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Abstract

In this paper, we study the problem of approximating a solution of a nonlinear equation where the operator
involved is nondifferentiable. Having the Newton method as origin we construct a uniparametric family of
iterative processes to approximate a solution of the equation. To finish we consider several test problems.
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1. Introduction

In this paper, we study the problem to approximate a solution of a nonlinear equation
H(x) =0, (1)

where H: Q2 C X — Y is a continuous but nondifferentiable operator defined on a convex nonempty
subset 2 of a Banach space X with values in a Banach space Y. Newton’s method [5,11] is the
most used iteration to solve (1), as a consequence of its computational efficiency, and is given by

X1 =%n — (H'(x)) 'H(x,), n>0, xp€Q given, )

but this method needs the existence of H’. For this reason Newton’s method cannot be applied.
In this situation, the well-known Secant method has been considered. An important feature of this
method is that it uses divided differences instead of the first derivative of the operator involved.
We shall use, as in [12], the known definition for divided differences of an operator. Let us denote
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by Z(X,Y) the space of bounded linear operators from X to Y. An operator [x,y; H]€ L (X,Y)
is called a first order divided difference for the operator H on the points x and y (x # y) if the
following equality holds:

[, y; H](x — y) = H(x) — H(y). (3)
Using this definition, the Secant method is described by the following algorithm:
Xup1 =%p — [ 1,Xes H] 7 H(x,), 120, x_,x0 € Q given. (4)

The order of convergence of this method is superlinear under certain conditions for the divided
differences (see [6,12]). This iteration has been also used to solve equations with nondifferentiable
operators (see [7,8]). Other types of approximations to the derivative of the operator has been also
considered and Newton-like methods are obtained

Xpt =Xn — (A(x,) T Hxy), n=0, x0€Q. (5)

The convergence analysis has been given by several authors [1,3,12—14].

In order to improve the last situations we have worked in two ways. Firstly, taking into account
the loss of convergence speed produced when (4) is used instead of (2), a uniparametric family of
iterative processes has been defined by

X_1,X0 G.Q,
Vo=/x,+ (1 —=x,—1, A€[0,1),
Xpil =X, — [y,,,x,,;H]_lH(x,,), n=0. (6)

Observe that (4) is obtained if A=0 in (6). This family allows us to improve the convergence speed
of Secant method and obtain interesting convergence results [9,10].
Secondly, we have considered the case in which the operator H is such that

H(x) = F(x) + G(x),

where F,G:Q C X — Y, are nonlinear operators, F is differentiable and G is continuous but
nondifferentiable [2,4]. So in [2], Catinas considers

A(xn):Fl(xn)+[xn—l,xn;G] (7)

and obtains superlinear convergence under certain conditions on the operators involved. This choice
(7) improves the convergence speed of method

Xpil =Xp — (F'(xn))_lH(xn), n=0, xo€Q

and of the Secant method (4).
In the present paper, we combine both arguments and then consider (5) with A(x,) = F'(x,) +
[V X0 G]; 1.e.

X_1,X0 EQ,
Va=/x,+ (1= x,—1, A€][0,1),
Xp41 = Xp — (Fl(xn) + [ynaxn; G])ilH(xn)a n=0. (8)



M. A. Hernandez, M.J. Rubio | Journal of Computational and Applied Mathematics 164—165 (2004) 409—417 411

Two are the advantages: the first, the differentiable part of the operator is considered in the optimal
situation, namely F’(x,); and the second, for the nondifferentiable part, the class of iterations (6) is
considered, which improves the results given by the Secant method. Then, a more suitable situation
for A(x,) is considered than the known ones until now. Moreover, notice that (8) generalizes the
last situations without increasing the operational cost since if =0 and A =0 are taken, iteration
(4) is obtained; if F =0 and A€[0,1) whatever, (6) is obtained; if 2 =0, the method considered
by Catinas and other authors is obtained; and if H is differentiable (G = 0), Newton’s method (2)
is obtained.

So, in this paper, a semilocal convergence result is given when mild conditions are required. This
generalizes the convergence results obtained by other authors for (4), (6) and (7). Finally, some
numerical test are presented where the use of method (8) is justified.

