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1. Introduction
In this study we are concerned with the problem of approximating a locally unique solution x* of
the nonlinear equation

F(x) =0, (1.1)
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where, F is a Fréchet-differentiable operator defined on a convex subset £ of a Banach space X with
values in a Banach space Y. Many problems in Applied Sciences reduce to solving an equation in the
form (1.1). These solutions can be rarely found in closed form. That is why the most solution methods
for these equations are iterative. The convergence analysis of iterative methods is usually divided into
two categories: semilocal and local convergence analysis. In the semilocal convergence analysis one
derives convergence criteria from the information around an initial point whereas in the local analysis
one finds estimates of the radii of convergence balls from the information around a solution.
The Newton method defined by

Xnp1 = Xn — F' (%) "'F(x,), foreachn=0,1,2,..., (1.2)

where X is an initial point, is undoubtedly the most popular iterative method for generating a
sequence approximating x*. The Newton method is quadratically convergent if X is chosen sufficiently
close to the solution x*. There is a plethora of local as well as semilocal convergence results for the
Newton method. We refer the reader to [1-26] (and the references there in) for the history and recent
results on the Newton method. In order to increase the convergence order higher convergence order
iterative methods have also been used [1,3,5-7,9,11,14-18,21,22,26,27]. The convergence domain
usually gets smaller as the order of convergence of the method increases. That is why it is important
to enlarge the convergence domain as much as possible using the same conditions and constants
as before. This is our main motivation for this paper. In particular, we revisit the two-step Newton
methods defined foreachn =0, 1, 2, ... by

Yn =Xn — F,(Xn)ilF(Xn)»
1.3
Xni1 = Yn — F'n) " 'F(yn) (1.3)
and
Yn = Xn — F/(Xn)ilF(xn)»
Xni1 = Yn — F'(x0) "F(vn). (1.4)

Two-step Newton methods (1.3) and (1.4) are of convergence order four and three, respectively
[1,3,6,7,15,18]. It is well known that if the Lipschitz condition

IF (xo) " '(F'(x) — F )| <L|x—y| foreachxandy e D (1.5)
as well as
IF'(x0) "'F(xo) | < v (1.6)

holds for some L > 0 and v > 0, then the sufficient semilocal convergence condition for both the
Newton method (1.2) and the two-step Newton method (1.3) is given by the famous, for its simplicity
and clarity, Newton-Kantorovich hypothesis [19]:

. (1.7)

N =

h=1Lv <

Hypothesis (1.7) is only sufficient for the convergence of the Newton method. That is why we
challenged it in a series of papers [ 1-8] by introducing the center-Lipschitz condition

IF'(x0) ™" (F'(x) — F'(Xo))Il < Lollx — Xo|| foreachx € D. (1.8)
Notice that
Lh=<L (1.9)

holds in general and é can be arbitrarily large [2,3,6,8]. Our sufficient convergence conditions are
given by

hl = L]V

IA

(1.10)

h2 =L2U (111)

IA
N = N =
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and
1
hs =L3v < 5, (1.12)
where
L L
L= ot ,
1 2
=g (L ALy + 17 + 8L0L) (113)
and
1
L= <4L0 + VLl +I2+ 8L0L) .
Moreover, notice that
h<1:>h<l:>h<1=>h<1 (1.14)
=9 1= 2 2 = 2 3 = 2 .

but not necessarily vice versa unless if L = L and

hy 1 h; 1 h; 1 hs
— , - = - — = -, — — 0,
h 4 hy 2

N
h 2
h—3—>0 and h—3—>0 asL—0—>O.
hy h; L

Hence, the convergence domain for the Newton method (1.2) has been extended under the same
computational cost, since in practice the computation of L requires the computation of Ly. Moreover,
the error estimates on the distances ||x,+1 — x,|| and ||x, — x*|| are more precise and the information
on the location of the solution at least as precise.

