
Let wy 1 € Pnir. Using that (u/)~%/? € LP(u), and the Cauchy-Schwarz

inequality, we have

‘@n,nJrk(Z) 2_ 1
=00 | WG|,
<| Pn.n(2) 2_ 1 |wngr(2) . L Jwags(2)] 1
“le-orl Ve e, Ve [E-or T @,
‘@n,mk(z) <’Sﬁn,n+k(2) 1 Wtk (2) D
(z—1)m (z—1) W (2) | fnmtn(2) L
I (wn+k(z) 1 )
w(z) \|(z=1)" W& ) |
‘@n,mk(z) o1 W1k (2) + wpik(2)| 1
G- W () [nnsu(@|| L, 12D W@ | o
But taking into account, we obtain
’@n,n+k(2) 1 Wyt (2) _
(z—1)" W (2) | fnnti(2) L)
_ 73 2 wn+k \/7d9+—/ wn+k Qdu(z):
27 (z—=1)» (z—1)»
W4k (2) 1
G-l Vi) L2 ()
Hence,
‘soWk(z) P e
(= 1) w(z) LY () - (z=1)r w(z) L2(u)

This proves @

10



Now, let us show . The set of continuous functions is dense in L?(1). The
function 1/4/p” belongs to L?(u) and is nonnegative, hence it can be approx-
imated in the metric of this space by positive continuous functions. In turn,
using that a positive trigonometric polynomial v(z,27!) of degree n + k can
be written as v(z,27 1) = |w,x(2)]? with w,k € Ppik (see 5], p. 211), and

by Lemma [f] every positive continuous function on I' can be approximated by

functions of the form ‘Tzi’igf)
n 1
lim min w +k(22 3 S SIS
n— 00 (Z — 1) /J’/(Z) LQ(M)

and by @ the proof is concluded.

The following lemma for fixed measure can be founded in [I7].

Lemma 9.
1
W (2)

2
20100 < | [ 225

(z =1

L (p)

Proof. Set a,ip = —®pnix(0) and S, (2) = R (an+kzg0n7n+k(z)/g0;)n+k(z)),
comparing the squares of the modulus of the left-hand and right-hand sides of
on I', we obtain

2

K k
o k1 (2)]F =
K’n,n+k:+1

= |<Pn7n+k(z)|2 — 2R (a'n—i-kz()on,n-l-k(Z)@:L,n+k(z)) + ‘an+k|2‘¢n7n+k(z)|2 =

= (1 =+ |an+k|2) |§0n,n+k(z)|2 - QSn(Z)|<Pn,n+k(Z)|2’ zel,

Integrating with respect to %

onnl? = o [ 522 o)

27 |z — 127

and using li we obtain the representation

11



Since [ S, (2)|dz] =0 and |S,,(2)| < |anik|, z € T, it follows that
T +

‘ 2

2_i/ lontk ()P L i/ |pn+x(2)
|an -+ =9 FSn(Z) 2 —1]2n wz)—1 ‘d2|+27r FSn(Z) 2 —1]2n dpus(2)

pnntn(2)|” L [ lensr(2)P
< |antx] ( ‘(2—1)” pi(z)—1 tor p|z—1|2”d“3(z)>
I
2
= fan ] ‘ﬁp(znﬂi;z) - u’;)
L (p)
This proves the lemma. |

Combining Lemmas |8 and @ and the relations 7 we obtain:

Theorem 3. If u € Mr and ' > 0 almost everywhere on T, then for each

k € Z, we have

i (I)n,n+k+1(z) — lim ‘Pn,n+k+1(z) -

n—oo ®p ik (2) n—0o0 ‘Pn’nJrk(z) ,

uniformly on each compact subset of {z € C:1<|z|};

lim @:n('z) -k @:n('z)
n—oo @3 . (2)  n—oo i (2)

n,n

uniformly on each compact subset of {z : |z| < 1}; and

. R k+1 .
lim —Zntktl 1, lim ®,,4%(0) =0.
n—00  Kpntk n—oo

Remark 1. Using quantitative results on polynomial approximation (for results
on quantitative one side polynomial approzimation on R see, for example, [G]),
and Lemmas @ and@ we can estimate the rate of convergence of the ®,, »4+4(0)

to 0.

