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Abstract

We prove that Bol algebras arise as primitive elements of certain bialgebras which generalize the
usual universal enveloping algebras of Lie and Malcev algebras. The Bol algebra is located inside the
generalized left alternative nucleus of the envelope, and its binary and ternary products are naturally
recovered from the product of the envelope.
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1. Introduction

Avector spac& equipped with a trilinear operatida, b, c] is called aLie triple system
if
la,a,b]=0,
la,b,cl+1b,c,al+[c,a,b]=0,
[x.y.[a,b,cl]=[[x.y.al.b,c]+[a,[x,y,b],c]+[a.b,[x,y,c]]
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forall x, y,a,b,c e V.A(left) Bol algebra(V, [, ,],[,]) is a Lie triple system{V, [, , )
with an additional bilinear skew-symmetric operatjanb] satisfying

[a,b,[c.dl]=la,b.cl.d]+[c,[a,b,d]]+ [c.d,[a,b]]+ [la,b]. [c.d]]. (1)

Bol algebras were introduced in differential geometry to study smooth Bol loops [4,5].

A set Q with a binary operation - y is called aright loop if for any y € Q the right
multiplication operatorR, :x — x - y is bijective, and there exists an elemer¢ Q, the
left neutral such that - y =y foranyy € Q. Itis also customary to write/y instead of
R;l(x). A left loopis a setQ with a binary operation - y such that for any € Q the left
multiplication operatol., : y — x - y is bijective, and there exists an elemerd Q, the
right neutral such thatx - ¢ = x for any x € Q. The element;1(y) is usually denoted
by x\y. In case thatQ, -, ¢) is simultaneously a left and right loop then it is calleldap
with identity element. A left smooth loopM is a left loop equipped with a structure of
smooth manifold so that the maps y) — x -y and(x, y) — x\y are smooth (see [4] for
a local version). The most well-known examples of loops and smooth loops are groups and
Lie groups, respectivelyhbugh many other families of loops have come into scene over
the years, Moufang and Bol loops among others.

A right Bol loop(Q, -, &) is a right loop that satisfies thight Bol property

x-[@y-a=[e-a)-y]-a

forall a, x, y € Q. Similarly, aleft Bol loopsatisfies the identity

a-[x-(a-y)]:[a-(x-a)]-y.
In any loop the following identities are equivalent:

((ax)a)y = a(x(ay)) left Moufang identity
((xa)y)a = x(a(ya)) right Moufang identity
(ax)(ya) = (a(xy))a middle Moufang identity

Aloop is called avioufang loopif satisfies any of them.

The classical correspondence between Ligugs and Lie algebras has been success-
fully extended to smooth loops. Firstly, it was achieved for Moufang loops [1]. The tangent
space at the identity inherits a skew-symmetric produdtfrom the product of the so
called fundamentalector fields over the loop, and with this product the tangent space
becomes Malcev algebrai.e.,

[x,x]=0 and [[x,yl,[x,z]]=[[lx, y], 2], x] + [[[y, 2. x], x] + [[[2, x], x], ¥]

for any x, y, z. Later, the correspondence was studied for (local) left Bol loops with
two-sided neutral. The picture here is slightly more complicated. On the one hand, the
fundamental vector fields form a Lie triple system that naturally induces a structure of Lie
triple system on the tangent space at the identity. On the other hand, the product of vector
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fields induces a binary product on this tangent space so that it becomes a Bol algebra. In
contrast to Lie groups and Moufang loops, both products, binary and ternary, are needed
to locally recover and classify the Bol loop [5]. For general loops the correspondence is
established in terms of a family of multilinear operations caligperalgebrég6].

So far, the geometrical origins of Lie, Malcev and Bol algebras are well-understood.
However, algebraic settings for these algebras are less known. The Poincaré—Birkhoff—
Witt theorem says that any Lie algehtds a subalgebra of some unital associative algebra
considered with the commutator prod(iet y] = xy — yx. The universal enveloping alge-
braU (L) is the universal object with respect to this property. This theorem was extended
in [3] to Malcev algebrasGiven an arbitrary algebr4, thegeneralized alternative nucleus
of Aisdefinedas Ni(A)={ac A|(a,x,y)=—(x,a,y)=(x,y,a) Vx,y € A}, where
(x, y, z) denotes the associator.of y andz. Nait(A) is always a Malcev algebra with the
commutator produdix, y] = xy — yx. Moreover, given a Malcev algebrd, then there
exists a paikU (M), v), whereU (M) is a unital algebra and M — Na(U (M)) C U(M)
is a monomorphism of Malcev algebras, with the following universal property:

Given a unital algebra and:: M — Ngit(A) € A a homomorphism of Malcev alge-
bras then there exists a unique homomorphisry (M) — A of unital algebras such
that! =¢ou.

