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Ab$tratt. General cxprcs�ons are fouod for thc orthonormal polynomials 
and the kemcls rdalive to mea.sures on thc rea l Une of the fonn µ+M6�. in 
terms ofthosc oflbcmeasun:sdµ and (x-e)

1dµ. ln particular, tbesc rda1ions 
alJow us to show thal Nevai's clus M(O, 1) i.-s closcd under addiog a mass 
pc>int, u wetl as obtain te\<eraJ bounds for the polynontiaJs and lccrncls rcJatJve 
to a generalized Jacobi wei¡llt with a fi.nite numbc:r of ma$S poinu .. 

ro. J111rc,dw,ttk>n, Let µ be a posi1ive: tnea.SUrt on A with iofinitely many 
poinis of increase and wc:h tbat aJI tbe moments 

f i/'dµ (n•O, I, ... ) 

exm. Then, thcreexists a uniquc sequencc {P .. },.,.0or orthonormal polynomiab 

P.(x)•k✓+.... k,.>0, 

such t.bal 

ifn-m. 

Aa u1n.1f1), (K,.(.c-,y)}.,,.o c.knotc1 the !SC((ucn<» of lemcb 4$$0Ciated toµ, 
that is, 

Kü,y)• ¡; Pµ)l'f.y). 
,-, 

Jt is well known that the polyoomials { P.} d♦satisfy a lh.ree•t.erm recurreoce 
relaltOcl 

xP,.(x)-a... 1P,, , 1(x) +b,.P,.(x)+«,.P,. ... ,(x), r,pl-0. 

whert p_,•Q, a..•k .. -Jk .. and 

b,.• J xP,.(x)Jdµ(x) . 

(MAT11l!MATIIC.,\, 40 (199)), l)l-3441 
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A particulafly important clau of rncatu:rcs is Nev.ai'sdass M(O, I) cons�in.& 
oíthosc mea.suresµ for whkh lirn.a,.- ! and lim .. b,. •O. For such • measurc. 
the polynom.ials {P .. } .. ;a,e haw the so--called ratio asympto1ic property. We re.fer 
thc reader lo 17), (4), (1) for íurther deta.ils on M(O. 1 ). We must remarlt that 
tvery mcasurc µ with su,pp ,, = (-1. 1) and .u'>O a.�. on (-1. IJ belonp to 
M(O. 1) (sce 19). p. 212. o r  (4). Thcorem 10). Mere.µ' denotes the absolutcly 
oontinuons part of JJ. 

An interestina pMhlem in the theory of ot1hogonal polynomials is th.a1 of 
finding at)'mptotic t:Jtimates íor {P.}, 1heit leading codf,eients {k .. }, the 
sequence {K...(x, x)} (xuupp µ), rte. (IICC, for example, (JO) al'ld IS) for J:.cobi 
polynomial1-. (2) 11.nd (7) for generalizcd Jacobi polynomi.tls. (11 snd (') for 
Lagucrrc and Hermite: general results can be found in (91, (7). eu.). We will 
Sludy this problem íor orthononnal polynom.ials assorialod to moctification of 

mcuurc5 by mus point11. 
1.Lc M be a J)Q$:Ítive. con1lanl and \et 6

r dtnou� a Di rae mea.sute OI\ a point 
ceR, 1ha1 is. 

I fo,-1c,) 
.

ror cvcry fuoclion f Tbeo, associalod to tbe mcuure v • µ + ,tJ &r tberc e.isl.s 
a s,oqucnce { Q.,}.>o of orthonormal polynomials. We wiU fi..l'ld expreuions 
which rdale the toquencta (Q..} a.nd {P.} in otdtr to deduce catimatca for 
(Q,.) whenevcr they are known for tP .. J. A �t of this type oí resulls 
is Koomwi.!Kltt�• paper (3), whcre the case oí Jaoobi wcigh1s modificd by two 
de.Ita fu.nc:tions at 1 11nd -1 is constdcred. Koomwinder obc.Ained an e.xpli<:it 
formula which rdn.tlC$ lhc oew polyoomi11b witb tbe Jacobi polynomlals and 
tbcir dcrivotiva (whic:b are Jac:obi polynomials a.ga.in). Thi1 point of vicw Ls 
u11eful in ordcr to gel ,econd ordcr diff'crcntial cqu,.tionJ satis6cd by the ocw 
polynomials.. Howc,�r. o�r rnain inter«t is addre1xd to ,itudy the convcrgenc:c 
oí Fourttt ttric:1 rclali-.,e to mocfüications oC Jacobi (a.nd mort- general) wcighls 
by a fin.itc 11umbcr oí ma.ss poirtts on all thc inttrval (-1, 1). In chis x-nsc, it 
is more U1C'ful 10 flnd rclations whieb involve 1hc polynomials {P.,}, {Q,.) and 
thc: polynomiab or1bonormal �itb rcspc,c;c to che, musurc (x - c)2dp(x). 

