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Abstract.

We present a new approach to study the convergence of Newton’s method in Banach
spaces, which relax the conditions appearing in the usual studies. The approach is based
on the bound required for the second derivative of the operator involved. An application
to a nonlinear integral equation is presented.
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1 Introduction.

Consider a nonlinear operator equation of the form
(1.1) F(z) =0,

where F': Q C X — Y is a nonlinear twice Fréchet differentiable operator defined
on an open convex domain 2 of a Banach space X with values in a Banach space
Y. Under certain conditions, Newton’s method

(1.2) Tpy1 = Tp — F'(z,) ' F(2,), n>0, given xo,

produces a sequence {z,} which converges to a solution z* of (1.1). In (1.2),
F'(z,,) denotes the first Fréchet derivative of the nonlinear operator F at the
point x,,. The first convergence theorem for Newton’s method in Banach spaces is
due to Kantorovich [3]. The Kantorovich theorem gives sufficient conditions under
which (1.1) has a unique solution x* in a certain neighborhood of zy. The main
condition required is

(1.3) |F"(z)|| < K in some closed ball B(zq, p).

Other approaches in studying the convergence of Newton’s method were consid-
ered by different authors. For example, in [5], Ortega changes condition (1.3) to
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(1.4) 1F'(z) = F'(yll < Kllz —yll, =yeQ.

Others [1, 2, 4, 6] consider a generalization of the last conditions, which is given
by
(1.5) [1F'(z) = F'(y)| < K|z —y[P, 2y€Q, pel0,1].

In practice, the verification of these types of conditions are difficult for some prob-
lems, since several technical difficulties are encountered.

In this paper, we use different conditions to the previous ones to study the
convergence of Newton’s method to a solution of (1.1). We relax these usual con-
ditions to facilitate the convergence of Newton’s method. So, the main condition
required is

[1F" (@)l < w(llzl), =,y€Q,

where w : Ry U {0} — R4 U {0} is a continuous real function such that w(0) > 0
and w is monotonous, i.e. non-decreasing or non-increasing. When this condition
is satisfied, we say that F” is w-conditioned.

From this study, we obtain domains of existence and uniqueness of solution for
(1.1) and an application to a nonlinear integral equation is provided, where the
advantage of this study is shown.

Throughout the paper we denote

Blz,r) ={ye X;lly -z <r} and B(z,r)={yc X;lly -z <r}

2 The main results.

Under certain conditions for the pair (F,x(), we study the convergence of the
Newton method to a unique solution of equation (1.1). From some real parame-
ters, a system of four recurrence relations is constructed in which one sequence of
positive real numbers are involved. The convergence of Newton’s sequence (1.2)
is then guaranteed from it.

2.1 Semilocal convergence result.

Let 2o € Q and suppose that F’(z¢)~! € L(Y, X) exists at some zg € ), where
L(Y, X) is the set of bounded linear operators from Y into X. We also assume
the following:

(C1) [IToll < B,
(C2) |1 — wol| = Lo F (wo)l| < m,

(Cs3) ||F'"(z)]] <w(|z]),z,y € Q, where w : Ry U{0} — R4 U{0} is a continuous
real function such that w(0) > 0 and w is monotonous, i. e. non-decreasing
or non-increasing,

(C4) The equation

(2.1) 38n0(t)t — 26n%p(t) — 2t +2n =0
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has at least one positive root, where

(1) = w(|lxol| +¢) if w is non-decreasing,
| w(lzoll —t) if w is non-increasing.

We denote the smallest positive root of this equation by R. Note that the R
root must be less than [|z]| if w is non-increasing.

(05) B(.’IJ07R) c Q.

We now denote ag = Snp(R) and define the following scalar sequence:

042
(2.2) o = g—lf(an,l)% n>1,
where
(2.3) fla)=(1—z)"

Observe that we consider the case ag > 0, since if ap = 0, a trivial problem
results, as the solution of equation (1.1) is zg.

Our first goal is to analyse real sequence (2.2) to obtain the convergence of
sequence (1.2) defined in Banach spaces. To obtain the convergence of (1.2), we
have to prove that it is a Cauchy sequence.

First of all, some properties of the sequence {a;,} are shown.

LEMMA 2.1. Let f be the scalar function defined in (2.3).

(a) If ap < 1/2, the sequence {ay,} is strictly decreasing and «,, < 1/2, for all
n > 0.

