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∠ABC 6= π
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b
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a ≤ b ≤ c
n § e�Z4£�eSZ&atV�XJZ4R"��b�e�T"b

∠ABC < π
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�tÔ e�R
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sec B ≤
(

1 +
b

a

) (

1 +
b

c

)

− 2
n

1

cos B
≤ ab + ac + b2 + bc

ac
− 2

n

cos B ≥ ac

ab + b2 + bc − ac

n

a2 + c2 − b2

2ac
≥ ac

ab + b2 + bc − ac

n

(a + b + c)(a − b + c)

2ac
− 1 ≥ ac

b(a + b + c) − ac

n

(a + b + c)(a − b + c)

2ac
≥ b(a + b + c)

b(a + b + c) − ac

n

(a − b + c)[b(a + b + c) − ac] ≥ 2abc
n

(a − b + c)b(a + b + c) − a2c − abc − ac2 ≥ 0
n

(a + b + c)(ab − b2 + bc − ac) ≥ 0
n

(a + b + c)(b − a)(c − b) ≥ 0
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(a, 1)
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b > 1

n § RMe�T"y�R

ab + ba = (a + b)b =
b

∑

k=0

(

b

k

)

ab−kbk > ab + bb n

T(d��Mb�e/u��wn
a > b > 1

� g(R~b
d = gcd(a, b)

� {(R~b
a1 =

a

d

n
b1 =

b

d

�*Ô e�Rwd § R?e�T"y�R
a1 > b1

T(d��
gcd(a1, b1) = 1

n/T(d��Pb�e�R�Y8Z y�RwdtR���u�T"b+Z4WDdK¥�R�£CWDaKR"�

db(a1 + b1)
b = dbab

1
+ daba

1

n
WD_

(a1 + b1)
b = ab

1
+ da−bba

1

� ¢ � ¤

h ]
d > 2
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h ]
d = 2

nwb�e�Rwd ¢ � ¤H¥�R�£CWDaKR"�

(a1 + b1)
2b1 = a2b1

1
+ (2a1−b1ba1

1
)2

n ¢ � ¤
§ e�Z4£�eKZ&atV�XJZ4R"�|b�e�T"b

a1 + b1

T(d��
a1

e�T"y�RMb�e�RP��T(aKRUV�T(_�Z b7v �)Ô e/u��wn
b1

afu��+b`¥�R
R�y�Rwd � g(R~b

b1 = 2b2
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(

(a1 + b1)
b2

)4
= (ab2

1
)4 + (2a1−b1ba1

1
)2
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x4 − y4 = z2
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d = 1

nwb�e�Rwd
(a, b) = 1

T(d��Pb�e�RMY8Z y�RwdKR���u�T"b+Z4WDdK£�T(dt¥�R § _�Z bcbCRwdfT��

ab +

(

b

1

)

ab−1b + · · · +

(

b

b − 1

)

abb−1 + bb = ab + ba n

WD_
ab−1b2 +

b(b − 1)

2
ab−2b2 + · · · + abb + bb = ba � ¢ � ¤

{"uAV�VAW���R�¨�_c�+b�b�e�T"b
b > 2

�*Ô e�Rwd
a > 3

n/T(d�� ¢ � ¤H¥�R�£CWDaKR"�

ab−1 +
b(b − 1)

2
ab−2 + · · · + abb−2 + bb−2 = ba−2 � ¢ � ¤
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e�T��PT(d6W����>V�_�Z&aKRx�DZ yDZJ��WD_
p
nsb�e�Rwd

p

∣

∣

∣

∣

b(b − 1)
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� j�Rwd�£CRDn ¢ � ¤mZ&atV�XJZ4R"�Mb�e�T"b
p|ab−1

T(d��Bb�e/u��wn
p|a � j�W § R�y�Rw_~n«b�e�ZJ�S£CWDd/bC_cT/�DZ4£cb��

(a, b) = 1.
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b = 2k
§ e�Rw_+R

k ∈  � {wZ&d�£CR § R-T(_+RfT����CuAa-Z&d�YPb�e�T"b
b > 2

n § Rte�T"y�R
k > 1
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T(d�� b(b − 1)

2
= 2k−1(2k − 1)

n § e�Z4£�eUZJ�`R�y�Rwd �*Ô e�Rwd ¢ � ¤pZ&atV�XJZ4R"�«b�e�T"b
a

ZJ�`R�y�Rwd
§ e�Z4£�eUT/Y8T�Z&dtZJ��TU£CWDd/bC_cT/�DZ4£cb+Z4WDd �

j�Rwd�£CRDn
b = 2

n(T(d��Pb�e�RMY8Z y�RwdtR���u�T"b+Z4WDdt¥�R�£CWDaKR"�
(a + 2)2 = a2 + 2a

n�WD_
a + 1 = 2a−2

� ²�vU��Z&atV�X4R�Z&d���u0£cb+Z4WDdKWDd
n

n/Z b«ZJ�|R"T���ZJX v-��R�Rwdfb�e�T"b
n ≤ 2n−3

]^WD_
T�XJXAZ&d/bCR�YwRw_c�

n ≥ 6
n�T(d��Pb�e�T"b

n 6= 2n−3
]^WD_

1 ≤ n ≤ 5
� j�Rwd�£CRDn

a + 1 = 2a−2e�T��|d�WU��W�X\uDb+Z4WDdD�mZ&dfZ&d/bCR�YwRw_c� � kNuA_NV�_+W�W�]�ZJ�|d�W § £CWDatV�X4R~bCR �
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(a + b)b = ab + bac
L2�����EC4 ��8�0/����0E� �`4 �[�S431 L2��7