The (Jft,anization or this papcr b a, íollowi: in Scc1ioo 1 11o·c obwin at¡.cbraic 
rcl:atioos among che: djffc«nc Kqucoc,;cs of orthog.olW polynomiab and kcmds 
ror gerteral roea.surei. Wbcn suppµ •(-1, 1) and µeM(O, 1), t.bcK rdations 
provide a good infonnation about thdr asymptotic behaviour. Asan appUca
tion oí thc prtvi0\1$ rcsults, in Sccdon 2 wc obtain $C'VCral cStimates in thc 
parcicular cut o( ¡c:oeraJiicd Jaoobi wc:i¡hts. 

½l. G�neral raulu. Thc foUowing aolalion wiU be u$Cd from now oa: 

dµ'(x) •(x- c)1dµ(,Y); 
{ P!} is the sequeooe: oí orthonom1al p,olynomials relative toµ'; 
P!(x)•k'_.-+.... k!>O: 
{ k:(x. y)} is tbe scqucnce o( kemds relati\·c toµ'. 



ASYMP'TOTIC IU!HAV'JOUR O•• 0RTHOO()N'AL, POI.YNOMIALS 333 

LEMMA 1. Willt tM ohOOI! no1a1Wt, 

K.(x, e)-� P..(c)J>!(x)-k!-, P,. . 1{c)P:-,(x) /()ro// nol' l. 
� Je,,.., 

h()O/. We can put 

with 

a1• J K.(x, c)Pj(x)(:c-c)1dµ(x) • 
. 

Thcrcíorc, we only necd to sbow tbat 

() k.P() (b) a •• ,--k!-• P. •• ,(c); a ª•D:i:; • e : 
k •• , 

(<) a,•O. j=O. l .... . n-2. 

P-,ut (1) can be ob1ajoed by looldng at 1he kadin¡ coefficieot.s, Part (e:) is 
a.o casy COOSC(LUence of a wtU•tnown property of che keraeb K.. : if R. is a 
p01)nomill.l of degrce al lllóSI n, tben 

f K..(x. c)R.(x)dp{x) = R.(c) . 

. 

In ordcr 10 provc equation (b), we use Ouis:tofftf.Oarboux foro,ula (see (I0J, 
for e..ample) and tht orthonormality of {P .. ) with re5pect 10 JJ: 

a •• ,• J K.,(x, c)P!- 1(x)(x-<'J'dµ(x) 

= f 11(.(x, c)(x-,•)llP;. ,(x)(x- c)Jdµ(x) 
. 

• J.!:,,_· 1 P.(c)P •• ,(,)-P •• ,(c)l'.(x)JIP!.,(,)(x-c)]dp(,) 
k., ., 
. 

--t, P •• ,(<) f P.(,)(1'!-,M(x-c)Jdµ(x) 
. 

• -��-' P.,. .. ,(e) 
...... , 

and tbe ltn\m.a is pro"M. 
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In order to find bounds for thc ortho1orut.1 pol)nomLtls and the kcmcls. it 
is imp,ortant to k:oow thc size of t.be ooefficicrit.s which appcar in the formube 
we are aoin¡ 10 dcal wilh. In the case of meuures in M(O. I). "e have: 

LEMMA 2 . .A.uwne•uppµ-(-J, JJ,µEJl(O, )). úue(-J, JJ. Thm 

lim k�.•.!, 
--* .. ♦• 2 

Prooj. Tbe first Lim.it is a COMe(luenct oí a res11h of Milté, Nevaj and 
Tot;k (see [4], Tbcorem 11). from whicb il folJo..• 

,. 

lim �-up(-...!... f log(rou-,')'d,) . 
... <2;>k.. 4,r 

lt is not difficult to sec that 1he integral is equal to -4.- log 2, for �t'/ 
eo[-1, IJ. 