Remark 2. In [2] (Lemma 2) it is proved that condition (§) implies that
for all continuous function A on ' there exist two sequences of polynomials
{unte ()31, {vntk(2) )02y with degunyk(2) < n+k, degvnir(z) < n+k,

such that

lim max
n—oo

Un+k(z) + Un+k(%)
{‘A(Z) T oGP

:zel“}zo. 9)

12



Moreover, if f is nonnegative on I' we can find polynomials un4i(z), n € N,

such that
Uk (2) |
lim max< |A(z) — |—2 0 2 eT b = 0. (10)
n—00 Pnt+k z)
Because of Lemma [§ and
“Pn,n+k(z) ? 1 _
— 1) /
G-0m | W@,
1 ‘Pnn+k(z) 1 ’ 1 / (PnnJrk(Z) ° 1
- dz| + — ’ — dus(z) =
o ’ e e = =] e tal2)
1 Pn, n+k(z) / Pn,n+k\Z) n+k
= — d — d s
o | [ o) a4 e(2)
we obtain:
Lemma 10. If p € Mr and ' > 0 almost everywhere on T', we have
2
T B LS} Y A
5 el G- e |
Prn+k(2) ’
lim rrnthis w(z)—1| |dz| =0. 11
Jim [ [Pt i) 1] ] (1)

Therefore, for any A € L (u)

: <Pn7n+k(z) ? / _
nh_{{.lo rA(Z) W p'(2) |dz| —/A(Z) |dz],
. @n n+k
Jm [ )| Eet D ) = [ 1) ezl

The proof of can be seen in Lemma 2 of [I2]. The above lemma for

fixed measures appears in [15] (see [I5], Theorem 2.1 and Corollaries 2.2 and

5.1).

Lemma 11. Let p be a positive Borel measure on T’ with ' > 0 a. e. on T,

and let h >0, h € L*(p).

13



(a) If, in addition, hdp € Mr and there exists a polynomial Q such that
|QIh= € L>(u), then, for each k € Z and any continuous function A

on I,

im [ AG)IQE)?

(b) If, instead, p € My and there exists a polynomial Q such that |Qh €

Gusr(hdpn, 2) |
Pn+k (an Z)

- / AR)QG)Ph (=) |dz].

L*>°(u), then, for each k € Z and any continuous function A on T,

. 2
iim [ AG)IQE)

Proof: Assertions (a) and (b) are proved using the same arguments; we will

Son+k(:una Z) g
%OnJrk(hde 2)

- / A(2)|Q(2)Ph(z) |dz].

carry out the proof of (a). Note that from condition (a) (see Remark [2]) it

follows that there exists a rational sequence {%

} which converges
to A|Q|? uniformly on T, where wu,,4x(z,1/2) is a polynomial of degree at most
n+ k in both variables z and 1/z, so using Geronimus’ identity and Lemma

we have

hm/A 10(2)

On+k (hdUn ) )

dz| =
o) | 1

2
— lim un+k(z? 1/2)2 <pn+k(hd,un,z) IdZ| —
r lon(hdpn, 2)? | ontr(tin, 2)
1
= lim M’/'z)ﬂd;ﬂ :lim/un+k(z,1/z) dun(z) =
|<,0n+k(,um )| noJr

un+k(z 1/z2) 5
fhm/ on(hdpy, 2)|*h(z) du,(2) =

e o, D) di(2)

- / AR)IQE)Ph (=) |dz|.
||

Remark 3. Following the same method of Ldpez in [1Z2] we can obtain the

Lemma when A is any Riemann integrable function T

‘Z71|2n

Another result of independent interest is the weak star limit of ok G

14



Theorem 4. If u € Mr and ' > 0 almost everywhere on T, then for each

k € Z we have

. |2 1\2" .
lim [ A(z dz| = lim [ A(z)du(z), (12
for all continuous function A onT'; it means that the weak star limit of Iw‘ _jk‘:)lg

