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Abstract

Let V(z) = H;n:l(z—cj), Ch # Ck, h # kand |(j| =1, =1,...,m and consider the
polynomials orthogonal with respect to |V |[2du, ¢, (|V|?du; 2), where p is a finite
positive Borel measure on the unit circle with infinite points in its support, such
that the reciprocal of its Szegé function has an analytic extension beyond |z| < 1.
In this paper we deduce the asymptotic behaviour of their Verblunsky coefficients.
By means of this result, an asymptotic representation for these polynomials inside

the unit circle is also obtained.
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1 Introduction

Let I' = {z : |2| = 1} and let M be the family of the finite positive Borel measures on the
unit circle with infinite points in its support. We denote by {¢,(du; 2)}22, the sequence of

polynomials orthonormal with respect to u € M. So,
on(dp; 2) = kp(dp)z™ + lower degree terms, kK, (du) > 0,

and

1

27 .
2—/ On(dpe; 2)om (dp; 2) dp(8) = dpm, 2= 6“9, n,m=~0,1,...
7w Jo

The corresponding monic orthogonal polynomials &, (du) ™o, (du; z) will be denoted by ®@,,(dpu; z).
As usual, ®¥(z) = 2"®,,(1/Z) denotes the reversed polynomial of ®,,(z).

A rich theory has been developed since 1918 when Szeg6 established the notion of orthogonal
polynomials on the unit circle (see [4], [5], [13] or [15]). This theory has links with many subjects
such as the trigonometric moments problem, the analytic and harmonic functions theory, the
spectral theory of operators, the prediction theory and even with the analysis of some physical
systems (see, for example, [9] and the references there in), being signal processing one of the

most studied at the moment.
A basic tool in the theory is the recurrence formula

(I)(](d,u, Z) = 1,

D1 (dps 2) = 2@ (dps; 2) — an(dp) @7 (dp; z),  n 20, (1)

where o, (dp) = — P41 (dp; 0).
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For u € M with log i/ € L[0,27), the Szegd function is defined by

1 2me? 42
D(dp; z) = exp (E/o S logu/((?)d9> , el <1,

and then

lim k,(dp) = exp <—% /027r log ,u'(@)dé’) = D(du;0)~*. (2)

n—oo

The numbers {a, (dp) }n>o are called Verblunsky coefficients. They play an important role in the
theory of orthogonal polynomials as they completely determine the whole sequence {®,,(du; 2)}.

Even though the connection between the Szeg6 function and the Verblunsky coefficients already
appears in Geronimus works, the relationship between the analyticity of D(du;z)~! and the
asymptotic behaviour of the associated reflection coefficients ®,,(du;0) was revealed by Nevai
and Totik in [11]. In this article they proved that the condition

1
lim sup | ®,, (dp; 0)['/" = = < 1, (3)
P

n—oo

guarantees the integrability of log ' and, moreover, the equivalence of (3) and the following

assertion:

sup{r : D(du; )" is analytic for |z] <r} =p> 1.

As a consequence of that, if (3) holds the known asymptotic formulae for ¢, (dy; ) and ¢} (du; 2)
are valid in a larger region than the one considered at first. Namely,
n(dp; 1\ ! 1
tim 5D _p (1) s L @)
n—00 " Z p

lim @y (dp; 2) = D(dp; )7 2] < p, (5)

n—oo

from which one can easily deduce

n—o0 nj Z”*j

G (du: Nt 1
tm SN (g D) el (6)
z p
P2

lim 59 (dps 2) = (D =) )7 12 < (™)

n—o0



In (4), (5), (6) and (7) the convergence is uniform on each compact subset of the prescribed

regions.

Furthermore, a strong connection between the algebraic singularities of the function D(du; z)™*
and the asymptotic behaviour of the reflection coefficients was revealed in [3] for the case of a

weight function for which D(dy; 2)~! has an unique singularity inside the disk {z : |z] < p}.

Some works of Nevai-Totik, Mhaskar-Saff, Barrios-Lépez-Saff, Pan or Simon (see, for example,
[11], [10], [3], [12] and [13]) and other people show that Verblunsky coefficients converge to zero
exponencially when the reciprocal of the Szeg6 function is analytic in {z : |z| < p} with p > 1.
For the coefficients associated to the generalized Jacobi weight functions on the unit circle
(the simplest weight functions with a finite number of known algebraic singularities) Golinskii
proved in [6] that the Verblunsky coefficients tend to zero with a potencial rate. Our goal in
this paper is to determine an asymptotic formula for the Verblunsky coefficients associated to

the measure |V (¢)|2du defined in the following way:

1) V<Z) = ;nzl(z - C]) with |§j| = 17 ] - 17' <M and Ch 7& Ck? h 7é k.
ii) p € M such that the function D(du; z)~! has an analytic extension to {z : |z| < p}, p > 1.

