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E
W p�q*r
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DA
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Γ
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2

DP
=

1

DA′ +
1

DA

W ¢ � ¤
p�q*r

r = DB = DE = DF
W¦ tPq)|

DA′ · DA = r2
W � v@|���q;��q � ��q�"v¬�Fq)|�r�t � r AD =

√
3r

_ ��q?w�q�wF D�-qIr�t � r
DA′ = r/

√
3
W ����zFu ¢ � ¤ _ ��q�t � �Fq
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=

√
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DP = (

√
3/2)r = 1

2
DA

_ ��t{v4�Gt�u/q � |P~�r�t � r P
v@~�r�tPq=uEv&w�x�yDz{v@|{rz{}

AD
W

Y�� 798o¥ �F�h��q*�D|Fv@|���r�tPq � ���" �u/q�|{r � rTr�tPq;q�|�wlz{}2r�tPq;yP��zPz{} _ zF|�qE� � |h~�tPz��
r�t � r AD =

√
3

2
BC

v@} � |�w/zF|F�¬�=v�}
P

v&~+r�tPq'uEv&w�x�yDz{v@|{r?z{}
AD

W¦ tPq ��s z��FqhyP��zPz{} � ~�~� �u q)~�r�t � r 4ABC
v&~ � �- Fr�q�x � |��"�&q�w W�� z���q��Fq)� _ v�}r�tPq���q v@~ � | z s r� �~�q � |��"�&q � r B

zF� � r C
_ r�tPq���q�~� P��rXv@~�~-r�v@���,� � �@v&w W ¦ tPq ��s z��Fqy���zPz{}IqG�)r-q)|�wP~Ar�z r�t{v&~'� � ~�q s �l~Gv@u/yF�¬�hu zPw{v@}��{v&|���r�tPq � ���" �u/q�|{r� �~�q�w r-zh~�tPz��r�t � r DE � |�w

DF � ��qAr � |��)q�|{rLr-z
Γ

W a
�
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IK8 U?,5%O<?'9'�MWVYX;�

Z�[N\C]_^!`N`�acb�`ed f�[7b \9aJ[N\_\Cb \Cg�\Ch�i-^!f�[ j h
[N\�fkh�i!h�lOaJf�bmf(n9hYoHb�`e`7b�p_[N\Cimqr[7b sCn ^�\�f�[N\Ch
h�t�dC^!f�[>b \9a �
u ^-v

5m + 3m = 2k w uHx v ? 5m + 3n = 2k
�

u ^5vzy '�{�)*'�+�4?U?,�'�=�+�4>{04N<>8�%|+-'�<T@9U>4P'�69+
/�1K:�%O4>8�60}_F :~,-8!+�<P,51�MJ#&%(,5+-/�1 U?,5%O478�6 y '�<N<P,5L�,5M
y <N4>6JUP'�69M� y M�R*���W�D8�6|.�}D8�S54P.�A�F
��8�6|,�+�M��JRzX���8 UKVz6|,�'�6JU>8�M;Vz6�,�'�6|U78!MKX��9M
R*����

� b�f�hK�&lOakfWf(n ^!fWf(n9h!l�h�^�l�h�\Cb3a�b�`Nd f�[>b \9arp�n9h�\
k = 0

��� fY[Na�^!`>a�b��k`>h�^�lWf(n ^-f
(m, k) = (0, 1)

^�\C]
(1, 3)

^�l�h�a�b�`Nd f�[>b \9a ��� h�\Cb�p�acn9b�p�f(n ^-f�f(n9h!l�h�^�l�h�\Cb
b�f(n9h�lWacb�`ed f�[7b \9a �

� dCsCsCb ach
m ≥ 2

�� n9h�\
k ≥ 6

� � [N\C�(h
2k ≡ 0 (mod 16)

oHb l
k ≥ 4

� p�h
n ^-j h

5m + 3m ≡ 0 (mod 16)
�

�Kb�p�hcj h!l � f(n9h_`7h!^�akfr\Cb \Cg(\Ch�i-^-f�[�j hKl�h!a�[>] d&h!a�b�o
5m � b9] d9`>b