18 L.
Proof. Taking real and imaginary part we can assume that A is a real function.

Actually we proof a more general result: “for all real continuous function A in

'\ {1} such that there exists constants A > 0, B > 0 and j € Z such that

. B
[A(z)| < A+ EENER ze '\ {1},
the relation holds.”
Let k and f fixed. Using Lemma [5| given € > 0 we can found polynomials

Upik = Unik(2,271) and v, = voir(z, 271) of degree at most n+ k such that

un+k(z,z_1) vn+k(z,z_1)
|z—1|2” - (Z) |271|2" e \{ }’

/F (Ot 27Y) =t (22~ dpin (2) < €

Moreover, using Geronimus’ identity we obtain

_ Unar (2,271 z— 1"
[ (e >dun<>—/r +h(227) | '|2|dz|<

|z — 1]2n |<Pn,n+k(z)

12n - —1 _12n
/A | |dz|§/v +k(Z,Z ) |Z | ‘Q‘d'zl:
r

|90nn+k 2)|? |z — 1[2" ‘Son,n+k(z)

B / vn+k(zvz_l) dpin(2)
I

and

/F (222 djin(2) < / A(2) dp(z) < / Onii(z 2 Y) dpn(2)

1|2n
A B |dz| — A ) dp(z
|‘Pn ntk(2)]

15
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|
Now, we can obtain the relative asymptotics of orthogonal polynomials. The
following result under more restrictive assumptions on the measure p and on

the function h was proved by Lépez in [12].

Theorem 5. Let i € My such that ' > 0 a. e. Let h be such that hdu € Mr
and there exists a polynomial Q such that |Q|h* € L>(u). Then for each k € Z

we ha/Ue
n h 3

S
n Pnik(pin, 2) (h, {I¢I > 1}, 2),

uniformly in each compact subset of {z € C: |z| > 1}, where

1
S(h,{I¢| > 1},2) = exp (M/Flogh(g)gf%)
is the Szegd function of h in {z € C: |z| > 1}.

Proof: It will be more convenient for us to prove the equivalent relation

hm SO:(H»k (hd,unv Z)

=S5%(2), |z]<1.
n g (b 2) (=), I

where S*(z) = S(h, {|(] > 1},1/Z). Using Theoremit is sufficient to prove the
above relation for £ = 0. Without loss of generality, we can consider that the

polynomial @ in the assumptions of the theorem has no zeros inside the disk

Q(2)¢r 4k (hdun,z)
@:,.;_k(#n \Z)

{|#] < 1} and, therefore, is an analytic function in {|z| < 1}

and L&) et (hdiin2) # 0, |z| < 1. Then, according to Poisson’s formula,
<P"+k(:“'n Z)

2

hdpn, z) > 1 * o (hdpin,
90n+k [in; %) ™ Ot (b, Q)
where P(z,() = Ilg_‘z}z is the Poisson kernel. Using Jensen’s inequality, we
obtain
Q(2)Phsn(hdpn, 2)|* _ 1 (Q)¢pi(hdpn, G)
‘ 2 <5 o P(=,0) ldc],
Ptk (,um Z) 0 Ptk (,um C)

16



Since @}, 1 (s O = [Pntk (i, Oy 1054 x (hdpin, Q) = [ontk(hdpn, Q) [¢] =1

and using Lemma [L1] we obtain
2

Q(2)¢r 1k (hdpin, 2) 1 / 1 2
lim sup n <— | A ()R P(2,¢)|dC], 2] <1,
" i (s 2) or M OIRQE PO ldd], [2]
(13)
which in turn yields that the sequence {%} is uniformly bounded
n-+ ns

inside (on each compact subset) of the disk {|z] < 1} (we recall that @ has no

zeros in {|z| < 1}). Let us consider an arbitrary subsequence A C N such that

{SO:LJrk(hdeZ)

o ) ME A} converges and denote its limit by Sa. In virtue of what
n—4k\Fno

was said above, it is sufficient for us to prove that for any such sequence A we
have S* = Si. Let r € (0,1) be arbitrary. Using Lemma [11| once more, we
obtain