The results that we state in the next section include accurate information about the asymptotic
behaviour of v, (|V|?du); they will be given in terms of the singularities of the reciprocal of the
Szego function. But we think that as important as the results themselves, are the foreseeable
applications of them in the field of Fourier series. It is very well known that some problems of
convergence of Fourier series are closely related to the behaviour of the reflection coefficients

(see, for example, [7]).

We know that Verblunsky coefficients are the conjugate of the Fourier coefficients of the function
D(du; 2)7". In the real case, the works by Guadalupe-Pérez, Badkov or Golinskii (see [8], [2]
and [6]) show that it is possible to obtain some properties of Fourier series from perturbations
of the orthogonality measure. Because of this, we consider that an interesting future challenge

is to study properties of Fourier series in terms of properties of Verblunsky coefficients.



The result about «,(|V[*du) also allows us to deduce an asymptotic representation for the
polynomials @, (|V[*dy; z) in {z : |2] < 1}. When V(z) = [IjL,(z — §) with [¢5| > 1, =
1,...,m, ¢ # ¢, if i # k, the asymptotic behaviour of ¢, (|V|?du; z) for 1/p < |z| < p has been

studied by Pan in [12].

Let us state some remarks concerning this result. It is well known that the asymptotics play an
important role in applications of the theory of orthogonal polynomials. The problem of obtaining
uniform asymptotic representations is more difficult when (as in our case) the measure has some
singular points in the set where the polynomials are orthogonal. We want to point out some
previous results in this direction. Badkov in [1] establishes a uniform asymptotic representation
on the whole unit circle for a sequence of polynomials which are orthogonal on I' with respect to
a weight function with a finite number of singularities of power type. The choice of the weight
function justifies the asymptotic representation obtained which involves an interesting family of
orthogonal polynomials. Also in [1], Badkov states an asymptotic formula, uniformly on several

subsets of |z| > 1. Other uniform asymptotic formulae on closed arcs of I' can be seen in [14].

In our case, since p is necessarily absolutely continous the measure used, is in fact, |V (e%)|?1/(6)d6.

We obtain a simple asymptotic representation uniformly for compacts subset of {z : |z| < 1}.

2 Main results

Let the polynomial V() = ITj, (2 — ¢;) with (4 # G, h # kand || =1, j = 1,...,m. We
consider a measure p € M, such that the function D(du;z)~! has an analytic extension to

{z :]2| < p} with p > 1.

The Szegd functions associated to the measures du and |V'|?du are linked by the formula

D(VPdyi; ) = ﬂ(l - D(dn.2), (®)

which can be easily obtained from Lemma 3.1, p.211 in [4]. Obviously, the singularities of



D(|V|?du; 2)~" in {z : |2| < p} are on the zeros of the polynomial V().

The asymptotic behaviour of the polynomials {®,(|V|?du; 2)} and their Verblunsky coefficients

are stated in the following theorems.

Theorem 1. Let {(;}7, be distinct points on the unit circle and V(z) = L (2 — (;). Let
pw € M such that D(u,z)™' has an analytic extension to a circle {z : |z| < p}, where p > 1.

Then

2 1 D ) Fmntt 1 " oo
(VP = s D ey 6 o (1) e )

From this result, we can obtain the asymptotic behaviour of the orthogonal polynomials in

{z:|z| < 1}:

Theorem 2. Let {(;}72, be distinct points on the unit circle and V(z) = [I7-(2 — ¢;). Let
€ M be such that D(du; 2)~" has an analytic extension to {z : |z| < p}, p > 1. Then

D(du;0) 1
— Pz — 1
VEPRIV P ) = eSS Pz o (), (0 o0), (10)
where Pp,(z;n) has degree m — 1 and satisfies
cm) . O D(dps G) onme
Po(z;n)=Pu_1(z;n+2) — (nPri(z;n+1 Z ———=(; Vin—1(2), (11)
= Dl ) ™
being Vi—1(2) = ;71:_11(2 —¢j) and Py(z;n) = D) en+2,

D(dp;¢1

~

The convergence in (10) is uniform on each compact subset of {z : |z| < 1}.