The otber lirnill cao be obr.aiood from 1bc fi.rg1 one, sinoc our hypcnbesi.t 
iinplies 1hit1 k .. -1/k.,•o,.-l. Tbe kmma is proved. 

LEMMA 3. Úl J.l � o � on R ami 1t � 1. Wit/t tlt� obow: notaliort, 

JP!.,(x)(x-c)dµ(x)•-A::
k
., p�

(
c) 

)
' 

.. K..., e, e 
.

Proof. We can writc 

P:.,(x)(x-c)• E a¡PJ.x), 
J-0 

By lookin¡ at tbc lcading cocfficimts. o.•Jt...,/k ... Ir/• l. 2 .. , .• n -1. tbc 
orthonomuli1y propc:nics or (P.} and {P:} ¡óeld 

U1• f P�.,(x)(x-r)P/,.x)llµ(,x) 

• PJ.c) f P;. ,(x)(x-,)dµ(x) . 
.

For ao wc obtain thc same cxprcssion, bccausc P0(x) is a oorul&ol: 

a,• f P:.,(x)(x-c)Po(x)dµ(x)•P,(t) f P:.,(x)(x-t)dµ(x). 
. . 
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Thert:forc, 

•k'"
,;.:

• P,J,x)+K..-1(x, t-) f P!-,(u)(u-t-)dµ(-,) . 
. 

Toe lemma íollows immcdiatdy taking x=c in this e,quality. 
Wc can now obtain an e.xpression for thc polynomials orthooormal with 

rcs.pect to the meMUtt· µ + Mó< io tenns or tbc polynomiab { P.,) and ( P�}. 

PROPOSmON 4. Úl µ be o m«ISUre 4>lf R. cc:R, M>O. út (Q.}.,a,o be 
tltepo/yn()mial$()rllu>no1mal wltlt req,tel 10 µ +M6�. Th.m,fortach "cN th<1e 
ulst t'Jil() C(),utant.t A..,, B,. E(O, 1) wch 1htJ1 

Q,.(x)•A,.P,.(x) + B,.(x-c)P: ... ,(x). 
Furthermore, if$uppµ •(-J, 1), µE;\/(0, 1) ond cE(-1, 1), titen 

• 1 
!� A .. K...-1(c,c)• A(c)+ Af 

lim B ... __!!__, 
•-• A(c)+M 

'-(,)- Lim -1-. 
•-.- K,.(c. e) 

(1) 

Prooj. We will fi.nd fustJy a constant C. such that 
P,.(x)+C,,(x-c)Y.-,(x) is orthogonal to the polynomials ofdegra: at most 
,r-J •ith rcspcct to tht mca,ure µ+ M8�. We only noed to obtain 

f (P .,(x) + C.(x-c)P:. ,(x)((x-c)'(dµ(x) + M5,(x)( -o. 

j•O, I, .. ·•"-1. 

L.e1j> l. Then 

f [P.(x) + C,(x-c)P;.,(x)J(x -e)'[dµ(x) + MS..(x)J 

• f (P.(x) + C.(x-c)P;. ,(x)J(x-cJ'dµ(x) 
. 

= [ P.(x)(x-c)'dµ(x)+C. I P;.,(x)(x-cY"'dµ'(x)•O. 

(2) 
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Thttt.fort:, arr we have to do i.t to find a constant c .. for whidl (2) is \'Crificd 
with j• O. In this c:asit, w� can ca.lculate tht inregraJ in (2): 

f (P.(,)+C.(x-c)P;.,(x)Jldµ(x)+M6,(x)I 

•MP.(c)+ f (P.(x)+ C.(x-,)P!.,(x)Jdµ(x) 

•MP.(c)+C. J<x-c)P:.,(x)dµ(x)•P.(r)[M-C. k
k
;., --

1
(
-

)
]. 

• K..-1 c,c 

. 

accord.in¡ lo Lemma 3. If we rake 

then P..(x)+ C .. (x-c>�-1(.x) is ortbogonal 10 n-ery potynotnial of dtgrcc at 
mw 1t-l. As C.,>0, it is a polynomial of dea,ce n a.nd leadfog codlkient 
positi\'C. Thus. we will obtain the ortbooonna_l potynomial Q.., by dividing it 
by ils L

1
(µ + M6�)�norm. 