The aim of this paper is to construct an envelope for Bol algebras by extending the
techniques developed in [3]. To start with, we definegbeeralized left alternative nucleus
of an algebra as

LNa(A) ={a € A|(a,x,y)=—(x,a,y) Vx,y € A}.
LNgait(A) is a Lie triple system with the triple product
la,b,cl=a(bc) — b(ac) — cla, b].
In fact, any subspacg of LNgt(A) closed under the triple produgt, ] and the commu-
tator product, ] is a Bol algebra with these operations (see Section 2).

The main result in this paper is

Main result. Let (V, [, ,1,[,]) be a Bol algebra, then there exist a unital algetiraV)
and a linear injective map: V < LNg(U (V)), a — a, such that

L([a, b]) =ab—ba and L([a, b, c]) =a(bc) —b(ac) — cla, b],
and the following universal property holds
For any unital algebraA and any linear map’:V — LNgi(A), a — d’, with

U([a,b]) =a'b’ — b'a’ and/([a, b,c]) =a’'(b'c") — b'(a'c") — '[a’, b'] there exists
a homomorphismp: U (V) — A of unital algebras satisfyind = ¢ o «.
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The algebral/ (V) will be called theuniversal enveloping algebraf the Bol algebra
(V,[,,1.[,]. Asin the classical case, this algebra admits a Poincaré—Birkhoff—Witt type
basis. Though, in general, LLNU (V)) may be larger thair, U (V) can be endowed with
a natural structure of bialgebra so that if the characteristic of the groundHiésdzero
thenV is recovered as the set of primitive element&/gl’).

Throughout this papeF will denote a field of characteristig 2.

2. Lieenveloping algebras of Bol algebras

Given an algebra andds, dz, d3 € Endr(A), (d1, d2, d3) is called a ternary derivation
of A if di(xy) =d2(x)y + xd3(y) for anyx, y € A [2]. In case thatA is a unital algebra
then the relations

d1=d2+ Ry, and dy=dsz+ Lay1) (2

hold, whereL, and R, stand for the left and right multiplication operators dyWe will
denoteL, + R, by T, for short. Observe that € LNg;(A) ifand only if (L, T,, —L,) is
a ternary derivation oAi.

Lemma 1. Let A be a unital algebra and/, d’ € Endr(A).Then,(d, d’, —d) is a ternary
derivation ofA if and only ifd = L, andd’ = T, for somea € LNg(A).

Proof. Assume thatd, d’, —d) is a ternary derivation. By (2){ = L, andd’ = T, with
a=1/2d'(1). Since(d, d’, —d) is a ternary derivation, thene LNg(A). O

Recall the notatiofu, b, ¢c] = a(bc) — b(ac) — cla, b].
Proposition 2. Let A be an algebra and, b, c € LNg(A). Then

() [La, Lp)=1[Tu, Tyl + Ria,p1,
(") [[La: Lb]v Lc] = L[a,b,c]v
”l) [[T(lv Tb]: Tc] = T[a,b,c]v
(iv) (LNgt(A),[,,]) isa Lie triple system.

Proof. Let A* be the unitization oft. Sincea, b, ¢ € LNa(A#) and the ternary derivations
form a Lie algebra, the({Lq, Ly1, [T, Tp1, [La, Lp]) is a ternary derivation oA¥, which

by (2) shows thafL,, Ly] = [Ta, Tp] + Rja,p). Moreover,([[Lq, Lp], Lc], [[Ta, Tp], Tc],
—[[Lq4, Lp], L.]) is also a ternary derivation, so Lemma 1 implies {fiat,, L], L] = L.
and[[Ty, Tp], T.] = T, for somee € LNa(A¥). Evaluating these operators on 1 leads to
[[La, Lpl, Lel = Lig.p.c) @and[[ Ty, Ty, Tcl = Tia.p.c)- Part (iv) follows from (ii). O