3 Auxiliary results

It is well known that the reproducing kernel

n
€

K, (d; z,y) =Z o (dus y)pi(dp; 2),



admits two different expresions, the so called Christoffel-Darboux formulae (see [5], p.8)

w(dpsy)en (dp; 2) — gzen(di; y)en(dis; 2
Kn(du;z’y):s@(u Jen (dp )1_gz (dp; ) pnldps; 2).

()0 (s =) — P (i ) oo (d
K, (dys: 2.) = P (dp y) ol (dps; ?— ;Z +1(dp; y) P (dps; Z)’ (1)

with 7z # 1 in both cases.

From the orthogonality of the family {;(du;.)}}_, the following reproducing property can be
easily deduced:

Lemma 1. Let P be a polynomial of degree at most n. Then

P(z) = — /027r Ko (dps; z,y) P(y)dp(9), y=e”.

The next lemma states the relationship between the orthogonal polynomials ¢, (|V|*du; z) and

en(dps; 2).

Lemma 2. Let V(z) =[I]L(2 = (), G| =1, =1,...,m and ( # Cx, h # k. Forn > m we

have
VdennllVPdz) = =20 i)+ - Az ). )
where "
Ay = o [ VE eV P AT, GR6), 2 = e, (1)
and Lj(z) = [z, é;fg, 7 =1,...,m are the fundamental polynomials of Lagrange interpolation.

Proof. (See [12]) Since V (2)@n—_m(|V|?du; 2) is a polynomial of degree n with leading coefficient
Kn—m(|V|?du) we have

Rp—m V 2d n—1
V(2)pnm([VIPdp; 2) = wwn(du; 2+ Y agp(dp; 2), (15)
Ko (dpt) ]
where
1 2 S |
as = %A V(Z)gpn—m(|V|2dpJ, Z)Sps(d,u, Z)d[l,(@), y = 620.

In order to compute a, we consider two cases:



1) 0 <s <m—1; using @s(dp; 2) = 21" ws(du; ;) Li(z), we obtain directly

1 27 m
ac= 5 [ VEew IV ;2 I3 (s L ) dul6)

=S GGl [ VoV Eds DL du)

Z ni s (A G).-

i) m < s < n—1;in this case II(2) = ¢s(du; 2) — X7 @o(dp; () Li(2) is a polynomial of

I1(2)
T V(z)

degree s. Since each zero (; of V(z) is also a zero of II(z) is a polynomial of degree

s —m < n —m — 1. Therefore,

. :% /027r V(g)(pn,m(!VPd/% Z) (m + i@s(du, Cj)LJ(z)> d,u((g)
1 2m

21 Jo

II(2
IV s 2) |V ()
g

m

1 2m
*3rdy VoV (s ) Ly()dul6)

=S e G [ VeV Py DL d(0) = 3 Anas( i )

j=1
as in the former case. The proof is now completed by writing the expression of as in (15). [
We shall also need the following result (see [14]):

Lemma 3. Let p € M. For |(| > 1, we have

(2 = Oz = C)Pullz — (IPdp; 2) = Prsaldps 2) + cnldp) i (dps; 2) + dn(dp)®;, (dpss 2),  (16)

where
2(d
() =~z = P (1)
i Ppi2(dp; €) @, (du; )
nldp) = P 1 (dp; €) ~ dnldp) D1 (dp; ) (18)



and (* = %

1 2

Proof. Set Rpi2(2) = (2 — () (2 — )P, (|z — ¢|?du; 2) — d,(du) @ (dp; 2). Tt is easy to see that

_k pummy
or Jo Rn-i—?(Z)Z d:u(e) 07

(19)
In fact, it suffices to evaluate:
) o [ O~ ) P 2)F du(0)
2m Jo " ’

* 2 -
= o [Tz~ P2 T | - (Pdu(6) =0, k=12, n.
™ Jo

When k£ = 0, using (1) we obtain:

* 2
[T s@ullz — P 2) |2 — (o)

* 2 - — 2d
= —au(lz = CPap 3 [ @l = Cdp 2) |2 = CPdn(8) = ¢ (|2 = C[*dys)

knllz = (PPdp)

2m & 0, lfk’:l,ﬂ%
5 ) # Rz d(6)

Now (19) immediately follows. From (19) we deduce that there exists ¢, € C such that the
polynomial R, 5(z) = 2" 4 .-+ can be written

Ryo(2) = Prsa(dp; 2) + 6Py (dis; 2)

Setting z = ( in this equality we obtain (16).