IJP,.(x) + C,.(.r-c)P: .. ,(x)l,.\4, .. .wl,l 

trwc writc 

• MP.(c)'+ [ (P.(x) + C.(x-c)P!. ,(x)J'dµ(x) 

•MP,¡(c)2+ J P,.(x)'dµ(x)+C� f p¡_,(x)1(x-c}1dµ(x) 
. . 

+2C. J P.(x)(x-c)P:_,(x)dµ(x) 
. 

thc:n wc: b.i.ve 

1hat is, equa1ion (1) with A
,.
• I/D

., 
and B.•CJD •. F'ro.m iu dtfini1ion, it is 

cltar rbar D.> 1 and D.>C .. , 50 A.,, B .. c(O, 1). 



ASYMP'T01'tC 81:HAVIOVR 011' ORTMOGON'AL ,01..VNOMIAJ.$ JJ7 
For the secobd part, �, us assume suppµ •(-1. 1). µeM(O. 1) and 

t'&(-1, IJ. From the abo\'e ddinitions for A ... C., and D,., w� havc 

•[M P,.(t't +--l-+/./1(!!=...)' +�]•f'I (l) 
K..-1(C, e): K...-1(,.c)1 lc!-1 K.--,(C,C) . 

N ow, from peM(O, 1) it follow.s (scc (71, Tbcorem J, p. 26, or (111) 

lim P..(x)' =O forall xel-1. 1) . 
., .. <11>K.,-1(.t',X) 

Sincc x •• ,fr.c)>PJ 1his also irnplies 

l.irn f',.(C)l 

1•0. 
•-� K.-,(<, e) 

From thU aod Laruna 2 W'C obt;iin 

Finall)', 

l im 8_.• lim A�M .� K..-1(t',r)•� .,_..., •-� jl[;,-1 l(c)+J.I 

tmd thc prop<>sition i11 oomplttcly provod. 

Rl!.M.AllK. lfP.,(c)•O,it.iseasytoshowdi.rectlythatQ.aP.,. Thlsisnot 
in contn1diction wid1 o ur propos.ition. sincc in thi.s case it can abo be pro,'Cd 
that P,.(x)•(x-c)P:_1(.Y) and A

,.
+B,.

a J. 

COROLt.ARY S. l.,rsu ppµ•(-1, l),Ci(-1, 1),M>O. Th,n,µ<M(0, 1), 
if. wodonlyif, µ +M6,Of(0, I). 

P>cof. (a) lf µeM(O, 1), írom (4), Thcon:m 11, wc havo µ'eM(0, !). 
Now. from (1) and thc fac1 tbat lim (A,.+B.)• 1, it is casy to deduce that 
µ +M6,•M<0, 1). 

• 

(b) From [4], Theortm 11 a.aain. ir µ+MA#eM(O. 1) thcn 
(.r-cifdp+M6�1•(x-c)1dJ1iM(O. 1) aod thilJ implies µeM(O. 1). 

We C3t'I also find some relation• v.•bich in�,oh-e lhe lr::crnels. 

PR0POS1T10N 6. Le,¡¡�., mNSUr� on R, ccR tmd M>O. I.At (L..J,.,.11 
be 1hektmtl$ rtlatiw to µ+M8r, Tiu-n-,/or Mffl neN 

L.(x.,•)•--1--K..(x,y)+ MK.(c,c) (x-c)(y-c)A!,,(x,y). 
l+MK..(c.,') l+MK.,(t.r) 
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Pr-oof lf ye R. i.t is a wdJ.known fact tha.t lhe k.cmc:ls {A!} \'WJy 
f R..(x)K.(x, y)(x-,)'dµ(x) = /\,(y) 

for cvery polynom.ial R. or dearee at most n. AccuaUy, tbis property characteritts the kemels rel.atñ<e to any mcasutc. líwewritc 
(x-c)(y-c)K.- 1(x,y)• E a¡(y)P/,x). 

,-, 

theo it is casy to show for i> 1 that 
f P/._x)-P¡(c) , a,.(y)=(y-<) l(._,(x,y) (x-c) dµ(x) 

x-, 

. 

