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therefore,

∞∑

n=1

arctan

(
1

L2n

)
arctan

(
1

L2n+2

)

arctan

(
1

F2n+1

) ≤ 1

4

∞∑

n=1

arctan

(
1

F2n+1

) .
Using the relation F2n+2 − F2n = F2n+1 and the well known and easyto 
he
k formula F2nF2n+2 + 1 = F 2

2n+1, we have
1

F2n+1

=
F2n+2 − F2n

F2nF2n+2 + 1
=

1

F2n

− 1

F2n+2

1 +
1

F2n

1

F2n+2

,
and then

arctan

(
1

F2n+1

)
= arctan




1

F2n

− 1

F2n+2

1 +
1

F2n

1

F2n+2




= arctan

(
1

F2n

)
− arctan

(
1

F2n+2

) .Hen
e,
1

4

∞∑

n=1

arctan

(
1

F2n+1

)
=

1

4

∞∑

n=1

[
arctan

(
1

F2n

)
− arctan

(
1

F2n+2

)]

=
1

4
arctan

(
1

F2

)
=

1

4
arctan 1 =

π

16
.Thus, the sum of the given series does not ex
eed π

16
≈ 0.196, whi
h im-proves the proposed upper bound, be
ause

4

π
arctan(β)

(
arctan(β) +

1

3

)
≈ 0.625 .Also solved by WALTHER JANOUS, Ursulinengymnasium, Innsbru
k, Austria; and theproposer.Janous also improved the proposed upper bound.

3262. [2007 : 299, 301℄ Proposed by Ovidiu Furdui, University of Toledo,Toledo, OH, USA.Let m be an integer, m ≥ 2, and let a1, a2, . . . , am be positive realnumbers. Evaluate the limit
Lm = lim

n→∞

1

nm

∫ e

1

m∏

k=1

ln
(
1 + akxn

)
dx .
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Solution byManuel Benito, �Os
ar Ciaurri, Emilio Fern�andez, and Luz Ron
al,Logro ~no, Spain, modi�ed by the editor.For ea
h integer m ≥ 1 we will show that

Lm = (−1)m+1m! + e
m∑

k=0

(−1)k m!

(m − k)!
. (1)

First note that for x ≥ 1, we have
xa

1/n
k ≤ (1 + akxn)1/n ≤ x(1 + ak)1/n . (2)Sin
e a

1/n
k and (1 + ak)

1/n ea
h 
onverge to 1 as n → ∞, it follows fromthe above that (1 + akxn)1/n 
onverges to x as n → ∞, thus,
lim

n→∞

ln(1 + akxn)

n
= lim

n→∞
ln(1 + akxn)1/n = ln x . (3)Taking logarithms a
ross the last inequality in (2), we obtain

ln(1 + akxn)

n
≤ ln x +

ln(1 + ak)

n
≤ ln x + ln(1 + ak) ,from whi
h it follows that

m∏

k=1

ln(1 + akxn)

n
≤

n∏

k=1

(
ln x + ln(1 + ak)

) .
By Lebesgue's Dominated Convergen
e Theorem, we may bring thelimit inside the integral; then we apply (3) as follows

Lm =

∫ e

1

lim
n→∞

n∏

k=1

ln(1 + akxn)

n
dx

=

∫ e

1

n∏

k=1

lim
n→∞

ln(1 + akxn)

n
dx

=

∫ e

1

(ln x)m dx . (4)Next we integrate by parts to derive the re
urren
e relation
Lm = e − mLm−1 . (5)Finally, we use indu
tion on m to show that (with the appropriate in-itial 
ondition) the solution to the re

uren
e in (5) is given by (1).The 
ase when m = 1 is 
lear, sin
e the right side of (1) is 1 and from(4) we have L1 =

∫ e

1
ln x dx = 1.
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Suppose (1) holds for some m ≥ 1. Then using (5) we have

Lm = e − m

{
(−1)m(m − 1)! + e

m−1∑

k=0

(−1)k (m − 1)!

(m − 1 − k)!

}

= e + (−1)m+1m! + e

m−1∑

k=0

(−1)k+1 m!

(m − 1 − k)!

= (−1)m+1m! + e + e
m∑

k=1

(−1)k m!

(m − k)!

= (−1)m+1m! + e

m∑

k=0

(−1)k m!

(m − k)!
,and our proof is 
omplete.Also solved by MICHEL BATAILLE, Rouen, Fran
e; PAUL BRACKEN and N. NADEAU,University of Texas, Edinburg, TX, USA; CHIP CURTIS, Missouri Southern State University,Joplin, MO, USA; RICHARD I. HESS, Ran
ho Palos Verdes, CA, USA; WALTHER JANOUS,Ursulinengymnasium, Innsbru
k, Austria; XAVIER ROS, student, Universitat Polit �e
ni
a deCatalunya, Bar
elona, Spain; PETER Y. WOO, Biola University, La Mirada, CA, USA; and theproposer. There was 1 in
orre
t solution submitted.Janous notes the interesting fa
t that Lm 
an be expressed in terms of Dm , the numberof derangements of 1, 2, . . . , m. (A permutation σ of 1, 2, . . . , m is 
alled a derangement if

σ(i) 6= i for all i = 1, 2, . . . , m.) Sin
e it is well known that Dm = m!
m∑

k=0

(−1)k 1

k!
, we seethat Lm = (−1)m+1m! + (−1)meDm .The proposer remarked that his proposal was a generalization of the following problemwhi
h appeared in the Romanian journal Gazeta in 2000:Compute lim

n→∞
1

n2

∫ e

1

ln(1 + xn) ln(1 + 2xn) dx.Both he and Bra
ken and Nadeau pointed out the interesting fa
t that the answer is
ompletely independent of the ak 's given.
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