Proposition 3. Let A be an algebra and’ a subspace dfNg(A) closed undef, , ] and
[,1. Then(V,[,,1,[,] is a Bol algebra.
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Proof. Givena, b, c, e € LNgi(A), in A%

[L[a,b,c]a Le](l) + [Lc’ L[a,b,e]](l)
=[la,b,cl,e]+[c,a, b, el].,
[((Zas Lo) (L Ll = Y [T, 1] + Ria ). [Te. Tl + Ricoer](D)

@ [a, b, [c, e]] + [c, e]la, b] — [c, e, la, b]] — [a, b][c, e]

holds, wherd1) follows from the identitie$T, 7,1(1) = 0 and[Ty, T)1(z) = [x, y, z]. So,

la,b,[c,ell=Ila,b,c],e]l+[c,|a, b, e]l + [c, e, [a, b]] + [la, b], [c,e]]. O

Let us recall some definitions and constructions on Bol algebras. Given a Bol algebra
(V,[,,1[,]) overF, apseudodifferentiationf (V, [, ,],[,]) isalinearmap:V — V
for which there existg € V (thecompaniorof D) with

D([c,d]) = [D(c),d] + [c, D(@)] +[c.d, 2]+ [z, [c.d]]

for all ¢,d € V. The companion is not necessarily unique and it dependd.ofhe set
of all companions ofD is denoted by cotD). With the notationD, ;,:c — [a, b, c],
condition (1) is equivalent to saying tha, ;, is a pseudodifferentiation with companion
[a, b] for anya, b € V. The pseudodifferentiations 8f form a Lie algebra, denoted by
pderV, under the natural produ¢D, D'l = DD’ — D’D. The Lie subalgebra ipdét
generated by{D, , | a,b € V} is called the (ie) algebra of inner pseudodifferentiations
of V. Theenlarged algebrdderV of pseudodifferentiationsf V is defined as

PderV ={(D,z) | D € pderV, z e comD)},
and it becomes a Lie algebra with the product
[(D.2).(D'".z))] = (ID. D'l D) — D' (z) — [2.7']).
Theenlarged algebra of inner pseudodifferentiatioaslefined as
IPderV = {(D, z) e PderV | D eipderV, z € comD)}.

Given a subalgebr& of PderV with IPderV C K and a copy ={a|a e V}of V,the
product onkK is extended to a product ki x V by

[(D,2),b]=D(®),  [a,bl=(Dap.la,b)
and skew-symmetry to obtainZp-graded Lie algebra EiV, K). The subspace
L=((D,z) —z€EnV,K) | (D,2) € K)
is a Lie subalgebra and E(¥, K) = L @ V. Furthermore,

(@, b) = ((Da.p. [a, b]) — [a, b) + [a, b]
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implies that{a, b] = pr([a, b]) where pt) denotes the projection dri parallel toL. There-
fore, the binary and triple products dhare recovered as

[a,b]=pr(la,b]) and [a,b,c]=][a,b].c].
The Lie algebra EnW, K) is called alLie enveloping algebraf the Bol algebra/ .

Looking at EnV,K) asL @ V, we may define/, » = (Da.p, [a, b]) — [a, b] the pro-
jection onL of [a, b]. These maps satisfy the relation

[Va.bs Ye,d]l = Via,b,cl.d + Ve,la.b,d] + Via,bl.[e.d]- (3

Modeled on these enveloping algebras 8nvK) we define another Lie algebra. Let
{r, | a € V} be a copy ofV, and EV) the Lie algebra generated Hy, | a € V} with
relations

[[Tav ], Tc] = Ta,b,c]» (4)

[8a,b, 8¢,al = Ba,b,cl.d + 8¢.[a,b.d] + Bla,bl.lc,d]> (5)

whereé, , stands foflz,, t5] — 714.5- By abuse of notation, we continue to writgfor the
image ofz, in E(V). This notation will be fully justified after proving Corollary 5.

Proposition 4. There exists an automorphighof the Lie algebreéE(V) such thav? = id
andf(z,) =—1,forallae V.