2. Convergence study

In this section, we are going to analyze the semilocal convergence of the uniparametric family
(8). For this, we consider x_j,xy € 2 and assume

(D fx—1 —xol =21,

(I1) there exists Ly ' = (F'(xo) + [10,%0; G]t)~", such that ||L; || < B,

(1) Ly 'H(xo)[| < n,

V) [[F'(x) = F' (D) < o1(Jlx = »|); x,y€Q, where w;: R, — R, is a continuous nondecreasing
function,

V) [|[Ix,u; G] = [, 0; G| < o2(|lx — s |lu — v]]); x, y,u,v€Q, where w,: R, x Ry — R, is a
continuous nondecreasing function in its two arguments,

(VI) there exist a continuous and nondecreasing function /4 : [0, 1]—R., such that w(¢z) <h(t)w(z),
with 7 €[0,1] and z € [0,00). We denote 7 = [ h(t)dt.

Note that condition (VI) does not involve any restriction, since / always exists, such that 4(¢)=1,
as a consequence of w; being a nondecreasing function. We can even consider A(¢) =sup, -, w(z)/
wi(z). We use it to sharpen the bounds that we obtain for particular expressions, as we will see
later.

It is interesting to note that usually it is considered Lipschitz-like conditions on the operators
involved. Particularly, in [2]. Catinas assumes that the Fréchet-derivative F’ is Lipschitz continuous.
We give a semilocal convergence result under rather general situation. Besides, we use a new proof
technique, that is, we fix the radius R of the domain of existence and we try to calculate it, so that,
the sequence {x,} is contained in the ball whose center is the starting point x, and radius R.

Theorem 2.1. We assume that F is once Fréchet differentiable and for every pair of distinct points
X,y € Q, there exists a first order divided difference [x, y; Gl € L(X,Y). Under conditions (1)—(VI),
we denote by m =max{f(wy((1 — Ao, )+ Tw1(n)), f(w((1 — ), n) + Tw(n))} and assume that
the equation

m
’ <1 T T B () +onr + (1 = i)%f’))) —n=0 ®)



412 M. A. Hernandez, M.J. RubiolJournal of Computational and Applied Mathematics 164—-165 (2004) 409—417

has at least one positive zero, let R be the smallest positive one. We denote by d = f(w(R) +
@ (R + (1 — 2o, R)), if B(xo,R) C Q and m+d < 1, then, the sequence {x,} given by (8) is well
defined, remain in B(xy,R) and converges to the unique solution x* of equation H(x)=0 in B(xo,R).

Proof. To simplify the notation, we denote F’(x,) + [Vn,Xn; G] = L,. Firstly, we prove, by math-
ematical induction, that the sequence given in (8) is well defined, namely iterative procedure (8)
makes sense if, at each step, the operator L, is invertible and the point x,.; lies in Q.

From the initial hypotheses, it follows that x; is well defined and it is easy to check that ||x; —
xo|| < n < R. Therefore, x; € B(xp,R) C Q.

Now, using (IV)—(VI) and as w; and w, are nondecreasing, we obtain

17— Lo " Lll < Lo 120 = Lill < Lo M NIF (o) = FGe)l| + [[[y0,x03 G = 1,15 G
< 1L HICeor (e = xol1) + @a([ly1 = yoll, e = xol))
< g HlCeor(lber = xoll) + a2l = xofl + (1 = Dllxo = x-1 ]l [ler = xo[1))
< Blwi(n) + w2(4n + (1 = D, n)) < f(o1(R) + o2(R+ (1 — e, R)) <1
and, by the Banach lemma, Lfl exists and

I < — P _r
1~ f(o1(R) + xR+ (1 —DwR) 1—d

As F is a differentiable operator, from the Taylor’s formula it follows that

Hm:HmHFhmM<m+/WV®—FWDM

X0

=F(xo) + F'(x0)(x1 — x0) + /OI(F,(XO +t(x1 —x0)) — F'(x0))(x1 — x0) dt.
On the other hand, using (3)
G(x1) = G(xo) — [x0,x15 G](xo — x1),
and, therefore
H(x1)=F(x1) + G(x1) = H(x0) + F'(x0)(x1 — xo) + [x0,x15 GI(x1 — x0)
+ /OI(F'(XO + (1 —x0)) — F'(x0))(x1 — x0) dt.
Then, from (8)

