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NOTES ON PROPER HOMOTCPY THEORIES ASSOCIATED
WITH COMPACT PL-MANIFOLDS

E. Dominguez and L.J. Hernindez

Abstract: The purpose of this note is to presen& a bigraded sequence of
functoré associated with compact PL-manifolds. These functors are invariant-
of proper homotopy type, and distinguish topoleogical spaces which have the
samelhomotopy type. On the category of compact topelogical spaces thes:
funetors agree with the Hurewicz hémotopy groups, hence the principal

interest of these functors is for noncompact spaces.

Consider the category of compact Pl-manifolds and the bordism theory
between these manifolds. We are thinking of closed PL-manifolds M of
dimension n-m, PL-imhedded into " (M can be the empty set), apd we car
ask about the different ways that Sn-M can be mapped by a proper map ints
a topological space. We will consider a proper mép as a continuous mag

l(K] is

£:% —> Y such that for any compact closed subset X of ¥, £
compact subset of X. If we work in the category TOF, of topological spaces
with base point and proper maps preserving base point, we€ can give 1o th
set of proper maps f:(Sn—M, %) —> (X, xn} an equivalence-relatio

such that the quotient set has a group structure. Concretely:

& pointed (n,m)-sphere is a pair (S,z), where 5 = s ig



complement in 5" of a closed (n-m)-manifold ¥, Pl-imhedded in Sn-t*}.

A sinpgular (n,m)-sphere of a pointed space (X,xn) is a pair (§,f), where
S is a pointed (n,m)—sphe\r‘e and f!(S.,:';) — (,‘{,xn) is a pointed proper
map. A homotopy relatioﬁ hetween twe pointed (n,m)-spheres & = s"-# and
$' = §°-M' is the complement 1T in X 1 of an (n+1-m)-manifold P

PL-imbedded in (§"XI) - (#XI) such that
PO X 3I) =3P , (BPIA(S™X8) =m , (3DIN(E"X1) = M

A homotopy relation between two singular (n,m}-spheres {S,f) and {§’,f')

of a pointed space (X,xo) is a pair (I,'¥ ), where H is a homotopy relation
between the pointed spheres ¢ and 3', and ¥ :(I1, = XI) ——> (X,xﬂ) is a
proper map such that Y/s = £ and ‘¥/8' = £' . The above homotopy relations
are equivalence relations and a proper (n,m)-sphere of (X,xn) will be a

class of singular {n,m)}spheres.

The comultiplication of spheres induces a multiplication in the set
TI:{X,XO) of proper (n,m)-spheres of (X,xq). ¥ith this multiplication
thx,xo} admits a group structure for n#i, which is ahelianl for n=z2.
These sets define functors from TOP, te the category of sets, proups or
abelian groups if n=0 , n=1 or n#2 , respectively, and they are invariant

of the proper homotopy type.

Hote that if f:(Sn-T‘J,:&) »{¥,x.) 1is a proper map, then X admits

0
a proper map g:J — > ¥, where J is the interval {0,#°). Henge ¥ = & if ¥
does not admit applications of this class. Therefore the groups H!E(X,xo}

agree with the Hurewicz groups g (X,xn) on spaces which do not admit a
n :

proper map g:J —» ¥; particularly on the compact spaces. Mote also that
if n&m-2, ﬂﬁ(x,xo) = ﬂh(X,xo). tn [ 7] we have considered an end of a
topological space X, as a class of proper maps g:J —> ¥ under the proper

homotopy relation. F{X} will represent the set of ends of X.
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There are similar concepts of singular (n,m)-balls of a pointed 'piair.
(X,.ﬁ.,xo) and homotopy relations hetween these balls. The éet R:(X,A,ko)
of proper (n,m)-talls admits & structure of group for n%2 which is-‘-
ahelian for n% 3, and these sets define functors which are invariant of
proper homotopy type. As In the case of Hurewicz groups, if (X,A,xo} is a

pointed palr, where A is a closed suhset of ¥, there is an exact sequence

4 rlmi(x,ﬁ,x

Y — ™ . m — m — ..
o ‘?Ttn(ﬂx,xo) H_I'n(x’“a) »rzn(x_,ﬁ.,xo) >

. . 1
The following theorem permits us to caleulate the funetor 111.
1 .
Theorem, Let X he a path connected space and x,€¥. Then N.I(x,xo) is the
2 . . _
free product of ﬁ“-l(x,xn) with the group presented by "C“ﬁ 3.CoprCpa il,
where «c <p is a generator element associated with each pair (o, B} of

FXIX FGO.
Proof. There is a monomorphic transformatien

2 1
7 rr.l{x,xo) —_— ﬂitx,xGJ

defined by q[fji = [f]i' , where f:(Si,ﬁ) >(X,x0} is a proper map.