In the case of the two-step Newton method (1.4) the sufficient convergence condition using only
(1.5) is given by [6,15,18]

)

(1.15)

1
hy =Ly < 5, (1.16)
where
44 /21
Ly = atver, (1.17)

In the present paper using (1.5) and (1.8) we show that (1.12) can be used as the sufficient
convergence condition for the two-step Newton method (1.3). Moreover, we show that the sufficient
convergence condition for (1.4) is given by

1

hs = Lsv < > (1.18)

where
1
Ls = 1 <3Lo + L+ \/(3Lo + L)2 + L(4Ly + L)) . (1.19)
Notice that

he< X o <2 (120)

4=5 555 .
but not necessarily vice versa unless if Ly = L and

h 1 2 L

i_>+7‘[<1 as 2 — 0. (1.21)

ha 4421 L

Condition (1.18) can be weakened even further (see Lemma 3.3).
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In the local convergence case using the Lipschitz condition

IF ()" YF (x) — F )|l <1||x—y| foreachxandy € D andsomel > 0 (1.22)

the convergence radius used in the literature (see Rheinboldt [20] and Traub [26]) for both the Newton
method (1.2) and the two-step Newton method (1.3) is given by

2

Ry = —. 1.23

0= 3 (1.23)
Here, we use the center-Lipschitz condition

IF' ")~ (F'(x) — F'(x*))|| <l||x — x*|| foreachx € D andsomel; > 0, (1.24)

to show that the convergence radius for both the Newton method (1.2) and the two-step Newton
method (1.3) is given by

2
Ry = . (1.25)
2lp +1
Note that again
Ih <1 (1.26)
holds in general and % can be arbitrarily large [2,3,6]. We also have that
Ro <R (1.27)
and
R Iy
— —>3 as— — 0. (1.28)
Ro l

The radius of convergence R was found by us in [2,3,6] only for the Newton method. Here, we also
have this result for the two-step Newton method (1.3). Moreover, in view of (1.22) there exists [; > 0
such that

IF' ()1 (F'(x) — F'(x0)|| < li]lx — xo|| forallx € D. (1.29)
Note that
I <l (1.30)

holds and % can be arbitrarily large. Although the convergence radius R does not change, the error
bounds are more precise when using (1.29). Finally, the corresponding results for the two-step Newton
method (1.4) are presented with

2
R= .
2ly + 51

Many high convergence order iterative methods can be written as two-step methods [1,3,6,7,14-
18,26,27]. Therefore, the technique of recurrent functions or the technique of simplified majorizing
sequences given in this study can be used to study other high convergence order iterative methods.
As an example, we suggest the Chebyshev method or the method of tangent parabolas, defined
by

(1.31)

Xpy1 = Xn — (I — M)F' () 'F(x,) foreachn=0,1,2,..., (1.32)

where X is an initial point and

1
M, = EF’(xn)‘1F”(xn)F/(xn)‘lF(x,,) foreachn=0,1,2,....
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Here, F” (x) denotes the second Fréchet-derivative of operator F [3,6,19,26]. The Chebyshev method
can be written as a two-step method of the form

Yn =Xn — F/(;(n)_lF(xn)v
1.33
Xnp1 = Yn — 5F’(xn)’]F”(x,,)(yn —x,)? foreachn=0,1,2,.... (1.33)

The paper is organized as follows. The convergence results of the majorizing sequences for two-
step Newton methods (1.3) and (1.4) are given in Sections 2 and 3 respectively. The semilocal and
local convergence analysis of two-step Newton methods (1.3) and (1.4) is presented in Sections 4 and
5, respectively. Finally, numerical examples are given in Section 6.

2. Majorizing sequences for the two-step Newton method (1.3)

We present sufficient convergence conditions and bounds on the limit points of majorizing
sequences for the two-step method (1.3).

Lemma 2.1. Let Ly > 0, L > Ly and v > 0 be given parameters. Set

2L

L+ +/I? + 8LyL
Suppose that
1
hi=Lyv < -, (2.2)
2
where
1
L= §(L + 4Ly + /L2 4+ 8LyL). (2.3)
Then, scalar sequence {t,} given by
tO - 05 So =V,
L(Sn - tn)z
top1 = Sp + —
T2 = Losy) ) (2.4)
L(tat1 — Sn)
S =tyy1+———— foreachn=0,1,2,...
n+1 n+1 2(1 — Lofn+1) f
is well defined, increasing, bounded from above by
v
t** = (2.5)
1—«
and converges to its unique least upper bound t* which satisfies
v <ttt <t (2.6)
Moreover, the following estimates hold
thy1 — Sp < Ol(Sn - tn) =< a2n+1v7 (2-7)
Sn— bt S @ty — Sp—1) < o™y (2.8)
o™
tr —s, < (2.9)
1—«
and
2n
v
oty < 2 4oy, (2.10)