QUOeh 4 (dpin, Q) |*
7/ 1Q(r¢)Sa(r¢)? |d¢| = leA 27T/ @k (i, Q)

1 (C)(pn—&-k(hdlu’n7 C) . 1 -1 2
lim — d¢| =1lm — [ h dc|.
< | =i o [0 1RO

nEA 2r
Thus, QSp € H2({|z| < 1}), and therefore the limit lim,_,; Q(r{) S (r¢) exists

|d¢]

almost everywhere for ¢ € T'. On the other hand, according to (13), for each

fixed z € T', we have

10(r=)Sa (r2) 2 < /h 2 P(rz,¢) |dc|,

It is well known (see, for example, [20], Section 9.5) that the limit as r — 1
of the righthand side of this inequality exists for almost all z € T' and it is
equal a.e. to h=1(¢)|Q(¢)|?. Therefore, |SA(2)|? < h=1(2) almost everywhere on
I'. Working with {%}, we obtain that the inverse inequality is also

satisfied. So |[Sa(2)[*> = h71(2) a. e. on I, which in turn yields

log 15(2)| = 5 [ 10g1S(O)] P21 ldc] =

= logh L(¢) P(2,¢) |d¢| = log |S*(2)]

17



Since
. Kpyk(hdpy)
SA(0) = lim —————= >0
2(0) neh  fnyk(pn)

and S*(0) > 0, it follows that log Sy (2) = log S*(z), |2| < 1, and thus Si(z) =
S*(z). The theorem is established.
|

Asymptotic formulas can be obtained from Theorem [5] for Szego’s kernel

n+k
Kok (s 2,0) = > @t 2)95 (1, )

=0
and the Christofel functions
2

p(¢) dpin (C)-

p(2)

Wn+k (Mn) = inf /
r

pep71+k

where P, is the set of all polynomials of degree < n. We recall other expressions
for these functions (see, for example, [20], Chapter XI):

O o (s 2)9% e (s €) — 2Contk (fins 2) Prtie (fim, €)
Kpir(tin, 7,¢) = 2248 =

1-— zz
_ (P:L-&-k-',-l (/J'nv Z)@Z.Hg.ﬂ,.l (/~an C) — Pntk+1 (/1,”, Z)(Pn+k+1 (Nm C)
1-— zf

and
Witk (2) = Kngr(pin, 2, Z)il-

Corollary 1. Under the assumption of Theorem [5 we have

. Kn—i—k(hdﬂnwzag) Q(h )
lim = S(h,z)S(h,(), |z|>1,]|¢|>1,
S (h,2)S(h,¢), 2] [q

and, in particular,

k(b dpin, _
hmw =|S(h,2)| 2.
n Wn+4k (/,Ln, Z)

Let p be a positive Borel measure in A = [—1,1]; set dp,, (u) = (ff(;‘))n and as-

sume that u* € L'(p,) for each k > 0. Let lpm(U) = T mu™+. .. be the orthog-
onal polynomial of degree m with respect to the measure dp,,(u) whose leading

coefficient, 7, ., is supposed to be positive, and Ly, ,,, («) = Uy m (¥) /T m -

18



Lemma 12. If p' > 0 a.e. in (—1,1) and its image measure p (‘;—ﬁ) € My,

then for each j € Z we have

. Tn+j+1
lim ittt 2,
n—oo Tn+j

o nnrgri(v) . L
lim s = 2-1= =21 ’
Jim u+Vu p(u) =2 lim. Lomrs(0)

uniformly on each compact subset of C\ A.

Proof. The proof is carried out as usual, reducing it to the case of the circle.

Let p be the measure on the unit circle I' defined by

1) = p(cost) = p (; (z + i)) L 2= g e0,2m).