4 Proof of Theorems 1 and 2

Proof of Theorem 1:



We use Lemma 2. Multiplying (13) by and setting z = 0 we have

1
fon—m(|V[*dp)

1

V(0)®pm(|V[dp; 0) = ®p(dps; 0) + (V) &

Z Anj K1 (dp; 0, G), (20)

where

-—n—1
K1 (dps; 0, G) = Fna(dp)Gg ona(dps; G). (21)
In order to get (9) from (20) it is enough to deduce the asymptotic behaviour of the A,,;.

Since the coefficients A,,; are unique they can be obtained not only by (14) but also as the

solution of the following system of linear equations

S Fon—m(|V[*dp)
K1 (dp; G, ——— 0o, (dp; &), k=1,...,m.
z:: 1(dp; G, G) = PRI (dps; i) m
By using Cramer’s rule we obtain A,;, 7 = 1,...,m as the quotient A;/A where

A = det(K,—1(dp; Gy Cn))ih=1,..m and A; denotes the determinant obtained by substituting

the j-th column of A by the column ( %‘/‘;d“)g@n(du Q)) . In any case, for every j

.....

A, ; can be expressed in terms of ¢, (du; ¢;), Kn—1(dp; G, ¢n) with 4 7& h and K, _1(dw; G, ). S
in order to study how A,; behaves when n — oo, we first need to know how K,,_(du; ¢, Ch)

behaves for ¢ # h and i = h.

e Asymptotic behaviour of K, _1(du; (;, ().

If |¢| = 1, we have from (12)

C(anrl(dﬂ; QO nyr(dp; 2) — o1 (dps; Q)1 (dps; 2)
z—C ’

where the numerator vanishes at z = (. Therefore, letting 2 — ( we obtain

Ko(dps; ¢, €) = C(@nra (s Qe (dps; O) = o (dpss O (s ).

Taking into account (4), (5), (6) and (7) we easily deduce

n

Kn(du; ¢, ¢) = D OP

+o(n), (n— o0). (22)

10



Let now n # ¢, |n| = 1. In the same way as before we get

K, (dp; ¢,m) = O(1), (n— 00). (23)

e Asymptotic behaviour of A,;.

For j =1,...,m we develop both determinants in A,; = A;/A and consider the different type
of terms appearing in them. Taking into account (22) and (23) is not difficult to get

A=TI Kuor(dpis ;. G) + 0 (n™), (n— oo),

7=1
Fon—m |V 2d —
A= =l VC0) ) TT Koa(di oG 0 (770) . (n = o),
Kn(dp) h#j
Consequently,
Fon-m(|V]?dp)

1 1
A = @y e cj,@)*o(ﬁ)’

where lim,,_, %XW =1 from (2) and (8). The behaviour of ¢, (dy; ;) and

K,—1(dp; ¢, ¢;) when n — oo, is given by (4) and (22) respectively. Finally,

D(dy; ¢; 1
( I C]) +O<

- E) , (n— 00). (24)

Anj = _Cjn

Now taking account (20), (21) and (24) we deduce
1 D(d 1
n ( s CJ) +o <_> ,
D(dp; ;) n

m+1 m d,u Cj) l
Hh 1Chz 7 D(dp; ;) +O(n>’

and so (9) is obtained re-scaling and writing this result in terms of Verblunsky coefficients. [J

Anj?jn_lgpn—l(d,u; <j) = _C

D, m(‘vl dlua

In order to prove Theorem 2, we need to state two previous results:

Lemma 4. Let i € M be such that D(du;z)~' has an analytic extension to {z : |z| < p},

11



p>1. Let ( € C with || = 1. Then

(2 — OP®u(|z — CPdp; z) = ~ 24 D(dpi )

n+2 l n — 00
n D(du; ¢) D(du; z)C o <n> a ) (25)

uniformly on each compact subset of {z : |z| < 1}.