11—«
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Proof. We first notice that o € [%, 1) by (2.1). We shall show using mathematical induction that

L(sk — ti)

2(1 — Los) —
and

L(tk+l - Sk)

2(1 — Loter1) —
If k = 0in (2.11) we must have that

L(sp — & L
Loo—t) _ oo v
2(1 — Loso) 2(] — LOV)

Using the value of « in (2.13) we can show instead that

L 2LLy 2L
4+ v <

L++/L+ /L7 +8LL L+ /L4 /12 4+ 8LL

which is (2.2).If k = 0in (2.12) we must have

L(t; — so)
2(1 — Loty) —

Case 1.1? — 4L30 + 2LoLar > 0.
Then, (2.14) is satisfied provided that

—8Lya + \/ (8Lo)? + 160 (L2 — 4L + 2LoLar)
2(12 — 4L + 2Lolar)

v =

or

2L, JVal? 4+ 2LyLo?
oot + vol” + Oavfl.
20

In view of (2.2) and (2.16) we must show

2Lpa + v/ al? 4+ 2LgLa? 1
s 5 O < L+ 4Ly + VI2 + 8LoL)
o

o

or

2V al? + 2Lgla? < ol + a+/L? + 8LoL
or
2L

> 77
T L4 /12 + 8Ll

which is true as equality by (2.1).

o

<a or (I —4la+ 2Lgla)v? + 8Loav — 4o < 0.

(2.11)

(2.12)

(2.13)

(2.14)

(2.15)

(2.16)
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Case 2.1* — 4L2a + 2LyLa < 0.

Then, again we must show that (2.15) is satisfied, which was shown in Case 1.

Case 3.1 — 4L2a + 2Lola = 0.

539

Inequality (2.14) reduces to 2Lov < 1 which is true by (2.2). Hence, estimates (2.11) and (2.12)
hold for k = 0. Let us assume they hold for k < n. Then, using (2.4), (2.11) and (2.12) we have in turn

that
L(sk — ti)
t — Sy = ——— (S — tx) < (S — ¢t
k+1 — Sk 2(1—L05)(k ) < (s — t)
L(tes1 — Sk)
Sk+1 — tkp1 = 7(0&1 sk) < (b1 — Sk)
2(1 — Lotiy1)
leading to
t 2\k
1 — Sk < a(a)'y,
Skt — b1 < (a0 2krty,
ter1 < Sk + a(a? ) v <ty+ v + aa®v
< tg-1+ o?k=Dy, + ac?® Dy + av + aa®y
S . S to+[a2>0+.__+a2k]v+a[a2-0+.___I_azk]v
1— aZ(lH—])
= (14+a)——v < t*
( ) ——
and
_ 2kt

Sk < (14 a) v+ o2y,

1—a?
In view of (2.11) and (2.17)-(2.19) we must show

L
5(5k+1 — tyr1) + Loasgp 1 —a <0

or
2(k+1)

Z@?® Dy 4 Toa[(1+ @)
1—a?

Estimate (2.21) motivates us to define recurrent functions fi on [0, «?] by

filt) =5 k+‘v+LoJ[(1+J) +t"+1} — Vi

We need a relationship between two consecutive functions fi. Using (2.22) we get that

fer1(®) = filt) + [;r + Lo/t + Lo/t (1 + JE)] (t — Dt*v < fi(D),

+ az(kﬂ)]v —a <0.

(2.17)
(2.18)

(2.19)

(2.20)

(2.21)

(2.22)

(2.23)

since « € [0, 1) and the quantity in the bracket for t = «? is non-negative. Then, in view of (2.21)-

(2.23) we must show that

fol@®) <0
or

L
|:5a+L0(1 +oz+oz2):| v<1.

(2.24)
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We have that « is the unique positive root of equation
20pt? + Lt — L =0. (2.25)
It follows from (2.24) and (2.25) that we must show
%(L + 2Ly 4+ 2Lpa)v < 1 (2.26)
or in view of (2.2)

1 1
S L+ 200 +2Lo) < 2 (L+4L + V12 + 8LyL)

or
2L

D e —
T L4412 + 8Ll

which is true as equality. The induction for (2.11) is completed. Estimate (2.12) is satisfied, if

o

L
5(fk+1 —s) +alotir —a <0

or (2.27)
L 1— aZ(/H»])
EaaZkv + alo(1+ a)ﬁv —a <0.