Let du,(z) = A=) e T, and let won,m(2) = Knm2™ + ... and Poy, 1 (2) =

= Tz—1*m>

w#’"ﬂfz) the corresponding orthogonal polynomials on I':
1 —_— ;
27 @2n7j(z)@2n7k(z) dﬂn(z) = 04,k» ]ak:O71a"'
T Jr

these polynomials are connected with the polynomials I, ,, and L, ,, by the

well known relations

‘P2n,2m(z) + Wzn,zm(z)
’ Thm(aj) = )

(2Z)m (1 + q)gn,gm(()))
(14)

®an2m(2) + 03, 2m (2)
zm \/27r(1 + ®2p.2m(0))

ln,m(x) =

with z = (2 + 1).

‘We have

T+ _ 1 x+i+x—i _ 2 -1 _ t—1
K T —1 — P 3 T—1 xT+1 =P 2 +1 =P t+1)’°

where t = 2%t € [0,00), € R. By Lemma [7] the measure p satisfies the

assumptions of the Theorem [3} using this theorem and the relations , we

immediately complete the proof of the lemma.
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4. Padé approximants of Stieltjes-type meromorphic functions

In this section we prove Theorem |1} more precisely, let a be as in Theorem
let @, be the denominator of the Padé approximant of f normalized by
Qn(—1) = (—=1)", and let £,, be the orthogonal polynomials with respect to «

normalized also by £,(—1) = (—1)".

Theorem 6. If &/ > 0 a.e. on (0,00) and the Stieltjes moment problem for a

is determinate, then the following statements hold:

1.
d
1 1 NP(z) — P(a;
i @) _ [T (L2006 Ry g
eI 180)(— ay)
where aj, ..., aq are the poles of v (counting their multiplicity) and ®(z) =

(vVz+1)/(\/z — 1) is the conformal mapping of D onto the exterior of the
unit circle (P(—1) = o0)

2. lim, 7, = f uniformly on each compact subset of D\ {z: r(z) = co}.

Under more restrictive assumption on the measure « this theorem was proved
by Lépez in [I1]. The general scheme of the proof of the above theorem follows
the technique developed in [I1] (which at the same time in some steps use ideas
of Gonchar [8]). The results in Section [3| allow us to extend the corresponding
results in [II] under the more general conditions studied here. For an easy
reading we include some details. The schedule of the proof is the following:
Carrying out a bilinear transformation we pass to the problem of the convergence
of Padé approximants II,, = g, /h, for functions of type F({) = p(¢) + R(¢),
where p is a measure on A = [—1,1]; moreover, F' has asymptotic expansion
in powers of (¢ — 1) and the Padé approximants correspond to this expansion.
For the new convergence problem, it is possible to apply a known method of

Gonchar, based on the fact that the denominators h,, of the new approximants

20



satisfy incomplete orthogonality relations with respect to a certain (varying)
measure with compact support. This allows us to reduce the study of the
asymptotic behavior of ¢, to the question of the existence of the asymptotics of
the ratio of orthogonal polynomials with respect to this same measure.

Proof of Theorem [6Gl

Step 1. Let us make the change of variables = (14u)/(1—u), x € (0,00), u €
(=1,1), in the integral and take z = (14 ¢)/(I — ¢) in the argument

of f. It can be checked directly that

L4¢\
F(155) == + R, (15)

where

dp(u) = %(1 ~ w)da G*Z) and (1—C)R(C) = r <”<> .

_ 1-¢
Put
F© =00 +r0) = [ P+, cecia,
let II,, = gy /h, be the Padé approximant of orden n of the function F
corresponding to the point ¢ = —1 (this point corresponds to z = 00). We
have

M@ =1-0" (155) . a0 =0-0r (155). (0

and

(-1 "\1-¢
Moreover, if dp,, (u) = (ff(:))m u € (—1,1),and R(¢) = l”;zc()o, and t4(¢) =

[0, (¢ — b;), then

() = —ym (155 (17)

/uﬂ'hn(u)tdm)dpn(u):o, j=01,...n—d-1,  (18)
A




where s(u) is an arbitrary polynomial of degree < n — d.

Combining and the convergence of {m,} to f uniformly in each
compact subset of C\ {[0,00) U{r = co}} is equivalent to the convergence

of {IL,} to F uniformly in each compact subset of C \ {A U {R = co0}}.