H(x1)=—[F'(x0) + [vo.x0; G11(x1 — x0) + F'(x0)(x1 — Xo) + [x0,x15 G1(x1 — x0)

1
ﬁ/@ﬁﬁ%mfm%Fﬁmm—mNt
0

!
= ([x0,x1; G] — [¥0,%0; G))(x1 — X0) + / (F'(xo + t(x1 — x0)) — F'(x0))(x1 — xo) dt,
0
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and
1
|H(x1)]| < <H[xo,x1; G] — [yo.x0; G)|| +/ |1F'(xo + t(x1 — x0)) — F'(x0)]] df) [lx1 — xo]|.
0
Now, by (IV)—(VI), we have

1
1G] < <w2<||xo ~ ol =)+ [ onClic —xo)||)df> 1 — .

1
< (wz(HxO = olls [ber = xoll) + @ (]| Gx: —XO)\)/0 h(t)dt> [l¥1r = xoll-

< (2((1 = Do) + T () |lxr — xo|
and consequently, iterate x, is well defined since H(x;) and Ll_1 are. Moreover,

bz — | < LTI Gl <

m
=g — ol =Mllx —xoll <n,

where M =m/(1 — d).
On the other hand, if we take into account that R is a solution of (9), then
02 = xol| < [Px2 — x| + [[x1 — xol| < (M + 1)|[x1 —xol| < (M + 1)y <R

and x; € B(xp, R).
Then, by induction on #, from the previous reasoning, it is easy to prove the following items for
n =2

(in) 3L, " = (F'(xs) + [yu>xn; G]) 7" such that [[L'] < /(1 —d),
(i) [Jxpr1 —xull S M|x, — x0—1]| < M"||x1 — x0|| < 7 and x,41 € B(xo, R).

Secondly, we prove that {x,} is a Cauchy sequence. For £k > 1 we obtain
Xk = Xnll S Xk = Xkt | + [ Xkt = Xnsp—all + -+ (X1 — x|
<IN M 1 —
1 —M*
1-M 1-M

Therefore, {x,} is a Cauchy sequence and converges to x* € B(xo, R).
Finally, we see that x* is a zero of H. Since

[1H ()] < (02(1 = Dn,n) + Ton(m)lx, — xp—1|
and ||x, —x,—1|| — 0 as n — oo, we obtain H(x*)=0.
To show uniqueness, we assume that there exists a second solution y* € B(xo,R) and consider the
operator P = fol F'(x* + t(y* —x*))dt + [y*,x*; G]. Since P(y* —x*)=H(y*) — H(x*), if operator
P is invertible then x* = y*. Indeed,

ILg"P =11 < [ILg I 1P — Lol

N

[ense1 = xall < M"lx1 = xo-

1
<L | {/ [F' (" +1(y" —x™)) = F'(xo)|| dz + || [»",x™; G] — [vo, x0; G]|
0
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1
<p /0 o ([|(1 = )" = xo) +1(y" = xo0)|) dz + (]| y" = yol[. [Ix" —XOI)]

1
/ 1((1=2)|]x™ —xo|| 4 #[| y* —x0 || )dt 4 oo (|| y* —x0]| + [|x0 — yol], [|x* —on)]
0

N
=

1
<p /0 (R df + 0n(R + (1 — ), R)

=B(01(R) + w2(R+ (1 — Ao, R)) < 1

and the operator P~! exists. [

Remark. As we said before, in the introduction, this result is true for differentiable operators. So,
if H is differentiable (H = F'), we consider A(x,) = F'(x,) and we obtain a semilocal convergence
result for the Newton method.

On the other hand, if H does not have differentiable part (H = G), taking A(x,) = [y, x,; G|, we

obtain a semilocal convergence result for the family (6).