Proof. Letus use the temporary notatioh= —t, ands/, , = [z, 7,] — Tfa,b]- In E(V)

(80.5+ 8v.q] = [8a.p> 8c.a) + 2[8a.b» Tie.1] + 2 T(a,bs Sc.a] + HTab)s Tie.d]

g 8a,b,cl.d + Oc,[a.b.d] + S[a.bl.lc.d] + 2T(a,b,lc.dll — 2l T(a,b], Tlc.d1]
— 271c.d.[a.b]) + 2 T(c.d)s Tia.b)] + A T(a.b)s Tic.d]

= Ola,b,cl.d + O¢.[a,b.d] + Ola,bl.[c.d] T 2T[a,b.[c,d]] — 2T[c.d.[a.b]]

@ 1a,b.cl.d + 3c.[a.b.d] + Oa.b.[c.d]
+ 27(a,b.c1,d] t 2T[c,[a,b,d1] T 2T[[a,b],[c,d]]

= 8lab.cld T 0. ab.a) T Oa.bl e.al

holds, wherg1) follows from the defining relations of &) and(2) from (1). This shows
that (5) is satisfied if we changeby §’. Similarly, (4) holds ifz is replaced byt’. There-
fore, there exists a Lie algebra endomorphs&swf E(V) such that (z,) = —1, Ya € V.
Since#? fixes the generators of(®), thené?2 =id. O

Corollary 5. Let Ey = {[t4, tp] |a,be V) andE_ = (t, |a € V) CE(V). ThenE(V) =
E, ® E_ is aZp-gradation andE_ = V as vector spaces.
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Proof. The Zy-gradation in the statement is the one induced by the automorghisin
order two, so we only need to show that = V as vector spaces. By (3), for any envelop-
ing algebra Eng@V, K) there exists a homomorphism frond¥E) to En\V, K) sendingr,
toa. Sincea +— a is injective, s > 1, is. O

3. An envelopefor Bol algebras

Let(V,[,,],[,]) be aBol algebra anfl = E(V) the Lie algebra defined in Section 2.
Consider the left ideals of the universal enveloping algéb¢a) of E defined by

K =U(E)(8apla,beV) and Kr=U(E)(t wlla,beV).
These left ideals provide twB-modules
U(E)/K; and U(E)/Kr.

The elements i/ (E)/ K will be denoted byx wherex € U(E), while the elements in

U(E)/Kr will be denoted by{x]. A third module(U(E)/Kr)s appears when we twist

the action ofE on U (E)/K by the automorphisri. As vector spaced/(E)/K)s and

U(E)/K are the same, but the action Bfon (U(E)/ Ky )y is defined byl o x = 6(d)x.
Let us introduce some temporary notation:

{t4 | i € A} denotes an ordered basis®f .

y=11="1 T, if I=(>i1,...,in).

I'={(i2,....ip)and|I| =nif I =(i1,...,i,).

If I =(1,...,ip) andJ = (j1, ..., jm), thenl « J = (k1, ..., kptm) With
{kla-~-akn+m}={i1’~-~’inajla-~-ajm}andkl<"'gkn+m-

By the classical Poincaré—Birkhoff-Witt theorem we know that
{lx/]| I =(1,....in) with iy < --- <i, andn > 0}
is a basis o/ (E)/Kr. The subspaces
(UE)/KT), =(lz7]] 1] <n)
form afiltration of U (E)/Kr. Inthe same wayl/ (E)/ K hasabasi§t; |, I = (i1, ..., i)

with i1 < --- <i, andn > 0} and a filtration given by the subspadés(E)/ K1), = (T; |
|I] < n). Itis easy to prove that

Taip [T1] = [Trs(i0) ] moc(U(E)/KT)m and
‘L’aio‘f[ = fl*(io) mod(U(E)/KL)m. (6)

The following theorem isimilar to [3, Proposition 3.1].
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Theorem 6. There exists a homomorphism&fmodules
«:U(E)/Kr ® (U(E)/KL), = U(E)/KL
defined recursively by
[Uxx=% and [t7]%% =14 ([t7]%X) = [1] %O (4 )x.
Proof. We will prove that
d([t]% %) — (d[t/]) xx — [t7] % (9(d)x) =0

by induction on|/|. For|I| =0 andd = dp + t, with dp € E we have

d([1]*X) — (d[1]) * X — [1] % (6(d)X)
=(d — 0(d))x — [ta] ¥ X = 274X — [T4] % X
=2T,x — 'Ca([l] *)E) 4+ [1] % 0(12)X = 21,X — Tax — Tax = 0.