16
oHb l

m ≥ 1^�l�h
5
�
9
�
13

� ^�\C]
1
� p�n�[7��n�l�h!s&h!^!f_[N\��T� �k`>h�a�b�oY`>h�\Ci�f(n

4
� p�n�[e`7h�f(n9b a�h�b�o

3m^�l�h
3
�
9
�
11

� ^�\C]
1
� p�n�[>��n�^�`Nacb�l�h!s&h!^!fm[N\��?� �k`7h!aKb�oz`>h�\Ci�f(n

4
��� b \9a�h�t�d&h�\�f�` � �

5m + 3m ≡ 8 (mod 16)
b l

5m + 3m ≡ 2 (mod 16)
� ^�\C]�b�dClr�k`N^�[ � oHb�`e`7b�pKa �
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¢ s ¤ gF���6KP1&#>��0���3��N�"�G5-��7��m%Jg��.�095�<��������*0{#61>��j	�20F#>(��*�6%G#>7{.F7��9��!=�D�6KP1>�*0F%*�mj
� .F7{�M#>7�jg*��.*#40Fj ��J%*56.��X�{#4.PK��-�M#��2.�!�� �G����j���0{# (��"�M%�# 7{.{7h7�����.���#>����.)j��{��Q��G���0���j,g*��.*#40Fj,.�097
�n.�0�K{�m�����"0F# 1 ���«K��0�����.�097 � !;#��@#>�l�P�"�-0��.�0�7������N���M.)�@j�� � gEg�.)Q�.)%)1&.�j��{��Q��G���0���jg*��.*#40Fj�!h�P7�# � ��7 ��3;1o<�����7�#61>��� W

¡o}
n

v&~�q��Fq�| _ ��q t � �Fq
5m + 3n ≡ 1m + (−1)n ≡ 2 (mod 4)

Wh� v&|��-q
2k ≡ 2 (mod 4)

v�} � |�wnzF|F�¬� v�}
k = 1

_ r�tPqh �|Fv&§F Dql~�z{�� Fr�v4zF| }ozF�
n

q��Fq�| v@~
m = n = 0 � |�w

k = 1
W

p�q*r
n s q;zPwPw W �FzF�

m = 0
_ ��q=t � �Fq�r�z ��|�w�~�z{�� Fr�v4zF|P~Cr�z

1 + 3n = 2k
W

� z���q��Fq)� _ p�q�z � q s ��q* �~ ¢ zF�Cp�q��Fv s q�|��Lq��M~�zF| _ £ ^ �"! �-q�|{r� ��>� ¤ yP��z��Fq�w�r�t � rJ}ozF� � ���
n > 2

_ r�tPq�v&|{r�q��)q)�
3n ± 1

t � ~ � |�zPwPw wFv �Fv@~�zF�
¨
tPq)|���q _ r�tPq� �|Fv4§{ Dq�~�z{�� Fr�v4zF|/z{}

1 + 3n = 2k
}ozF�

m = 0 � |�w
n

zPwPw;v@~
n = 1 � |�w

k = 2
W

ª z�� ��q � ~G~G �u/q�r�t � r m > 0
W �F�h��zF|P~�v4wPq��Mv&|���r�tPq;q�§{  � r�v&zF|hu zPw{ P�4z

3
_��q;z s r � v@| (−1)m ≡ (−1)k (mod 3)

_ ��t{v4�Gt/v&uEyP��v4q)~�r�t � r m � |�w
k

t � �Fq�r�tPq~ � u q;y � ��v¬r � WE |hr�tPq/z�r�tPq)�At � |�w _ s ��q�� � u;v&|Fv@|���r�tPq/q�§F  � r�v4zF|lu zPw{ P�4z
5
_ ��q�)q*r

2k ≡ (−2)n ≡ −2n ≡ ±2 (mod 5)
_

~Gv@|���q
n

v&~CzPwPw W,¦ t{v@~Tv@u/yF�@v&q�~+r�t � r k
v@~CzPw�w ¢ � |�w=r�tPq�|E~�z�v&~

m
¤�W

ª z��«~G �yPyDzF~�qTr�t � r m ≥ 3 � |�w
n ≥ 3

¢ ��t{v4�Gt'u q � |P~,r�t � r k ≥ 7
¤�WJ� q"rMr�v&|��

A = 22276800 = 26 · 32 · 52 · 7 · 13 · 17 _ ��q'�GtPq��$#�q�w s � � �-zFu/yF Fr-q)�Iy���zP�*� � ur�t � rCr�tPq���q � ��qE|�zh~�z{�@ Fr�v&zF|P~'z{}
5m + 3n = 2k

u zPw{ P�4z
A

}ozF�AzPwPw�q���y�zF|�q�|{rM~
m ≥ 3

_
n ≥ 3

_ � |�w
k > 7

¢ r�tPq'�GtPq��$#�v&|���v&~ ��%
��|Fv�r�q'&�yP��z s �&q�u _ ~�v&|��-q

551 ≡ 53

(mod A)
_
3243 ≡ 33 (mod A)

_ � |�w
2127 ≡ 27 (mod A)

¤GW�¦ tPq)��q)}ozF��q _ ��quE �~-r?t � �Fq�q*v�r�tPq)�
m = 1

zF�
n = 1

W
p�q*r

n = 1
W)( q?uE �~-r9�4zPz*#?}ozF�9~�z{�� Fr�v4zF|P~�z{}

5m+3 = 2k
¢ r�t{v&~�y���z s �4q)u�� � ~y���zFy�zF~�q�wEzF|=r�tPq�+	+C¡M¡ � y � |Fv@~�t�, � r�tPq)u � r�v4� � �  � �PuEyPv � w ¤�W�- ~�v&|���r�tPq'u zPw{ P�@ �~