(b) If ag =1/2, then oy, = a9 = 1/2, for alln > 1.

PROOF. We first consider the case g < 1/2. Item (a) is proved by mathematical
induction on n. As ap < 1/2, from (2.2), @1 < ag. Next, we suppose that
a; < a1, foralli=1,2,...,n. Thus

2 2
n

fe% o
Qn41 = Tf(an)Q < 5 .

f(anfl)2 = Qlp,

since the function f, given by (2.3), is increasing in [0,1). Consequently, the
sequence {a,,} is strictly decreasing, and then (a) holds.
Secondly, if ag = 1/2, (b) follows immediately. O
Next, we give two technical lemmas.

LEMMA 2.2. Let us consider (C1)—(Cs) and (2.3). Then

"\ rap i 1- (ﬂf(ao))"+1 21— o)
; <7f(a°)> = —Q%f(ao) S Yo
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LEMMA 2.3. Under the conditions of the previous lemma, we have:

(a) There exists T,y and ||Ty] < f(@n—1)||Tn=1l|, n > 1,

Q1

() Nlzns1 —znll < flan-1) |z — znall, n > 1,

(©) e(BR)ITnllllzntr = znll < an, n 21,

(@) s —aoll < [1+3 H(%f(aj)) n<R,n>1.

i=0 \j=0

PROOF. Note that ||z1 — zo|| <1 < R, then 21 € B(zg, R). Now, as Iy exists,
by the Banach lemma, we have that I'; is defined and

Lol < f(ao)||Toll,

T <
H 1” =1 HI—F()F/(Q:I)H B

since xg + t(x1 — x¢) € B(zo, R), for ¢t € [0, 1], and
1
11 =ToF" (z1)|| < [[Tollll21 —960\\/ [E" (20 +t(21 — 20))[| dt < Bnp(R) = ap < 1.
0
From Taylor’s formula and (1.2), it follows that
1
Fla)) = / F" (20 + t(ar — 20))(1 — t)(@1 — w0)? dt,
0
and consequently,

[E ()]l

IN

</01 | E” (x0 + t(z1 — 0))||(1 — 1) dt) 21 — 202

< W0y — g2 < Dp(B) s — ol

AN

since x1, o + t(x1 — x0) € B(xo, R). Thus
o
lz2 — a1 || < T2l F ()l < =7 fleo)llzy — o,
g 2
PR Calllzz — a1l < 57 fla0)” = au,
and, by Lemma 2.2,
a
oz = @oll < a2 = 21] + a1 — 2ol < (1+ G F(a0)) 0 < .
As a result, z2 € B(zg, R) and (b), (c) and (d) hold.

If we now suppose that (a)—(d) are true for some n = 1,2,...,4, we see that
(a)—(d) also hold for n =i+ 1.
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Observe that
1T = TiF (i)l < o(R)Tillllzisr — @] < a; < 1/2.
Then, by the Banach lemma, I';;; is defined and
IPigall < f () [ T3]l

Taking now into account Taylor’s formula and (1.2), we have

|F (i)l = \ / et s — 20)(1— O — xn?dtH

p(R)
2

(2.4)

IN

|@ig1 — zi]|%,

since x; + t(x;41 — x;) € B(xg, R). Therefore

Q5

5 flag)l|zipr — ],

Zite — Ziva || < | Tipal[|1F (@ig1)]l <

2
(673 o
PR)Tisallllwiva—wiv1ll < o(R)f(i)||T ||7f(04i)Hxi+l_xiH < 7]”(0%)2 = Qit1

and

@it — mol| < [|@ive — Tigal| + [|[Tit1 — @0
‘ i

i—1
< S f(on) i — il + [1 + ;0 (k]:[o (57 ) )]xl — o
< 1_1 (%f@) Jor = a0l + |1 +¥ ( 1_1 (% £(@0) s =l
< [ 3 (T (%) Vo< [1+ 3 (2rten) o< &
j=1 k=0 j=1

by Lemma 2.2. Consequently, x; 12 € B(xo, R). This completes the induction. O

We are now ready to prove a semilocal convergence theorem for Newton’s method
when it is applied to operators that satisfy conditions (C1)—(Cs).