In the general case we observe that

d([t/]%x) = (dlt/]) X — [t7] % (0(d)X)
= d(ta;, ([tr] % X) — (211 % 014, )X) — (dlT1]) % X — 74, ([71] % 6(d)%)
+ [2r] % (6(7a, )0 (d)X)

2 dry, (1] %) — (dlTp1) *0(1, )% — [17]% ()6 (24, )T)
— (dlt1]) %% — 7, ([T % O@)E) + [1] * (014, )0 (d))

2 1, v (70) % 5) + 1y, (drp]) 5+ 1] % 0(d)F) — (dler]) *6(r, )

— (1] % [6(d). 8 (74, % — (dlT1]) % F — 74, (7] % 0(d)F)

S (Id, ra,l][r,/]) * X + Ty, ((dlzr]) % x) — (dlzr]) * 0(q;, )X — (dlt1]) * x

@ Tai, ((d[‘[[/]) *)E) — (Ta,-ld[fl/]) *X — (d[l’]/]) * 9(rail)i,

where (1) follows by using induction ond([z;/] * 9(ra,1))2), (2) by subtracting
Ta,-ld([fl/] *x) and addingra,.1 (d[tp]) * x + [tp] * 6(d)X) (they both are equal by induc-
tion); (3) follows by induction or{d, Ta;, 1([Tp/] % X), some simplifications and the fact that
6 is an automorphism, and) by simplification. So, it suffices to prove the induction step
with d = Tai, for somery; . If ig < i1 then it follows from the very definition of. There-
fore, we may assume that> i;. By (6), ra,o[r,/] = [Ty ] +7 Withr € (U(E)/K7)11],
and by the previous computations and the hypothesis of induction we have



488 J.M. Pérez-Izquierdo / Journal of Algebra 284 (2005) 480—-493

Tuy, ([Tl] *)E) _ (‘L’aio [r,]) *x — [T7] * 9("'&1,‘0))E
=Tq;, ((Taio[fl/]) *X) - (tail Taj, [1/]) % — (T“"o[rl/]) *0(1a, )X
= Ta;, ([Tl’*(io)] * )_C) o (Tail [TI/*(io)]) * X = [Tra(i)] * Q(Taii )X

which by definition vanishes. O

While this homomorphismx induces a product o/ (E)/Ky, by identifying [z;]
with 7;, the algebra thus obtained has no unit element in general (observe that, for in-
stance[z,] * 1 = 27,). A natural way to overcome this defect is to use an isotope.

Lemma7. The mapp:U(E)/Kr — U(E)/K given by[x] > [x]* lis alinear isomor-
phism.

Proof. We first observe thdtr; 1« 7, = 217, modU (E)/KL)1+71-1- In fact, by de-
finition and induction,

(0] 5 Ty = T, (7] % T1) — (0] % 0, ) Tr = 21ty Trray + [20) % Tiyas
=217ty 4 21, =2y, mOd(U(E)/KL)mHJl_l.

As a particular cases ([t/]) = 217, modU (E)/KL)|1-1. Thus, sincep maps a basis
of U(E)/Kr onto a basis ot/ (E)/ K, ¢ must be a linear isomorphismO

The product that we will consider di(E)/K is
U(E)/KL®U(E)/KL — U(E)/K, ¥®yr> ¢ (&) 7. (7)
Theorem 8. The algebral/ (E)/ K defined by(7) satisfies
() 1is the unit element,
(i) 7, € LNaw(U(E)/Kr) foranya eV,
(”l) 'E[a,b] = [fds fb] and 7'_'[a,b,c] = fa (fbfc) - fb(fafc) - fc[fa: fb]o

Proof. Part (i) is obvious from construction. Previous to obtain parts (ii) and (iii), we note
thatz,y = 7,y. In fact,[z,] % 1 = 27,, s0¢~1(7,) = 1/2[z,] and

| L
Ty =¢ (Ta)*xy= E[Ta] Xy =T4).
Now,
2,39 = (7@ *7) = (@) *F — @) * ()
= (2 H®) * § — ¥(Ta3) = (¢~ (P10 1())) % § — X (7aF)
= (pTa9p (@) F — X(T.9)
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with ¥ = 1 implies thatpt,¢1(¥) = T,% + ¥7, = T;, (%), thus (Lz,, Tz, —Lz,) is a
ternary derivation ot/ (E)/ K, which is the statement in (ii). Finally,