If ty = 1 (& r = 0), then using Stieltjes’ theorem we know lim,, m,(z) =
f(2) uniformly in each compact subset of C\ {[0,00) U {r = oc0}} or
equivalent lim,, IT,,(z) = F(z) uniformly in each compact subset of C\
{[-1,1]U{R = co}} and by formula with s =1 we obtain

lim (1— C)Qn Ln,n(u)
n—oo Lnn(o ¢(—u

where U, 1, (() = Tn,m(™ + ... is the orthogonal polynomial of degree m

dpn(u) =0, (20)

with respect to the measure dp,, whose leading coefficient, 7, ,,, is sup-

posed to be positive, and Ly, 1 (¢) = 1n,m (C)/Tn,m.-
Step 2. By Lemma[I2] for each j € Z we have

lim M:C%/szldﬁ@(ozg lim Lyntjr(©) ¢ € C\A.

n=00 lnn4;j(C) n—00 Lpnyi(C) ’
In view of the orthogonality relations , the polynomial A, (¢)t4(¢) can
be represented in the form of a finite linear combination of the orthogonal

polynomials Ly, .,
hn(otd(o = )‘;,OLnaner(C)+)‘:L,1Ln,n+d71(C)"" . ’+>‘7*1,2dLn,nfd(C)~ (21)

—1
Take \, = (z?io AL ) A = AN G =0,...,2d and Sppa(C) =

n,jo

Anhn(€)ta(€); since ¢, #0, A, is finite. We have

W, () = Dmrdle) ZA "”“” ZMMM

n,j
Ln n+d Ln n+d

From the condition of the theorem, by Lemma [12|it follows that

. Lpnvd—j .
lim —2t IO ) 5 =0,1,. .., 2d,
B N 0 P(C), J
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where ¥(¢) = 2/p(¢). The function ¢ is a one-to-one representation of
C\ A onto the disk of radius 2. Consequently the sequence ¥, is uniformly
bounded. From those same relations it follows that any limit function of
the sequence {¥,} is a polynomial of degree < 2d of ({). So in any
compact subset of C\ A, for all sufficiently large n, there lie no more than

d zeros of the polynomial h,,.

Further, let cap (K) denote the logarithmic capacity of the compact set K.
By limcap f,,(z) = {(z), z € G, we will denote the convergence in capacity
inside G (this notation means that for any € > 0 and any compact set

K C G we have lim._gcap (KN {|f, — f| > ¢}) =0 ). Let us show that
limeap I, (¢) = F(C), (22)

in C\ A.

We fix a compact K C C\ A. Let § > 0 be sufficiently small so that the

- neighborhood K of K is contained in C\ A together with its closure.

Let ¢, (¢) = ¢ + ... be the polynomial whose zeros are the zeros of Sy,_g
that lie on C\ A. By virtue of what was said above, for all sufficiently
large n we have d’ < 2d. Multiplying 7 with s = 1, by ¢,(¢) and using
, we obtain

L, n-‘rd(g) x L, n—i—d—j(()
n Hn - F = Cn — )\n ,7In j 5
(O (6) = F(O)) = en(O) =503 ; A TORL
where
I, :(¢) = n+d—j (1) Qndpn( )
J(C) / Lyta— J(C)( C) C_U
(4)
2(j—d) Lyya- J 2(n+d7j)dp’ﬂ (u)
[ T g ),
and
dp@) ()

Ao W) = Tty 4P () = (= w ().
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It is obvious that for each fixed j = 0,1,...,2d the measure p\) satisfies
the conditions just like the measure p (see Lemma |§[) Hence, using (20))
it follows that lim,, . I, ;(¢) = 0, uniformly in each compact C\ A, for
each 7 = 0,1,...,2d. From what was said above, it is also obvious that

the sequence of functions \;f‘((%)), which are analytic on K, is uniformly

bounded on K. Therefore,

hran C'IL(C)(F(C) - HTL(C)) =0, (€K

Since by the Fekete’s lemma cap ({C : [cn(¢)| < €}) = €'/ for each € > 0,

and d’' < 2d, relation follows.