THEOREM 2.4. Let X and Y be two Banach spaces and F': Q@ C X — Y a
twice Fréchet differentiable operator in an open conver domain 2. We suppose
that To = F'(z0) ™" € L(Y, X) exists for some x¢ € Q and conditions (C1)—(Cs)
hold. If ag = Bne(R) € (0,1/2) and B(xg, R) C Q, then sequence (1.2), starting
from xq, converges to a solution x* of equation (1.1).

PRrROOF. From Lemma 2.3 it follows that (1.2) is a Cauchy sequence. Indeed, for

m>1and n > 1, we have

|Zntm = Zoll < [|Znem — Tngm—t1|l + | Tnam—1 — Tnpm—2ll + - + [|[Tnr1 — 20|
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n+m—2 % _ (

= Z H %f(o‘j) |21 — 2ol < (%f(ao)yl

i=n—1 \j=0

51(00)"
- P flao)
since {a, } is decreasing and «p < 1/2.

As {x,} is a Cauchy sequence, we have that lim,, z,, = z* and, by letting n — co
n (2.4), we obtain F(z*) =0, by the continuity of F' in B(xo, R). O

REMARK 2.1. If ap = 1/2, Newton’s sequence is also convergent.
REMARK 2.2. Observe that if R < 27, then ap < 1/2.

2.2 Uniqueness of the solution.

Now we provide a result about the uniqueness of the solution z* of (1.1).

THEOREM 2.5. Let us suppose that conditions (C1)—(Cs) hold. Then, the
solution x* of equation (1.1) is unique in Qo = B(zo, )N, where r is the smallest
positive root of

(2.5) 5// S(R+t(r — R)))ds (R +t(r — R)dt = 1.

PROOF. To prove the uniqueness of solution x*, we assume that z* is another
solution of (1.1) in Qo = B(zg,r) N Q. Then, from the approximation

0=Ty[F(z*) — F(z")] = [/ ToF'(z* + t(z* — x*)) dt] (z* —a*) = P(z* — %),

0

we have to prove that operator P = fol ToF’(xz* 4+ t(z* — x*)) dt is invertible; then
z* = 2*. By the Banach lemma, we only have to note that ||I — P|| < 1. Indeed,

1

| i F'(z* +t(z* —2%)) — F’(xo)dtH

< 5”/0 /0 F' (20 + s((1 — £)(z" — 20) + (2" — 20))) ds
x((1=t)(z* —x0) + t(z" — xp)) dtH
< ﬂ/ / 1F” (o0 + s((1 — £)(z* — 20) + H(=" — 20))|| ds (R + £(r — R)) dt

(2.6) <g// (s(R+ t(r — R)))ds (R + t(r — R))dt = 1.

The proof is then complete. O

From (2.6), it is easy to see that the uniqueness of the solution is guaranteed in
B(zo, R) if [, p(sR)ds < 1/(Rp).
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3 Application to a nonlinear integral equation of Hammerstein type.

An interesting possibility arising from the study of the convergence of iterative
methods for solving equations is to obtain results of existence and uniqueness of
solutions for different types of equations. In this section, we provide some results
of this type for a nonlinear Hammerstein integral equation of the second kind:

b
z(s) = £(s) —|—/ G(s,t)®(t,z(t))dt, s€ [a,b],

for € Cl[a,b], where G(s,t) is the kernel of a linear integral operator in Cfa, b]
and ®(¢,u) is a continuous function for ¢ € [a,b] and —oo < u < 400.
In this study, we consider

(3.1)  xz(s)=4L(s)+ /b G(s,)[z(t)'T? + Xx(t)?]dt, pe€[0,1], NER,

where ¢ is a continuous function such that £(s) > 0, s € [a, b], and the kernel G is
continuous and non-negative in [a, b] X [a, b].
Note that if G(s,t) is the Green function

(b—3s)(t—a)

, t<s,
(3.2) Gls,t) = b
’ (s —a)(b—1)
S s<Hd,
b—a

equation (3.1) is equivalent to the following boundary value problem:

;L‘H — _$1+p _ )\.%27
{ z(a) = v(a), z(b) = v(b).

Observe that solving equation (3.1) is equivalent to solving (1.1), where

(3.3) F:QC(Cla,b] — Cla,b], Q={xe€Cla,b]; z(s) >0, sE€]a,b]},
b
(3.4) [F(2)](s) = x(s)—ﬁ(s)—/ G(s,)[x() ' TP+ rz(t)?]dt, pe[0,1], NER.