TaTh — TpTa = TaTh — TbTa = Oa,b + Ta,b] = T(a,b]s

Ta(TpTe) — T (TaTe) — TelTa, To] = TaThTe — TrTaTe — TeTaTh + TeThTa
= [[taa ], Tc] = f[a,b,c]

establishes (iii). O

4, Main result

Given a Bol algebraV, [, ,]1.[,]), let F{V} be the free unital nonassociative algebra
on a basis oV and

Uuw)= F{V}/ideal(ab —ba —[a, b],a(bc) — b(ac) — cla,b] — [a, b, ],
(a,x,y)+ (x,a,y) | a,b,ceVandx,ye F{V}).

The natural embeddiny — F{V} induces a map:V — U (V). By construction
(U(V), ) verifies the universal property:

Given a unital algebrad and a linear map’:V — LNgi(A) € A a — a’ with
U(la,b,c])=a’ (') —b'(a'c") —[a’,b'] and/([a, b]) = [d’, '] then there exists a
homomorphisny : U(V) — A of unital algebras such thédt= ¢ o .

Theorem 9. The map:V — U(V) is injective.

Proof. By Theorem 8 and the universal property(6f(V), ), there exists an epimorphism

o:UV)—>U(E)/KL, (a)r 14.
Since the map — 1, is injective, then the same holds for O
By abuse of notation, we will identify with «(a), andV will be thought to be contained

in U (V). To establish the existence of a Poincaré—Birkhoff-Witt type basis, we need to fix
some more notation:

ag=1,a; =aj, (ai,(-- - (ai,_yai,)---)) € U(V) wherel = (i1, ..., i),
UWV)_1=0andU(V), ={a; | |I|<n)foralln >0,

gru(V)) =@, oU(V)a/U(V),—1 is the graded algebra associated with the filtra-
tion U(V) =2qU(V)n,

(b1, ....bpln =[b2(- - (bp—1by) -+ )] = b1(- - - (by—1by) -+ ) + U (V)1 with
bi,....,b,eV.
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Theorem 10. The element§a; | I = (i1, ..., in), i1 < --- < i, andn > 0} form a basis of
Uv).

Proof. The image oti; by the epimorphismp: U (V) — U(E)/ K coming from the uni-
versal property ig; . Since the later are linearly independent, the same holds for the former.
Consequently, it suffices to show that the set in the statement $p@ns The result will
follow once we had proved thét; + U(V)—1 | I = (i1,...,0,),i1 < -+ < iy andn > 0}
spans ofU (V)). Since[[Lg, Lpl, Lcl1 = Lia.b.c], then

[b1. ... bplu=[Lp, -~ Ly, (D],
=[b1,....bix1,bis ... bplu+ [Lpy - [L;, Loyay] -+ Lo, (1)]n
=[b1,...bi+1.bis ..o buly + Loy Ly, L,y - Ly, [Lp,. Ly ,1(D)],

:[blv"'vbi+lsbi1"'1bl’l]l’l?

wherel‘;7 means that the operatdy, is omitted. Thereforelbs, ..., b,], does not de-
pend on the order of the elements. If by inductionrowe assume thds, ..., b,l, x

[Cls ceey Cm]m = [blv RN bns cls ceey Cm]n+mv then
[D1, ..., bpyalnsales, .- cmlm
1

= ET[bl]l([bz’ L) bn+l]n)[cls R Cm]m
M1 1
= E[bl]l([bz o bugalalen, .o Cm]m) + E[bz coosbugalalbas e, oo el
2
(:> [bla sy bi’l-’rla C17 ey Cm]n—',—m—i—la

where(1) is a consequence ¢b1]1 € LNgi(gr(V)) (recall the product on g&/(V))) and
the definition of the symbolg],,, and(2) follows from the hypothesis of induction. Thus,
gr(U(V)) is associative and commutative. Since, in addition, it is generatediy |

b € V}, then the result follows. O

One important feature of the universal enveloping algebras of Lie algebras is that they
are Hopf algebras. The universal propertyaf) allows us to define otV (V) a structure
of bialgebra. A straightforward computation proves that the map

VoUWVIQUWV), ar—>Ala)=a®l+1®Qa
satisfies
(1) A(a) e LNan(U(V) @ U(V)),

(2) A(la,b]) =[A(a), AD)],
(3) A(la, b, c]) = A(a)(AD)A(c)) — Ab)(A(@)A(c)) — A(c)[A(a), AD)].
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Therefore, it induces a homomorphism of unital algebras
A:UWV)->UWNV)QU(V).
Under this map/ goes to
Prim(U((V), A)={x e U(V) | Ax) =x® 1+ 1®x},

the set of primitive elements. Similarly, the mép— F given bya — 0 provides a homo-
morphism of unital algebras, the counit,

e:U(V)—=F
which kills V.