+(1-,)P¡(r) f A�-, (x,y)(x-,)dµ(x), 
. 

By the abo\'t propcrty, w� obtu.in 
a1(.y)•P¡(y)-P¡(,)+(y-<)P¡(<) f X:-,(x,y)(x-c)dµ(x) 

. 

:u,d ÍI it immedia1c IO set th.at o0 also �ri6es this fonnula. From this formula •nd (4) i1 folJows 
(x-c)(y-<)K.-,(x.y) 

•K.(x,y)-K.(x, c)+(rc)K.(x. <) [ l(._,(u,y)(u-,)dµ(u). 

lf wc let x • e, v.-e Obtain 
(
r<) f 1:;_,(x.y)(x-r)dµ(x)• I-�. 

• 
K.,(c, ,) 

a11d, aubstituting this cquation into tbc previous ODC, 
1 MK.(t, <) � K.(x, y)•� (x-,)(¡•-r)IC-,(x,y) 

•K.(x,y)- MK.(t,y) K..(x,r). 
l+MK.(c,c) 

Tberefore, h wlU be enou¡h to prove that 

f[ 
MK.(r,y) ] K.(x, y)----- K.(x, e) R.,(x)(dµ(x) + M6,(x)( • R..(y), 

• l+MK..(c.c) 
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whenever R.. i s  a pOlynomial of de,ree at moSI n, This is an easy consequcncc 
o( the fa<.1 tbat the kemels {K.} \·fflfy the ana.lo¡ous property with rcspcct to 
lhc mc&surcµ, Thc proposit'0n is pro�. 

fl. Gf'MraliZff JacQ/,i '<t'«iglits ••dJh mass pnint.i. �l ,... be a ¡cncralfacd 
J�bi welgbt, lh:11 is: 

w(.r)•lt(.T)(I-.T)9(1 +.,.'/ ,B, 1x-1J 1
•, xt;[-1, I] 

wbere: 
(a) «,/J,y,>-l,t,E(-1, 1), t1 1'-t1focalJ i.¡.i; 

(b) hiuposíti\•e.c:ontinuow funcc.ion on 1-1, 1) ilnd tti(Ji, 6)8'" 1�1..1(0. '2), 
w{lr., 6) bang the rnodulU& of'c:on.tinuity of h. 

lf we define 

d(,.T,11)-(l-;c+n·'rtem-111•·1(1 +;c+11-1).-(JI/J)-01') D. (lx-,,l +n-•)-,J2, 

lhcn Lbc; polynomiab { P.} 0t1bonorm1d with rtllptet to 1hc rt.casure w(x)dx 

on 1hc intcrv.11 (-I, 1) A&tisf'y lhc cstim11tc 

IP.(x)¡,;Cd(x,n) forall xel-1, 1). forall n;,1, (SJ 

whm: C i$ a oonstant independerH of n and x (soe. (:21). ln 1be sequel C 

will denote. a cot>Slant independtot o( " and x, bul possibly differcnt in eacb 
occurrcnce. 

AJ to the temels, it can be shown (see (71, p, 120 and p. 4) tbat 
N 

K,.{x, x) .... n(l-x+n-i)••-c•mc, +x+n4)·l-(l/2) D, {lx-r,1 +n-'rr•. (6) 

uniformly in l.:ct�l,n;al. wbere by/~g in a domain Dwe mean tha1 there 
cxist $Orne positive cons.taou C1 aod C1 sucb that C1/(y)is;f(y)-<C2/(y) for 
all¡ED. 

OUr aim is to provt similar bouOOS for tbe polyoomi.als a.nd the k.emels 
rdativt 10 a measure which coosisu oí a geoerafü:ed Jacobi wei¡bt and a finite 
number oí m3$1 points on the intC1"'4I (-1, 1). So, Jet keN, a;e(-1, 1) and 
M,>O, I• 1, ... , k. We will write 

.

dv = -"'(x)dx+J, M,8.,, 

on the interval (-1. 1). 8)' {Q..} and (L..) we mean. rcspccthdy, their 
orlhooormal polynomials and kemcls. Wi1hou1 km of ,cneraJity •-e can 
as.sume a,e{I. -1. ,, ....• ,,.,.}, since in thedefiniliOn or w ,,.<eean aJlow sorne 
or the eJt.poncnts to be O. Furthcnnon:. for C'VCT)' IE[-1, 1) wc can speak: of 
ies cxponent in w. rcferrin¡: to theexponent ofthe factor lx-111 in w. Obviously. 
tbcre are on)y finitcl)' many points wilh an e.x¡,onent diffcrcnt 
fromO. 
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Wi1h ibis not.a1ion. � ea.n deduet somt. bounds from lh! rtSUhs or the 
pre,iou.uection. Notice tha1 w>Oa . .t. on (-1, IJ, u, thal th.e measure w(x)d-t 
tielongs to M(O, 1 ). 