—a

Estimate (2.27) motivates us to define recurrent functions g on [0, «?] by
L 1— tk+1
g(t) = Vet + Vil (1 + VD ———v - V. (2.28)
We must have that
L
Ser1(D) = g () + <5ﬁt + Lovt(1 + ﬁ)) (t — Dty < g () forallt €[0,a%], (2.29)

since € [0, 1). Hence, we have that gy, 1(a?) < gi(a?) < --- < g1(a?) in view of (2.28), estimate
(2.27) holds, if

gi(e®) <0 (2.30)
or
1
5(Loﬂ+2L0(1+o¢)(1+oﬂ))u <1. (2.31)
We have by (2.25) that
L(L—L L—1L
Lo +2L(1+ @) (1 + &) = wﬁLzLo(Ha) 1+ a
2L0 2LO
P —1Pa+2Lp(1+ )[2L + L — La]
- 2L,
P —Pa+ 413 + 45 + 2LoL 4 2Lola — 2Lolar — 2Lgla?
- 2L,
Ll — La — 2Loa®) + 4L3 + 4L3a 4 2LoL
o 2L,

2Lo(L + 2Ly + 20l
_ 2L +2L°+ “Lo) _ 1 4 ors 4 20l
0
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So, we must have

L
(2 +Q +a)L0) v<1 (2.32)
Then, in view of (2.2) it suffices to show that

L 1
S+H+al < (L+4Lo + V12 + 8oL )
or

- —L+ /> 4+ 8LoL 2L
a <

4L, L4+ 12 + 8L

which is true as equality. The induction for (2.12) is complete. Hence, sequence {t,} is increasing,
bounded from above by t** given by (2.5) and as such it converges to its unique least upper bound t*
which satisfies (2.6). Moreover, using (2.17) and (2.18) we have that

tktm — Sk = tktm — Sk+m + Sk+m — Sk
and

Skem — Sk = (Skam — Skam—1) + Skgm—1 — k) < -~
< qoktm=1, | 20bm=1), o o2kim=2), G 20Em=2) ) 4y a2k 4 g2k,

)
teym — Sk < @2V a1+ -+ 2Dy V(1 + - 22D
=a*1 4+ v a1+ + 2 D), (2.33)

By letting m — oo in (2.33) we obtain (2.9). Furthermore, we have that

Sk+m — tk =< Sm+k — Sm+k—1 T Sm+k—1 — Lk
< aaz(nﬂ-k—l)v + az(k+m—1)v do s — by
< a1+ + 2™ Dy F a1+ 4+ 2™ D)y 4 o (2.34)

By letting m — oo in (2.34) we obtain (2.10). That completes the proof of the lemma. X

Remark 2.1. Let us define sequence {f,,} by

_ _ - _ Ly(So —1p)?
to =0, So=v, ti =5So M
- 2(1 — LoSo)
_ _ L(s, — ty)
t, =S _ 2.35
T 20— Ls) (239)

- - L(En+l - §n)2
S, = t + . =
n+1 n+1 2(1 = Lotry)

Clearly, {t,} converges under (2.2) and is tighter than {t,}. Indeed, a simple inductive argument shows
that

foreachn=0,1,2,....

th <ty (2.36)
Sn < Sn (2.37)
En+1 - §n < tht1 — Sn (238)
Snr1 = bop1 < Snp1 — tags (2.39)
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and

= lim f, < t*. (2.40)

n—oo

Moreover, a strict inequality holds in (2.36)-(2.39) if Ly < Lfor n > 1. Note also that sequence {t;}
may converge under weaker hypothesis than (2.2) (see [8] and the Lemmas that follow).

Next, we present a different technique for studying sequence {t,}. This technique is easier but it
provides a less precise upper bound on t* and t**. We will first simplify sequence {t,}. Let L = bL, for
some b > 1, r, = Lot, and q, = Lys,. Then, we have that sequence {r,} is given by

o =0, qo = Lov,
b(qn - rn)z
2(1 - CIn)
b(rn+l - %)2
2(1 = rpgr)

Then, setp, = 1 —r,, m, = 1 — g, to obtain sequence {p,} given by

'nt1 =(n +

Qn+1 = Tny1 +

Po=1, mo =1—Lov,
b(m, — pn)2
2my
b(pni1 — my)?
2pni1 '

Finally, set 8, = 1 — % anda, =1— % to obtain the sequence {8,} defined by

b Bt
=3 (+5) .