It is not difficult to see that ¥ 1s well defined and monomorphic using
the following facts:(1) The complement of a point in 'IR2 is homeomorphic to
the complement of a closed PL-disk imbedded in RE-(E] If ¥ has an end, then
there exists a proper rrllap £:2° —-> X. (3) Given a Finite family of disjoin
simple closed PL—:;urves in ;22, then tﬁe exterior of the "more external
curves' is homeomorphic to the complement of finitely many points in IR_2.
Because X is path connected, 'Ki(}{,xo) has a set of generators formed . by
elements that admit a representative map f:(Si—M,.J.-) —_— (X,xo) with M = ¢
or M = fx}, where % is a point of Si-f_a,}. Note that if M = § , then

L‘f}ie '?_l’fitx,xo). Now for each ger(x) we can choose a representatilve

f“< iJ —» X such that £, (0) = x . Let Si-fx} the quotient of

o
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[0,1/2)V(1/2,1) by the identification N = 1. Then, we define

E :Sl—tz*:k———-)-}( by

“p
gﬂg(t) = fo(28) if Asmter/a,
gdp(t) = fp(2-2t) iF 1/2<tgl.

' 1.1 ,
Let cxp* [P'"fr:-lle M (M,x,). Ve are going to prove that

L=9 rzi(x,xo) v {C,‘(F‘ ; oclpeF(:ﬂ)}

1 .

«is a set of generators of l'-’_1(>:,xo). It suffices to show that an element

1 1 .
of Rl(}(,xo) represented hya proper map f£:(§ -Exg, ) —>(J-.',xl,)) is
product of elements of L. This is true hecause the reszrictiens f/[0,1/2)
and £/(1/2, 1} can be considered as two ends o, ¢ of Y. Then there
exists u \.r:(S"L &) —»(¥,x_) such that [f]1 = [1.1-:l c V] L,

: e *7n = 1 Mt 1

Note that c,(?# 1 and C“P.cﬁﬁ(: 1. Finally, suppose that

Xy aX € L with Ryw X =1 . Bwv the definition of homotopy relation

it can he proved’ indurtively that this relatinon is a conseauence of

2
relations of Igfl'l'(:(,xo) and relations of type CxpCpu’ 1.

Iwamples. (1) Because ﬂf(:—{,xq) is a quotient of le(‘rf,xn) R rzf(nvn) =n
for n#%i. It es easy to see that F(R) = {-m, +oo} and F(ll'!n) = {eo}
for nz2. Then I?.i{FR) is the free product 7 = (2/22) » (2/22) and
rzi(&!") = 2/2% for n% 2. .
{2) Let ¥ be the open Moehius hand. Then Ei?r’!) = (#/2m) » (2/27).
1

(3} Let Min = (02XS Yy - Kln be the complement of the torus knot of
2

type (1,n) imbedded in 2D xsll. Then rzi(rv!]n} = (Z2/n?Z) » (2/22). Hence,
ifm # n, ern and Mln are two manifelds which are of the same homotony type

but they are not of the same proper homotopy type.

Wotes.{1) In the above theorem the product is free because if we have

an element = E—Qi(}{,xo) which has twe representative maps
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f:(Sj,ﬁ) —-—»(x,xoj and f':(Si-H,ﬁ) > (K,xo) with 4 # 0, then x = 1.
put this situation is not generalizahle to the group ltg(x,xd). He are
foing to construct an l-connected space X such that a non zero element
x e—ng(x,xn) has two representative maps f:(SQ,ﬁ) e (X,xo) and _
£1:(5%20,0) —> (X,x,) with N f d.- Comsider Y =(S°XTI) - K, where K is
an unknotted nath PL-imbedded in SX I with KN(S°X 3I) = 3K and
3K CS?)< 1 . Mow we can kill the generator of Rl(Y) glueing adequately
the houndary of a disk 7 into (S?><l}' 2K. It is easy to prove that
the new space XN has the followinf property: The nonzero element xERS(XJ
represented hy the inclusion f:S%Xﬁ —-—> X has a representative map
£10 57 M > ¥ with W # 4.

(2) See [1] for other resufts on the groups R:(X,xn) and some

generalizations of these theories,
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