PROPOStTION 7. TM1'11 ,�ists n co,ut(ffll C such tlinl fo, «Jr:h "> 1. 
xt::(-1, 11 

(a) IQ..(x)l�C(l-x+n-'f'._•m-ui•)(I +x+n_2)_(,m-w•• 
N 

x .n (lx-,,1 +n-•)-"-"; 

(b) IL.-(x,.:t)l.!E;Cn(l-x+n :) • 11111(l+x+n :) if·t•fl> 
N 

)(.D. (lx-,,l+n-•r''. 

Proo/. (a) We are going to prove the bound for Q. by inductíoo oo tbe 
numbcr k o( mass poinLs. lf k •O. thc mcasure is a geocralized Jacobi w�igbt 
and wc airead y know the formula (5). Let k > O and usume thc property hold, 
for k- 1 mass poi:nu. 

LC1 {P,.} be thc. orthononnal polynomiab with respcct to thc mcasurc 
,., 

dµ-K'{.x)dx+ ;�, M�� 

so thal. �éCórdinc 10 the notation wc u.sed in Se<:tioo J. {P:Oj a.re lbc pc:,1,•. 
nomials ortbonormaJ witb respeet 10 

,., 

(x-a.1)'dµ(x)=(x-04)1i.'(.x)dx+ J. (a,-a.)1M1'4• 

Since d11•dµ +M..,6,,,.
. from Proposition 4 it follows 

Q,.(x)-A,.P,.{x) + 8..(x-a.1)P:'- 1(x), 

.,,.,ith A ... 8.E(O, 1). Ta.kin¡ into acoounl tllat both dp and (x-a4.}2dµ(x) are 
¡eneralizcd Jacobi wei¡hu: with k -1 mM, point:s. they satisfy thc bou.ndcdncu 
in tbe su1temcnt. Now, it is casy to sce tMt Q .. '8.tisfics that boundednen. 

Thm:fore. part (a) is pro\·cd, As to (b), Proposition 6 yiclds 

4,(x. x)•C.K.(x. x)+(I -C.)(x-o,)'K�.,(x. x), (1) 
with C .. e{O. 1). Similar arguments and formula (6)1ead to th.is bouM and the 
proposition is oompittcly pro,tt"d. 

The prt:,·ioitS rewh et1tal)liW$ only uppc:r bounds, which sometin,e11 are 
not enough. In socnc appliciuions (for examplt, in 1.he uud:y of tht eon,,cr9tn« 
o( the Fouñtr seritt) il it n etttiar')• to estimatt mort exaclly tht rate of growth 
oí L.(.r, x), ai �st Al 11ome point11. Tn the case of a seneralittd Jact.>bi v.'Ci8hl, 
with no point mMSa, � b.a� �n unifonn ci;timittcs (formula (6)). Tht$1e 
estimate11 cunot hold v;bena tbe rnea.sure has mau pc:,itns. sinee 1here 1he kemel11 
L,,(.r,x) arebounded (11ee 17], p. 4, for clU\mple). However, v.•.ecan otM:ain such 
estimate11 unifonnly on C(lmpact sets no1 oontaining mass poii,ig. 
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PROf'OSITfON 8. ÚI t > 0. thn, 

wrriformly in lx-ad;;. &(;= 1 •...• k), lxl ...;1, "G'N. 

PrO()f, We only need to PfO\"e tbat 

L..(x. x)�Cn(l-x+n·1r• ... ,•roc 1 +x+n·1)·,8-(l/2) b. (lx-t,I +n-1)-Y; 

unifonnly in lx-od � E(i= l, ...• k), lxl� 1 andn largc enough. 1lljs folk>ws 
by induction. using formula (7) agaio and baving in mind that O< C., < 1. 