b oy 2
Bry1 = 3 (1 — an) . (2.42)

We also have by substituting and eliminating 8,1 that

Dny1 = My —

Mpy1 = Pn+1 —

3 4
b ay

Ony1 = .
8 G
(- [1- 5]
Moreover, it follows from (2.41) and (2.42) that the convergence of the sequences {«,}, {8:} (i.e.
{rn}, {qn}) is related to the equation
b x?
X=-———
2 (1 — x)?

which has zeros

4L, L+ Lo+ /L2 +8LL
X = and x = .
L+ Lo+ /1?2 4+ 8LL 4L,

Hence, we arrived at the following.

x=0,

Lemma 2.2. Suppose that (2.2) holds. Then, sequence {t,} is increasing, bounded from above by % and
converges to its unique least upper bound t*, which satisfies
1

v<tt<—.
Lo
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The following is an obvious and useful extension of Lemma 2.1.

Lemma 2.3. Suppose that there exists N = 0, 1, 2, ... such that

o <Sp <t <S$1 <+ <Sy<Int1 < f
0
and (2.43)
N 1
h" =Ly(sy —ty) < >
where L, is given in (2.3). Then, scalar sequence {t,} given in (2.4) is well defined, increasing, bounded from
above by

**_SN_tN
v = 11—«

and converges to its unique least upper bound ty, which satisfies
v <ty <ty
Moreover, estimates (2.7)—(2.10) hold with sy — ty replacing n for n > N. Notice that if N = 0, we
obtain (1.11) and for N = 1 we obtain (1.12) [8].

3. Majorizing sequences for the two-step Newton method (1.4)

In this section we present majorizing sequences for the two-step method (1.4) along the lines of
Section 2.

Lemma 3.1. Let Ly > 0,L > Ly and v > 0 be given parameters. Set

L
o= . (3.1)
20 +1L
Suppose that
1
hs =Lsv < -, (3.2)
2
where
1
L= (L + 3L + V(L +3Lo)2 + LLL + 4L0)) . (33)
Then, scalar sequence {t,} given by
tO - 05 So =V,
L(sn — ta)*
t, =S O EE—
n+1 n + 2(1 — Lotn) (3'4)
L[(tn41 — Sn) + 2(sp — tn)]
Sn+1 = tar1 + s 2 "_Loth; i (tn+1 — Sn) foreachn=0,1,2,...
is well defined, increasing, bounded from above by
%
t* = 3.5
— (3.5)

and converges to its unique least upper bound t* which satisfies

v <t <t (3.6)
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Moreover, the following estimates hold

tnr1 — Sn S a(Sp — ) < a2n+1v, (3.7)
Sn—tn S @ty —sp—1) < o'y (3.8)
2n
o~y
t*_sn_ 11—« (39)
and
2n
(oY
tf—t, < — T a?y. (3.10)

Proof. We first notice that o € [%, 1) by (3.1). As in Lemma 2.1 we shall show that

L(sk — t) (3.11)
2(1 — Los) — '

and
L(tk41 — Sk) + 2L(sk — t) -
2(1 — Lotyy1) -
If k = 0, (3.11) is satisfied, if

(3.12)

1 1
-QLy+ Ly < =
4( o+ Dv =< 5
which is true, since # < L,.For k = 0, (3.12) becomes

22 4 2Ly L

<
2(1-1o(v+4)) ~ 2o+l

or
LAy +Lv? +4BLp+ L)y —4<0 (3.13)

which is true by (3.2). Hence, estimates (3.11) and (3.12) hold for k = 0. Then, assume they hold for
all k < n. As in Lemma 2.1, we have that

tes1 — Sx < @, (3.14)
Sk — terr < (@), (3.15)
1 — 2k+D
feo1=(14+a)———v < ™ (3.16)
1—o?
and
1 — g2kt
Sert < (1 @) ———3—v + @2y, (3.17)
—

In view of (3.14)-(3.16), estimate (3.11) is satisfied if

1— 2n

o
1_a2v—a§0. (3.18)

E 2n
20{ v+ Loa(1 + @)

Estimate (3.18) motivates us to define recurrent functions f, on [0, o?] by

1
1

_ 4k
fil®) = ér"v + LoVt + V1) _tt v -t (3.19)