Suppose that U is a region whose closure is a compact set in C\ A which
contains all the poles of F(¢) in C\ A. As we proved above, the number
of poles of II,, in U, for all sufficiently large n, is not greater than d.
The number of poles of F' in U is equal to d. Under these conditions it
follows from (22)), by virtue of Gonchar’s lemma ([9], Lemma 1), that for
all sufficiently large n the number of poles of II,, in U is equal to d, and
these poles tend to the poles of F' as n — oo (each pole of F' attracts as

many poles of II,, as its order of multiplicity). In turn, this yields that

lim 11, (¢) = F(¢)

n— oo

uniformly in each compact subset of C\ {A U {by,...,bs}}

Step 3. It remains to complete the proof of statement (a). Taking into consid-

eration (|16) we have to prove

Q) o T £O — olby)
i g~ @O I 23)

uniformly on each compact subset of C\ (AU{by,...,bs}), where by, ..., by

are the poles of r.
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The information obtained about the behavior of the zeros of h,(z) (the

poles of IT,,) inside C \ A, we can conclude that any limit function of the

sequence {V,(¢) = ”*d(g} has the form

2d d
Y N () =CT]W() = v(by)?
j=0 j=1

where |C| € (0,4+00). In particular, for any convergent sequence of

{U,(¢)} we have
Wi (00) = Ay gAn,  lim Wy (00) = C IT ). (24)

Since the leading coefficient of h,, is equal to 1, the quantity A}, ; can take
only the two values 1 (if deg(h,) = n) or 0 (if dedeg(h,) < n). By virtue
of the compactness of the sequence, from the above relation it follows,
first, that A, 5 =1 (deg(h,) = n) for all sufficiently large n, and second,

that liminf,, .., A, > 0. Hence the sequence of functions

h(( _1+Z)\ nn+j d(C)

Ln n+d e Ln n+d(<)

is uniformly bounded, just like {U,, }. Using the same arguments as above,
based on (16), the behavior of the zeros of h,, in C\ A, and the normalizing
conditions, we conclude that this sequence converges uniformly inside C\

A:
2d

ChOtlQ) ()
tim 0 1 (1 w<bj>> ’

Jj=1

uniformly on each compact subset of C\ {A U {by,...,bs}}. Considering
that ¥(¢) = 2/¢(¢) and lim, #j()o = ((¢))~? uniformly on each

compact subset of C\ A, the part (a) of the theorem is proved.
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5. Relative asymptotics of orthogonal polynomials on the real line

In this section we prove of Theorem [2] Let p” be the image measure of v

by the function (iZ]

), z € T', then the orthogonal polynomial H, (v, z) with

respect to v normalized by H,, (v,i) = 1 are related to the orthogonal polynomial

dp” (2)
[z—1]2"

with respect to du,(z) = by the relation

_1\n vow) = ‘pZ(MmZ)@Z(Nm 1) - Z‘Pn(ﬂmz)@n(ﬂm 1)
o) )5 (L~ 2)
 Ku(pn, 2,1)
Kon (Hn ) 03, (Hns 1)7

where z = 2 € Q, and |z| > 1. Writing the above formula for H,, (g dv,w),

we obtain
o5 (g dpn,2) (so;‘;(gduml)) _
Hn(g dV, (U) _ @n(g d:“’nu Z) K’n(g d,un) Pn(gdun,z) \ pn(gdun,l)
Han(v,w) On(ttn,2)  Kn(ttn) o (Hn,z) (spf,,(#ml)) _ ’
‘Pn(ﬂnvz) @n(pin,1)

then combining Theorem [3] and Theorem [5] the proof is concluded.

Remark 4. The previous results pass over easily to the case of orthogonality on
[0,4+00). A measure a, supp(a) C [0,400) can be put in correspondence with
a measure v on R symmetrical with respect to 0, dv(x) = |z|da(z?) (see [12],

Theorem 4).
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