b = 1
��7

(a, b, c) = (1,2, 3)
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( �

{��
)
���`���%�"�k¦2��x&��¨��U�:�<���`���%�"� ��x%�"�Xu�w�x�F������{F��¨&�"�����[j
� �  &´O���3� ± ¡[  ¶ � ���   � f : ² → ²m� ¡ ¶ ¤ ��¤"�/�

f(x) f
(

yf(x) − 1
)

= x2f(y) − f(x)
± � �T���3�����/��� x

�< &´
y
j

�"x��S���J�Ux%� }<��� ��� ��y&y��/x%�Q��zFx%���:"�{F�Q<{/wE�5x%����� #R��®��!��j� � � � � ¹ �ª  � ���H��¤"�/�K��¤Q� ¶��   � ���< %� ± ¡[  ¶ � ���   f(x) = 0 �3� � �,� ��¡�� ���   � ± ��¤Q�* � � �2 ���º"¡&�/� ���   j�<�!�
f(x) � �>� �,� ��¡�� ���   � ¡ ¶ ¤X��¤"�/� f(x) 6= 0

± � � �,� ¢I� x
j
	 � � ¤ � ¹ ��¤"�/���¤ �3��� ¢ � � � � � f(x) = x � ��¤Q�2��� � ·O� � ��� � � �3� ¤ �   *V��¤"�/�	��¤Q�[* � � �2 X��º"¡&�/� ���  X¤"� ���  �� ·� ¹ � �,� ��¡�� ���   � p f(x) = 0

�< &´
f(x) = x

j
�<�!��� �   * x = 0 �  ª��¤Q� * � � �2 I��º"¡&�/� ���   * � � � �

f(0)
[

f
(

yf(0) − 1
)

+ 1
]

= 0
j

µ ¡ �&�[�"� � f(0) 6= 0
j�µ �   ¶ � yf(0) − 1 ¶ �< O�����%�H�< %· � ����¡�� x &� ¡ � ����� � �3� ¶ �

y � · (x + 1)/f(0)
) � ¹ � � � ��� �  �� �[�"����� � ��� ¶ �< &´ � ´��/��� ± � ��� �,� ��¡�� ���   �  ��<¢I�/� · ���¤Q� ¶��   � ���< %� ± ¡[  ¶ � ���   f(x) = −1

j�� º"¡ ��¶ � ¶ ¤Q� ¶ � � ¤ � ¹ � ��¤"�/�a��¤ �3� ± ¡[  ¶ � ���   �3�  � �a� �,� ��¡�� ���   � ± ��¤Q� * � � �2 ���º"¡&�/� ���   jT³ ¤Q�2��� ± � ��� � f(0) = 0
j

- � ¹ � � ¡ �&�[�"� ����¤"�/� f(x) = 0
± � � �,� ¢I� x 6= 0

jT³ ¤Q�2 ª��¤Q� � � � * �  ����)��º"¡&�C+� ���  �* � � � � 0 = x2f(y) � ¹ ¤ ��¶ ¤ ¶ �<  �  �� ·�¤"� �&� �2  � ± f(y) = 0
± � �K���3� y � � ¶��   +�����%´ ��¶ � ���   ��� � ¶ �2¡ � � ¹ �>¤"� � �M���-���/�%´%·X� ��� ¡[¢I��´ª��¤"�/� f �3�   � �����2� � � � �2�S· ¹ ¤Q�2��� j³ ¤%¡ � � ¹ � ¶ �<  ¶��   ¶ ��¡�´&����¤"�/� f(x) = 0 � ± �< &´ �  �� · � ± x = 0

j
�<�!��� �   * x = y = 1 �  k��¤Q� � � � * �  ����&��º"¡&�/� ���   * � � � � f(1) f

(

f(1) − 1
)

= 0 ��< &´ ���   ¶ � f(1) 6= 0 � ¹ �H¢O¡ � ��¤"� � � f
(

f(1) − 1
)

= 0 � � ¢ � � · �   * f(1) − 1 = 0
j

�>�2  ¶ � � f(1) = 1
j

	 ¤Q�2 
x = 1 � ��¤Q� � � � * �  ����C��º"¡&�/� ���  ª��¤Q�2  � � ¶�� ¢I� �

f(y − 1) = f(y) − 1
j &�')(