B = 65792 = 28 · 257
_ ��q � � � v&|l �~�q�w � �-zFu/yF Fr-q)��r�z�~�q � ���Gtl}ozF�A~�z{�@ Fr�v&zF|P~u zPw{ P�4z

B
¢ � � � v&|Xr�tPq��GtPq��$#�v&|��Tv@~ �.%

��|Fv�r�q'&+yP��z s �&q�u _ ~�v&|��-q
5256 ≡ 1 (mod B)� |�w

225 ≡ 29 (mod B) ¨
}& ��Mr�tPq)�-u/zF��q _

9
v@~Lr�tPqA~Gu � �@�&q�~-rJy�z���q��Jz{}

2
��tPq)��q�r�tPq��q�u � v@|�w�q)�M~Au zPw{ P�4z

B s q��"v&|/r-z/��q�y�q � r ¤�W�¦ tPq;�-zFu/yF Fr-q)�Cy���zP�*� � u$�Fv&q)�&w�q�w/r�tPq}oz{�@�&z��'v&|���}oz{ ��?� � ~�q�~?}ozF�
n = 1 � |�w

m > 0
\

(m, k) ∈ {(1, 3)
_
(3, 7)}

W
� v&|��-q r�tPq/� � �@ Dq)~�}ozF�

k
��v4q v@| r�tPqh|�zF|�xGy�q��Mv4zPw{v4��~�q*r�z{}T��q�u � v@|�w�q)�M~;z{}Ty�z���q��M~z{}

2
u/zPwF P�&z

B
_ ��q ~�q�q;r�t � r k = 1

zF�
k = 7

Wh¦ t{v@~��"v¬�Fq)~� �~'r�tPq ~�z{�@ Fr�v&zF|P~
(m, n, k) = (1, 1, 3) � |�w

(m, n, k) = (3, 1, 7)
W �� ��Mr�tPq)�-u/zF��q _ � |��hz�r�tFq��C~�zPx�@ Fr�v&zF|P~CuE �~-rTt � �Fq

m ≡ 1 (mod B)
zF�

m ≡ 3 (mod B)
W+� v&|��-q'r�tPq�~�u � ���4q)~�r� � �� Dq�~T}ozF�

m
z�r�tPq)�Ir�t � | 1

zF�
3 � ��q�~Gv&�*|Fv@�D� � |{r��¬�=r-zPz=� � ���)q'r�z/t � �Fq � ~�z{�� Fr�v4zF| _r�tPq�~�q � ��qXr�tPq�zF|F�¬�;~�z{�� Fr�v4zF|P~+}ozF�

n = 1
W

p � ~-r��¬� _ ��qC�'v@���Dq�� � u;v&|�q
m = 1 � |�w

n ≥ 3
W�¦ t{v@~Ir�v&u/q _ ��qA �~�q�r�tPqXu/zPw�x P�@ �~

C = 26 ·34 ·17 }ozF�,z{ ��J��zFuEyP Fr�q��J�GtPq��$# WJ |��-q�u zF��qCr�t{v@~ s q��-zFu q)~ � �D|Fv¬r-qy���z s �4q)u ~Gv@|���q
321 ≡ 35 (mod C) � |�w

2223 ≡ 27 (mod C) ¨
}& ��6r�tPq���u zF��q _

5� |�w
7 � ��qCr�tPq�~Gu � �@�&q�~-r,y�z���q��M~+z{}

3 � |�w
2
_ ��q)~�y�q���r�v �Fq)� � _ ��tPq)��qCr�tPq���q�u � v@|�w�q)�M~

s q��"v&|�r-z���q�y�q � r W�¦ tPqhzF|F� � ~�z{�� Fr�v4zF| u/zPwF P�&z
C

r�t � r�r�tPq�yP��zP�*� � u �)q�|�q)� � r�q�w� � ~ (n, k) = (3, 5)
WI¦ t{v&~+�Fv&q)�&wP~+r�tPq�~�z{�@ Fr�v&zF|

(m, n, k) = (1, 3, 5)
W?� v&|��-q'r�tPq
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yDz���q)�M~�zF| s z�r�t
2 � |�w

3 � ��qEv&|lr�tPq/|�zF|�xGy�q��Mv4zPw{v4�X~�q"r'z{}I��q�u � v@|�w�q)�M~�z{}Lr�tPq*v&���q�~GyDq���r�v¬�Fq'yDz���q)�M~ _ r�tPq)��q � ��q�|�z=}& ��6r�tPq��+~�z{�� Fr�v4zF|P~ W¡>|���zF|��-�� �~Gv&zF| _ r�tPq���q � ��q�q�� � ��r�� �'�F�Fq�~�z{�@ Fr�v&zF|P~�r-z
5m +3n = 2k

_ | � u q*�¬� \
(m, n, k) ∈ {(0, 0, 1)

_
(0, 1, 2)

_
(1, 1, 3)

_
(3, 1, 7)

_
(1, 3, 5)}
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