A.A. Magreiidn Ruiz, LK. Argyros / Journal of Complexity 30 (2014) 533-553

Then, we have that

firr® =50 + 580 = DI < 0,
by the choice of «, where,
g(t) = 2Lov/t(1 + /1) + Lt.
In view of (3.20) we have that for t = o2

fer1(@?) < fl@?).
Hence, it follows from (3.21) that (3.18) is satisfied, if

fite’y <0
or
20+ L
<
5 <
But (3.23) is true by (3.2). Similarly, (3.12) is satisfied if

L 1— a2(k+1)
Zo? Ny 4 ey 4 alg(l+ @) —————v—a <0
2 1— a2

leading to the introduction of functions f;! on [0, ] by

l_tk+1
v—
1—t

flt) = éﬁt"u + Lt*v + VEtLy(1 + VO) NG

Then, we have that

fla®© =f© +g' O - Dtv < fl @),

where

g'(t) = §ﬁ+ Lov/t(1 + v/0) + L.

Hence, it follows from (3.26) that (3.24) is satisfied if f} (%) < 0, (sincef;! (@?) < fi—1(a®) < --- <

545

(3.20)

(3.21)

(3.22)

(3.23)

(3.24)

(3.25)

(3.26)

(3.27)

fO‘ («?)), which reduces to showing (3.13). The rest of the proof is identical to the proof of Lemma 2.1.

The proof of Lemma 3.1 is complete. X

Remark 3.1. Let us define sequence {f,,} by

_ _ Lo(So — to)?
t():O, g():l), t1=§0+70(0 9)
2(1 — Loto)
L(t; —50)? + 2Ly (S0 — to) (t1 — S0)
2(1 — Loty)
+ L(gn - En_)2
2(1 — Loty)
L[(En—H - §n) + 2(§n - En)](fn+1 - §n)
2(1 — Lotns1)

b1 = §n

Snt1 = top1 +

Then, sequence {f,} is at least as tight as majorizing sequence {t,}.

foreachn=0,1,2,....

(3.28)
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Using the sequence of modifications of sequence {t,} following Remark 2.1 we obtain in turn that

o =0, qo = Lov,

_ b(% - rn)z
Tny1 = (Qn + 2(1 — QH)
b[(rn+1 - Qn) + Z(Qn - rn)](rn+1 - qn)

nt1 = Tn+1 +

b 7 2(1 — gnt1)
My — Pn

Dny1 = My —
2m,
b[(Pny1 — mp) — 2b(pn — M) 1 (Pny1 — My)

Mpy1 = Pny1 — M,
n-+
Oy = bBni1(1 — an)(1 — ant1) + 2botn B
| =
" 2(1 = Bur) (1 — a) (1 — Bug1)

5 _b oy 2
"o \1—a )

Hence, we arrive at the following.

Lemma 3.2. Suppose that (3.2) holds. Then, the sequence {t,} is increasing, bounded from above by %
and converges to its unique least upper bound which satisfies

1
Ly

*

VU =

We also get the following.

Lemma 3.3. Suppose that there exists N = 0, 1, 2, ... such that

1
t0<50<t1<51<"'<5N<tN+1<F
0
and (3.29)
N 1
h™ =Ls(sy —ty) < 3

where Ls is given in (3.3). Then, the conclusions of Lemma 2.3 hold but with sequence {t,} given by (3.4).
4. Convergence of the two-step Newton method (1.3)

We present the semilocal convergence of two-step method (1.3) followed by the local convergence.
From now on U(w, p) and U(w, p) stand, respectively, for the open and the closed ball in X with center

w and radius p > 0.
First, for the semilocal convergence, we use (1.3) to obtain the identities

1
Xnt+1 — Yn = [_F,(yn)ilF/(XO)] [F/(XO)] / [F/(Xn +tWn — X)) — F/(Xn)](yn - Xn)dti| , (4.1)
0

1
Vit1 — Xnp1 = [—F (np1) " 'F'(x0)] |:F,(Xo)_1/ [F' (Yn + t(Xnt1 — ¥n))
0
- F/(yn)](xn+1 _yn)dt] . (4-2)

Moreover, if F(x*) = F(y*) = 0, we have that

1
0=F@y*) —F(x*) = / F'(x* + t(y* —x)(y* — x*)dt. (4.3)

0
Then, using (4.1)-(4.3), it is standard to show (cf [2,3,6-8,18]) the following.
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Theorem 4.1. Let F : D C X — Y be Fréchet differentiable. Suppose that there exists x, € D and
parameters Ly > 0, L > Ly, v > 0 such that for each x,y € D,