Proof. Since ¢* = ( for |(| = 1, using (16) we have
(2 = O*@ullz = C*dp; 2) = Prsaldp; 2) + cnldp) Prya (dps; 2) + di(dp) @7, (dps 2),
where d,,(dp) and ¢, (dp) are as in (17) and (18). It is not difficult to see that:

o &, (du;z)=o0 (%) uniformly on each compact subset of {z : |z| < 1}. In fact, we can state even

1/n

more. Using (4) and the maximum principle, we get limsup,,_, . |, (du; 2)['/™ < 1 uniformly

on compact subsets of {z : |z| < 1} and so, ®,,(du;0) tends to zero with an exponential rate

when n — oo.

w2 (dp)
w2 (|z—¢|%dw)
D(du;0)

o lim, ., O (du; 2) = Dlduz) uniformly on each compact subset of {z : |z| < 1}, that follows
directly from (2) and (5).

D{dp:d) =n+2
L4 Oén(‘z - C’Qdﬂ) = _%ngiﬁ;gC

e lim, . = 1, as we just pointed out in the proof of Theorem 1.

+o0 (%), from Theorem 1.

Therefore, we get

1
uldn) ==+ 0(=)),
and finally (25) follows. O

Lemma 5. Let u € M be such that D(du;2)™" has an analytic extension to {|z| < p}, p > 1.

12



Let (1, (5 be two different points on the unit circle. Then, as n — oo

[(z = G)(z = QP Pullz = G|z — Gl dps 2) =

1 D(dp; 0) [z< ns DU G) | oy D Cz))
nD(dp;2) |"\™ D(dp; 1) D(dy; G2)
_ 2 D(dp; G1) nya Ddp; Go) 0 1
e (@ Sy Haa) o () @

uniformly on each compact subset of {z : |z| < 1}.

Proof. Let duy = |z — ¢1|*dp and use again (16) after multiply it by (z — (»)?, with g = u; and
¢ =G

By similar arguments to the ones used in the proof of Lemma 4 we get, when n — oo

LS~ DU G) pnvs o (
i) =6 S S o)

1
cr(dp) =—=G+0 <—> .
n
The asymptotics for (z — (1) ®,yi(dpg; 2), i = 1,2, are known from Lemma 4 and

—C¢ D(dp;0)
(z = ¢1) D(dp; 2)

holds uniformly on compact subsets of {z : |z| < 1}. Some simple calculations allow us to state

(26). 0

P, (dps 2) =

+o(1),

In fact, the results of Lemmas 4 and 5 lead us to state Theorem 2, that we now prove.
Proof of Theorem 2:

Since we will prove Theorem 2 by induction in m, we write V = V,, in order to clarify the

induction step. For m = 1 Lemma 4 states that (10) holds, being

D(du:
Pi(zin) = %

13



From Lemma 5, (10) holds true if m = 2, being

v s DU G) s Ddas Cz)) ( w2 D(dis G1) | o D(dps; C2)>
P. : — +3 +3 ’
aim) =2 ( ' D(dp; ) te D(dp; ¢) e D(dy; ¢1) te D(dp; 2)

that satisfies (11). We suppose the theorem true for m — 1 € N.

Using (16) for ¢ = (,, and measure |V;,|*du, we have

Vi1 (2) (2 = Gn)*@u(|Vin P dps; 2) = Vi1 (2) P2 ([Vina [Pdps; 2)
+ en([Vi ) Vin 1 (2) @i (Vi [Ppas 2) + du (Ve[ dpe) Vi1 (2) @5, (Vi1 *dss 2). (27)

By Theorem 1 we know what happens with «a;,(|V,,_1|?di) as n — oo and so, as in the former

particular cases, we obtain

eallVina du):—<m+0 (%)
—1

o~ D(dy; Cz 1 1
(Vi) = o).
?) ; D(dp; Cz) n

The behaviour of |V,,_1|*®,o(|Vin|?du; 2) and |V, 1|?*®@py1(|Vin_1|*du; 2) is given by the induc-
tion hypotesis and it is easy to verify that

( 1)m lD(d,lL7 m—1

(I)Z(|Vm_1|2d/i; Z) - V. 1(2) D H Cz+0 7
m— =1

unifomly on each compact subset of {z: |z| < 1}.

Thus, (27) can be written

1 D(dp;0)
2(2)® 2dpyz) = —————=|Pp_q(z;n 42
D

. (dlj“v Cl) n+m+1
(G Ve );D(du Q)C

ofl)

or

V()@ (|Vin P dpss 2) = —

14



where

Po(z;n) = P 1(z;n+2) — (nPr1(z;n+ 1) + Vi 1(2) <§: %GﬂnH) _
=1 ) S

0
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