3.1 Ezistence and uniqueness of the solution of (3.1).

The interest of this type of integral equations is that, given (3.4), the first
Fréchet-derivative of this operator is neither Lipschitz continuous nor (K, p)-Holder
continuous and the usual studies for Newton’s method are not applicable.

We apply the study of the last section to obtain different results on the existence
and uniqueness of solutions of equation (3.1).

We start calculating the parameters 5 and 7 that appears in the study. Firstly,
we have

b
[F'(@)yl(s) = y(s) —/ G5, O)[(1+p)x(t)” + 22 (t)]y(t) dt.
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Moreover, for fixed zo(s), we have

11 = F'(zo)ll < M ((1 +p)llagll + 2[Al[lzoll) ,

b
where the max-norm is considered and M = r[nalf](/ |G(s,t)|dt. By the Banach
lemma, if M ((1+ p)||z5]| + 2|\|||zol]) < 1, we obtain

1
M ((1+ p)llagll + 2[Alllzoll)*

ITol < 7=

From the definition of the operator F', we have
1
1F (o)l < llzo — Il + M([Jzg ™ || + [Alll3]1),
and therefore

lzo — €] + M (|25 7| + [M|=3])

IToF (o) < -
1= M((1+p)ll=gll + 2[Al[[zol)

On the other hand,

b

[F" () (y2)](s) = —/ G(s,)[(1 + p)p(t)P ™" +2X]2(t)y(t) dt,
and consequently, ||F"(x)|| < w(||z|]), € Q, where
(3.5) w(z) =M ((1+p)pz""" +2[A]).

Observe that the function w given by (3.5) is non-decreasing, and therefore
p(t) = w((lzoll —1).

Once parameters (3 and 7 are calculated and function w is known, we can already
establish the following result on the existence of the solution for equation (3.1) from
Theorem 2.4.

THEOREM 3.1. Let F be the operator defined in (3.3) and (3.4) and zo € Q a
point such that M ((1+ p)|lzb|| + 2|A\|||zol]) < 1. If ap = BRe(R) < 1/2, where
o(t) = w(|jzol| —t) and w is given by (3.5), R < ||zol|, p € [0,1] and B(zo, R) C 9,
where R is the smallest positive oot of equation (2.1), then a solution of (3.1)
exists at least in B(xg, R).

Observe that Newton’s sequence is also convergent if ag = 1/2, see Remark 2.1.

Note also that the bound given for F(zg) can be improved when kernel G and
function ¢ are fixed.

REMARK 3.1. According to Theorem 2.5, the solution of (3.1) is unique in
Qo = B(xp,r) NS, where r is the smallest positive root of

Mﬁ/O /O [(1 +p)p (lzo]| — s(R+ t(r — R)))" ™" + 2|)\|} ds(R+t(r—R))dt =1.
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3.2 Localization of the solution for a particular case of (3.1).

We study the following particular case of equation (3.1):
(3.6) —1+/Gst )32 + xz(t)?]dt, X eR,

where G(s,t) is the Green function (3.2). Our immediate goal is to obtain a result,
depending on the parameter A, for the existence and uniqueness of the solution
of equation (3.6). Next, (3.6) is discretized and (1.2) is applied to obtain an
approximate solution.

If we run the operations undertaken for (3.1) with £(s) = 1, G(s,t) the Green
function (3.2), p = 1/2 and [a, b] = [0, 1], we obtain the existence of 'y = F’(z¢) !,
which is guaranteed by the Banach lemma, since

1/2
1 — (o)) (H /H+meo)y,
and ||I — F'(zo)] < 1if
16 — 3”&01/2”
(3.7) A < .
4|zol|
Moreover 16
[Toll <

16 — 3|2y || — 4|A/l|ol|

We also have
1FGo)l < o — 111+ 5 (1232 + A3

and .
7@l < 5 (Jlel2+2) 2o
As a result, taking into account that
16 8o — 1|+ [l + IA|#3]]
12 ’ n=2 12
" 16— 3]J?|[ - 4o 16 — 3[[az""|| = 4 M|

and
Al 3

W) =T T g
the following corollary is obtained.

COROLLARY 3.2. With the previous notation, let F' : @ C C[0,1] — C]0,1],
where

p(t) = w((lzoll — 1),

Q={zeCl0,1]; z(s) >0, s € [0,1]},
such that

[F(@)](s) = a( —1</Gst D32 4 \a(t)?] dt.
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If xo € Q, X satisfies (3.7), ap = BRp(R) < 1/2, R < ||xo|| and B(zo,R) C Q,
where R is the smallest positive oot of equation (2.1), then a solution of (3.6)
exists at least in B(xo, R).