F'(x0) ™' € L(Y, X),
IF"(x0) " 'F(x0) || < v,
IF"(x0) ™' [F'(x) — F'(xo)]]l < Lollx — Xol,
IF"(x0) ' [F'(x) — F ]Il < LlIx —yl|.
Moreover, suppose that hypotheses of Lemma 2.1, Lemma 2.2 or Lemma 2.3 hold and
Uxo, t") € D,

where t* is given in Lemma 2.1. Then, the sequence {x, } generated by two-step method (1.3) is well defined,
remains in U(xq, t*) for eachn = 0, 1,2, ... and converges to a solution x* € U(xg, t*) of equation
F(x) = 0. Moreover the following estimates hold foreachn =0, 1, 2, ...

||Xn+1 _yn” = En+1 - gns
”J/n _Xn” =< gn - Eny
X, — x*|| < t* —t,

and
Iyn =yl < " =5y

where the sequence {t,} is given in (2.35). Furthermore, if there exists r > t* such that
U(xo,7) € D

and
Lo(t" + 1) < 2,

then, the limit point x* is the unique solution of equation F(x) = 0 in U(xo, 1).

Remark 4.1. (a) The limit point t* can be replaced by % or t** (given in closed form in (2.5)) in

Theorem 4.1.

(b) As already noted in the introduction the earlier results in the literature [9-27] use Ly = L in their
theorems which clearly reduce to Theorem 4.1 (if L = Ly). The advantages of our approach have
already been stated in the introduction.

Second, for the local convergence we obtain the identities

Yn =X = [=F ()7 'F' (x")] [F/(X*)] /][F/(X* + (% — X)) — F'(xa) 1 (xa — X*)df] (4.4)
and 0

X1 — X = [=F'(ya) " 'F'(¥")] [F/(X*)_l /l[F/(X* +tn — %) = F )1 Wn —X*)df} (4.5)
we can arrive at [2,3,6,8] the following. 0

Theorem 4.2. et F : & C X — Y be Fréchet differentiable. Suppose that there exist x* € D and
parameters lo > 0,1y > 0,1 > 0 such that foreachx,y € D,

F(x*) =0,

F'(x)™1 e L(Y, X),

IF' ()™ (F'(x) — F' (&) | < lollx — X",

IF' ()~ [F'(x) — F' (xo)]ll < lillx — Xl

IF' ()7 F' () — F Il < lix =yl
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and
Ux*,R) C D,
where
2
R= .
2lp +1

Then, the sequence {x,} generated by two-step method (1.3) is well defined for eachn = 0, 1,2, ...
and converges to x* € U(xq, R) provided that xo € U(x*, R). Moreover the following estimates hold for
eachn=20,1,2, ...

Tlx, — x*||2
lyn — x|l < i .
2(1 — lollxn — x*1)
and
" llyn — x*|1?
xn1 — x| < . -
2(1 = lollyn — x*ID)
where
7_ l] 1f1’l=0
=l ifn=>o0.

Remark 4.2. If [; = | = Iy the result reduces to [20,26] in the case of the Newton method. The radius
is then given by Ry = 2.

If I; = I the result reduces to [2,3,6] in the case of the Newton method. The radius is again given
by R. However, if [; < [, then the error bounds are finer (see [ and ||y — x*||).

5. Convergence of the two-step Newton method (1.4)

As in Section 4, we obtain the following identities for the semilocal convergence, but using (4.1),
(4.3)and

1
Vit1 — Xnp1 = [—F (%ng1) " 'F'(x0)] [F/(Xo)_lf [F' Y + t(Kng1 — Yn))
0

—F' )] (Xns1 _.Vn)dt] . (5.1)
Then, again we arrive at the following.