Theorem 11. (U(V),-,1, A,¢) is a bialgebra and, over fields of characteristic zero,
Prim(U V), A)=V.

Proof. Use Friedrich’s criterion as in [3]. O

5. Right Bol algebras

In [4] a finite-dimensional vector spadé overR (the definitions also work over ar-
bitrary fields) with a trilinear operatiol; &, ¢) is called a Lie triple system if for all
&.ntvTteV,

(n:§,6) =0,
En o+ me§)+ &3 6,n=0,
(Evooin o)+ (& v, 0,0)+(En @ v. D) =(E 0,050, 1)

A right Bol algebrais defined as a Lie triple system with an additional bilinear skew-
symmetric operatio§ - n such that

(c-0xén)=@é&m-¢+r- & EM+H(E-mit. o)+ @) E-n.

From a right Bol algebrd we can obtain a left Bol algebri@®PP by consideringV with
the operations

[a,bl]=—a-b and [a,b,c]=—(c;a,b). (8)
We define thgyeneralized right alternative nuclea$ an algebrad as

RNa(A) ={a € A | (x,y,a)=—(x,a,y) Vx,y € A}.
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If A°PPdenotes the opposite algebrasfthen RNy(A) = LNgit(A°PP).

Given aright Bol algebraV, (; , ), - ), we define theniversal enveloping algebi@ (V)
of V asU (V) = U(V°PP)OPP, From the properties dff (VOPP) it is clear that there exists a
linear injective map

11V = RNa(U(V)), ar>a
such that
t(a-b)=ab—ba and L((a; b, c)) = (ab)c — (ac)b — [b, cla

and thatU (V) satisfies the corresponding universal property. Similar results to Theo-
rems 10 and 11 are easily obtained.
6. Connectionswith Malcev algebras

As mentioned in the Introduction, for any Malcev algelgnd, [, ]) over a field of
characteristicZ£ 2, 3 there exist a unital algebii@ (M) and a monomorphism of Malcev
algebras

t:M — Na(U(M)).

Malcev algebras are examples of Bol algebras. The binary préduic together with the
ternary product

1
[a.b.c1=[la.bl.c] = 3 (@.b.c).

where J(a, b, ¢) = [[a, b], c] + [[b, c], a] + [[c, a], b], make M a left Bol algebra [4].
Therefore, we may consider the universal doping algebra, that we will temporary de-
note byUpg (M) to avoid confusion, of this left Bol algebra.

Proposition 12. Under the above assumptiorigg (M) = U (M).

Proof. The proof is based on the universal propertyldf(M) and the existence of
Poincaré—Birkhoff-Witt type bases. On the one handy — U(M) maps M into
Nait(U (M)) € LNg(U (M)), andc([a, b]) = ab — ba. On the other hand,

a(be) — b(ac) — cla, bl = [[La, Lp], L] (D) & [Lia.b) — 2[La> Rp], L] (D)
=[la.b].c] - 2a. b, c) Z [la. b, ] - %J(a, b c)

= L([a, b, c]),
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where in (1) we have used thatL,, Ly] = Li4.») — 2[L4, Rp] holds for anya,b €
Nait(U (M)) [2], and (2) follows from the identity

[la,bl,c]+[[b,cl.a] + [lc.al. b]
=(a,b,c)—(a,c,b)+ (c,a,b)— (b,a,c)+ (b,c,a) — (c,b,a)

valid in any algebra [7]. Thus, by the universal propertylgf(M), there exists a ho-
momorphism of unital algebras: Ugp(M) — U (M) with ¢(a) = a for anya € M. This
homomorphism maps the Poincaré—Birkhoff-Witt basisUgf(M) onto the Poincaré—
Birkhoff-Witt basis ofU (M), so it is an isomorphism. O
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