Asan application of the l'tSUlts ofSoct.iol) I, sorne bounds for L..(x, a,) can 
abo be obtaincd. 

PltOPOSrnON9. (a) Le1l<.i<.kandJuppo��"'*'· T'htntlteretxist.ta 
c.v»UIOIII C JUdt t/tat for Nth xe(-1, )) 0JUJ lt) 1 

x íl (I.K-tJI +n•'r7P. 
, .. 

(b) 1/1 ita mo.u poin1.1Nu11xL111 fl tOllttflnt C .,uch 1h01 /or each x&(-1, 1] 
aradn� 1 

fL.-(x, 1)1 <QI +x+n-1)-c,m-t•t"'> }J, (l.r-r
1l+n••rr.n. 

(t) lf-1 i.l4rntUJp<>int, theu exulsa txmsta11t C swdtJhat/ort-ath xE(-1, 1) 
o,w,.-_,.1 

fr()Oj. (a)Assumel,<i(kanda,"*'· IAybethee.xponentoflx-a;I 
in w. Jf wc denote 

dµ • ••(x)dx+ I; M,6,, 
J••J-' 
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then v•µ + Mt&
.,

. Lct {P .. } and {K.,} be the orthooormal pol)nomia.b and 
t"e lccmels rclati\'e to µ and k .. the icadin¡ cocfficient of P,.. Analo,ovs.ly. 
(n}, {K�}. and (k:'} wñh respecl to (x-a,)'dµ. 

lf we write 

4'..(x)•(I -x+n-�-i•/2I-0/4)(1 + x+,..-2)-1,nJ-0,'4) n (lx-t¡I +n-•)-r/l 
,, .. <11 

what wc bavc to pro\te is IL..(x,a1)1 <Ci'J.x). Now. from Proposition 6 and 
Lenuna 1 wc obta.in 

Wc only noed to cstimatc the right-hand a.-ide. From Proposition 7 we get 

1 P ..(a,)I,; o,,P; 

IP •• ,(o,}1<0.'ll; 
IP:(x)l.;C(lx-•,I +•-•¡-<•••12'1'.Cx); 

11'!':.. ,(x)t �C(lx-o,I +n•1)'"(' ►l)n't'.(x). 

Si.o« "' i, no1 a mas.i point ror µ. Proposition 8 yields 

Finally, by Lcmma 1 

lt is now wy to deduce 

IL..(x,o,)I <Cn-•-omux-a,I + "-,,-•-trm'f' .,(x) < C'+' ..(x). 

(b) Assume I is a mass point. We define now 

dp • k-{x)d . .-+ i:. M� ... 
, .. , ..... 1 

,o dv•dµ +M6,, M>O. lf, iacoording 10 our usual notuion. (P.,}, (K.} aDCI 
{k,.} ref« to dµ and (R..) a.rt thc onhononnal polynomials rdalivc to tbc 
measure (1-x)dp, {r,,J bcing thcfr k-.lding cocffidents. it is not difficult to 
show lhat 

K.(x, l)•�P,.(l)R..(x) 
,. 
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(on)y slandard propcrtics of K..(x. 1) are needcd). Thus. Proposition 6 lcads 
,. 

L.( 1)-��R.(x) 
X, ,.l+MK,(1,1) 

We procecd now ana)ogou.dy lo pa.rl (a). siocie dµ and (1 -x')dµ a.re ¡enieratiz«t 
Jaoobi wrights wilh muses al polnts dilTercnl rrom l. Notioe that. by H61dcr's 
ii,cqu.alily 

' 

�e J R,(x)P.(x)(l-x)dµ(x) 
-, 

<(f R.(x)'(l -x)'dµ(x) )"'( J P.(x)1dµ(x) )"' 
•I •I 

I 1/2 1 1/J 
<v2{J R.(x)1(1-x)dµ(x)) (J P.C,)2dµ(x)) -.fi, 

-, -, 

Pan (e) is similar lo (b). Tbus, the tC$Ult is proved. 

Rema,k. As il was pointed out in thc introduction. the main application 
o( this k:iod of estimales would be in the study of tbc corwcrgc:noc of Fourier 
series. Tbia wiU be considcrod in a forthcoming papcr. 
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