3. Applications

In this section, we present two types of applications. The first one is theoretical, where it is
proved the semilocal convergence when the operator F’ is not Lipschitz continuous. The second one
is practical, to show how the convergence speed for (8) varies according to A and we compare the
methods presented in the paper with the method (7).

3.1. Example 1

Now we apply the semilocal convergence result given above to the following nonlinear system:

ﬁﬂ—y—é+gu—u=a

S L R 1 (19)

We therefore have an operator H:R?> — R2 such that F = (F 1,F2) and G = (Gy,Gy). For x =

(X],XQ)E R? we take F]()C],Xz) :xfﬁ — Xy — Fz(xl,)Q) —)C2 + g X1 — %, G]()C],Xg) = é \xl — 1’,
Ga(x1,x2) = % [xa .

Let x = (x1,x;) € R? then our norm will be ||x|| = ||x||oco = max; <; <3 |x;|. The corresponding norm

on A€ R? x R? is

PM—gyg}jwﬂ

For u,v € R?, we shall take [u, v; G] € Z(R? R?) as
G N Gi 5 G 5 Gi 5
[, 0: G],, = i(u1,02) — Gi(ny Uz)’ [, 0: G]., = i(u1,u2) — Gi(uy Uz),

uy — v Uy — Uy

i=12. (11)
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Then,
312
35 1
F/(x) — ( 2% ) ,
2 3 12
9 2%
1w — 1] = oy — 1]/uy — vy 0
[u,v;G] = = |
’ 0 ] = Jualfia — 02
It follows
) , )
1)~ F()| = Idiag {3 63 — 3/}
= 3012 12 3 2
= 112?22 |5 (x; yi <3 12?22 | x; 12|
12
<3 i — Vi — 3y — |12
o {ma = ytl} sl =
and

I[x, y; G1 — [u,v; G]|| < 2.
Therefore, we consider the functions

wi(z)=32"% wysi,) =2, h(t)y=1"
Now, we apply iteration (8) for A=0 to approximate the solution of H(x)=0. We choose z_;=(5,5)
and zo = (1,0). After three iterations we obtain

z; =(1.06157,0.329438) and z3 =(1.00309,0.253723).

Then we take x_; =z, and xy = z3. With the notation of Theorem 2.1 we can easily obtain the
following results:

o=0.0757149, [ =1.15189, n=0.00371354, T = %, m = 0.380907, R =0.0117634,
d=0443373, m+d <.

Therefore, the hypotheses of Theorem 2.1 are fulfilled, what ensures that a unique solution x* of
equation H(x) =0 exists in B(xy,R). We obtain the vector x* = (1,0.25) as the solution of system
(10).

Note that, the convergence conditions that have been required in [2] is not satisfied in this example.
Therefore the result given in [2] cannot be applied.

3.2. Example 2

We will complete this work with an example that shows how the convergence speed for (8) varies
along with 4. Consider the system,
3y + =1+ x—1P2 =0,

*xy — 14y =0. (12)
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Table 1
Method (7) with x_,

=(5,5) and xo = (1,0)

(1)

n X X [|x* — x|

1 0.7029611634677623 0.5313592243548252 23538 107!
2 1.2870582391737477 0.0509764025163120 3.48717 - 107!
3 1.0688539033796350 0.0183797527165918 1.47537 - 10!
4 0.9727120859005791 0.3132618441588043 34371 1072
5 0.9397905155513006 0.3343285084854082 3.08399 - 1073
6 0.9383204784322101 0.3312908801696560 463665 - 107>
7 0.9383410858073490 0.3312444807518935 405776 - 10~*
8 0.9383410452295753 0.3312445136372174 2.96929-107 "1
9 0.9383410452297656 0.3312445136375143 107"

Table 2

Method (8) with A =0.5 and x_; = (5,5), xo = (1,0)

n K X2 [lx* — x|

1 0.8380633103097624 0.4096710209352457 1.00278 - 10!
2 0.9671504284898262 0.3088816498691156 2.88094 - 1072
3 0.9401498155763583 0.3293393381113563 1.90518 - 1073
4 0.9383494363047030 0.3312501668841831 839107 -107°
5 0.9383410426310081 0.3312445184176730 478016 - 1077
6 0.9383410452297709 0.3312445136375069 7.38298 - 10717
7 0.9383410452297656 0.3312445136375143 107"