REMARK 3.2. Following Remark 3.1, the solution of (3.6) is unique in B (zg,r)N
Q, where r is the smallest positive root of

é 1 1§ zoll — s " —1/2 < . _
8/0/0[4< = s(R 4t — R Y2 + 20| ds (R 4+ tr — B))dt = 1.

If we now choose zo(s) = 1, the previous result is then satisfied for all A such
that |\ < 13/4 and ap < 1/2.

In particular, if we take A = 1/2 the last inequalities are verified. For this A, we
have

1 3
=16/11 =3/11 d t)=w(l—1t)==-4+ —F——7.
B=16/11, m=3/11 and p(1) =w(l—0) = g+ g

Therefore equation (2.1) is now

6 254t ot +@+ 9¢2
121 121v1—-t 11 22y1—1¢

and R = 0.2886.... Observe that ||zo|| = 1 > R = 0.2886.... Consequently,
ap = fRp(R) = 0.0991 ... < 1/2, and the assumptions of Corollary 3.2 hold. Then
(3.6) with A = 1/2 has a unique solution z* in {u € C[0,1]; |ju — 1| < 0.2886...}
(see Figure 3.1).

=0

o+ R =1.2886...

0.6t $0—R:O7114

Figure 3.1: Approximate solution of equation (3.6).
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Table 3.1: Nodes and weights for the Gauss—Legendre formula.

7 t; w; 7 t; wj

1 | 0.019855 | 0.050614 || 5 | 0.591717 | 0.181342
2 |1 0.101667 | 0.111191 || 6 | 0.762766 | 0.156853
3| 0.237234 | 0.156853 || 7 | 0.898333 | 0.111191
4 | 0.408283 | 0.181342 || 8 | 0.980145 | 0.050614

3.3  An arithmetic model for (3.6).

929

Finally, we discretize (3.6) to transform it into a finite dimensional problem and
we apply (1.2) to obtain an approximated solution. This procedure consists of
approximating the integral appearing in (3.6) by a numerical quadrature formula.
To obtain a numerical solution, we use the Gauss—Legendre formula to approximate

1 m
/0 v(t) dt ~ Zwiv(ti),

where the nodes ¢; and the weights w; are determined; in particular, see Table 3.1

an integral

for m = 8.

If we denote the approximation of x(t;) by z; (j = 1,2,...,m), (3.6) is now

equivalent to the following nonlinear system of equations:

(3.8) acjzl—i-Zozjk (xi/2+xi/2>, j=1,2,...,m,
k=1

where ( Vit
o wrtr(l —1t;) if k< g,

(3.9) ik = { wit; (1 —ty) if k< j.

System (3.8) can be written in the form

ac:1—|—A<:Jc3/2—|—962/2>7 F(x)Ex—l—A<x3/2+x2/2> =0,

where

= (x1,T2,...,2m)",

% 42?2 = (xi’/Q +23/2,x
Moreover,

1
F'(w) =1 - A diag {3x}/2 ¥ 221, 32Y2 4 20s, ..., 3212 1 me} .

1=(1,1,...., )7,

3/2

A= (ajk’)??kzlv

+22/2,. 232 a2 /)T

Starting at (9, the iterations of Newton’s method are calculated as follows:
1. solve: F'(z"))y®) = —F(z®);
2. deﬁne: Z’(k—‘rl) = y(k) —+ x(k)
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Table 3.2: Numerical solution of (3.6).

1] 1.01960 || 5 | 1.25935
21 1.09396 || 6 | 1.19091
3] 1.19091 || 7 | 1.09396
41 1.25935 || 8 | 1.01960

For m = 8 and taking into account that we have previously considered the
starting function xo(s) = 1, we now choose the vector z(®) = (1,1,...,1)” as the
initial iterate. We then obtain the numerical solution appearing in Table 3.2.

‘We now interpolate the points of Table 3.2. Taking into account that the solution
of (3.6) satisfies 2(0) = 1 = z(1), an approximation z! of the numerical solution
is obtained; see Figure 3.1. Notice that the interpolated approximation z! lies
within the existence domain of the solutions obtained in Corollary 3.2.
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