Table 3

Method (8) for 2 =0.99 and x_; = (5,5), xo = (1,0)

n x5 xi) [lx™ = xall

1 0.9812963959707791 0.3345802402686147 429554 - 1072
2 0.9408773086450006 0.3318555241033399 2.53626- 1073
3 0.9383501073096226 0.3312485113552779 9.06208 - 10~°
4 0.9383410453055872 0.3312445138367638 1.9925. 10710
5 0.9383410452297656 0.3312445136375143 107"

We will consider H : R? — R?, F=(F,F;), G=(G1,Gy). For x=(x1,x3) € R? we take Fi(x1,x)=

3% + x5 — 1, Fa(xi,x0) = x7 +x103 — 1, Gi(x1,x20) = |x1 — 1172, Ga(x1,x2) = 2|2

For u,v € R?, we shall take [u,v; G] € Z(R? R?) as (11) and we consider the max-norm.
Now, we apply several methods to solve (12). See Table 1 for method (7) with x_; =(5,5) and
xo =(1,0). Note that the approximated solution used is

x*=(0.9383410452297656,0.3312445136375143).
For method (8) with 4 =0.5, x_; = (5,5) and xy = (1,0), see Table 2 and for method (8) with

A=0.99, x_1 =(5,5) and xy = (1,0), see Table 3.
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The numerical results indicate that method (7) is not optimal for approximating the solution x*
of H(x)=0. Moreover, iteration (8) converges faster to x* for increasing values of the parameter A.

References

[14]

LK. Argyros, A convergence theorem for Newton-like methods under generalized Chen—Yamamoto-type assumptions,
Appl. Math. Comput. 61 (1994) 25-37.

E. Catinas, On some iterative methods for solving nonlinear equations, Rev D’Analy. Numér. Theorie L’ Approx. 23
(1994) 47-53.

J.E. Dennis, Toward a unified convergence theory for Newton-like methods, in: L.B. Rall (Ed.), Nonlinear Functional
Analysis and Application, Academic Press, New York, 1971, pp. 425-472.

M. Heinkenschloss, C.T. Kelley, H.T. Tran, Fast algorithms for nonsmooth compact point problems, SIAM J. Numer.
Anal. 29 (1992) 1769-1792.

M.A. Hernandez, The Newton method for operators with Holder continuous first derivative, J. Optim. Theory Appl.
109 (2001) 631-648.

M.A. Hernandez, M.J. Rubio, A new type of recurrence relations for the Secant method, Internat. J. Comput. Math.
72 (1999) 477-490.

M.A. Hernandez, M.J. Rubio, Semilocal convergence of the Secant method under mild convergence conditions of
differentiability, Comput. Math. Appl. 44 (2002) 277-285.

M.A. Hernandez, M.J. Rubio, The secant method for nondifferentiable operators, Appl. Math. Lett. 4 (2002)
395-399.

M.A. Hernandez, M.J. Rubio, A uniparametric family of iterative processes for solving nondifferentiable equations,
J. Math. Anal. Appl. 275 (2002) 821-834.

M.A. Hernandez, M.J. Rubio, J.A. Ezquerro, Secant-like methods for solving nonlinear integral equations of the
Hammerstein type, J. Comput. Appl. Math. 115 (2000) 245-515.

L.V. Kantorovich, G.P. Akilov, Functional Analysis, Pergamon Press, Oxford, 1982.

F.A. Potra, V. Ptak, Nondiscrete Induction and Iterative Processes, Pitman Publishers, New York, 1984.

W.C. Rheinboldt, A unified convergence theory for a class of iterative process, SIAM J. Numer. Anal. 5 (1968)
42-63.

T. Yamamoto, A note on a posteriori error bound of Zabrejko and Nguen for Zicenko’s iteration, Numer. Funct.
Anal. Optim. 9 (1987) 987-994.



	A modification of Newton's method for nondifferentiable equations
	Introduction
	Convergence study
	Applications
	Example 1
	Example 2

	References