Theorem 5.1. Let F : © C X — Y be Fréchet differentiable. Suppose that there exist x, € D and
parameters Ly > 0, L > Lo, v > 0 such that for each x,y € D,

F'(x0)™! € LY, X),

IF"(x0) " 'F (x0) | < v,

IF"(x0) ™' [F'(X) — F'(xo)]l < Lollx — Xol,

IF (x0) ™' [F' () — F'DIII < LlIx = ylI.
Moreover, suppose that hypotheses of Lemma 3.1, Lemma 3.2 and Lemma 3.3 hold and

U(x, t*) € D,

where t* is given in (3.5). Then, the sequence {x,} generated by two-step method (1.4) is well defined,
remains in U(xq, t*) for eachn = 0, 1,2, ... and converges to a solution x* € U(xo, t*) of equation
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F(x) = 0. Furthermore, the following estimates hold foreachn =0, 1,2, ...
%011 = Yall < tag1 — S,
Y0 — Xall <30 — ta,
% — x|l < t* — t
and
lyn =yl <t —Sn
where the sequence {t,} is given in (3.28). If there exists r > t* such that
U(xo, 1) € D
and
Lo(t* +71) < 2,
then, the limit point x* is the unique solution of equation F(x) = 0 in U(xo, 1).
Remark 5.1. These remarks as similar to the Remarks in 4.2 are omitted.
The identities for the local convergence case using (1.4) are (4.4) and

1
Xnp1 — X" = [_F/(Xn)_1F/(X*)]|:F/(X*)_] / [F' (" + t(yn — X)) — F'(yn)1(yn — x")dt
0

+ (F'(yn) — F' (%)) Y0 — X*)}
to obtain the following.

Theorem 5.2. Let F : © C X — Y be Fréchet differentiable. Suppose that there exist x* € £ and
parameters lo > 0,1y > 0,1 > 0 such that foreach x,y € D,

F(x*) =0,

F'(x)™ 1 e (Y, X),

IF' ()" (F' () — F' ()| < lollx — X",
IF' (") "' [F' (%) — F'(xo)1ll < l1]lx — X,
IF' () [F' %) — F )1l < lllx =yl

and
U*,R) € D,
where
2
R= .
21y + 51

Then, the sequence {x,} generated by two-step method (1.4) is well defined for eachn = 0,1, 2, ...
and converges to x* € U(xg, R) provided that xo € U(x*, R). Moreover the following estimates hold for
eachn=0,1,2,...

1l]%, — x*||?

— lollxn — x*|))

— x| <
[lyn Il = 20

and
lyn — x| + 2]lyn — 2all1llyn — x*||
2(1 = lollyn — x*1)

where [ is given in Theorem 4.2.

Xp1 — x| <
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Remark 5.2. We are not aware of any results in the literature involving the local convergence of the
two-step Newton method (1.4). But if there is, see Remark 4.2.

6. Numerical examples

In the semilocal convergence the old convergence conditions are not satisfied but the new
conditions are satisfied. Moreover in the local convergence case our convergence ball is larger than
the older ones. We present six numerical examples. The first four involve the semilocal convergence
and the last two the local convergence.

Example 1: Semilocal convergence for the two-step Newton method (1.3). In the following example, we
consider the real function

x> —0.49 = 0. (6.1)
We take the starting point X, = 1 and we consider the domain £2 = B(xq, 0.5). In this case, we obtain

v =0.17, (6.2)

L=3 (6.3)
and

Ly =2.5. (6.4)

Notice that Kantorovich hypothesis Lv < 0.5 is not satisfied, but condition (2.2) in Lemma 2.1 is sat-
isfied since

L; =2.66333-..
and
hy =Liv =0.452766--- < 0.5.

So, the two-step Newton method starting from xo € B(xg, 0.5) converges to the solution of (6.1) from
Theorem 4.1.

Example 2: Semilocal convergence for the two-step Newton method (1.3).LetX = Y = €0, 1], the space
of continuous functions defined in [0, 1] equipped with the max-norm. Let £2 = {x € C[O0, 1]; ||x|| <
R}, such that R > 1 and F defined on 2 and given by

1
F(x)(s) = x(s) — f(s) — Af G(s, t)x(t)3 dt, xe(C[0,1],s €0, 1],
0

where f € C[0, 1] is a given function, X is a real constant and the kernel G is the Green function

(1—=s)t, t<s,
Gs.0) = {s(] —t), s<t.

In this case, for each x € €2, F/(x) is a linear operator defined on £2 by the following expression:
1
[F'(x)(v)](s) = v(s) — BA/ G(s, Hx(t)v(t) dt, v e C[0,1],s € [0, 1].
0

If we choose xq(s) = f(s) = 1, it follows ||I — F'(xo)|| < 3|A|/8.Thus, if |A| < 8/3, F/(xo) "' is defined
and

F'(x -1 < —.
IF/ 0l < g
Moreover,
IFeol < 2,
- 8

A1

F'(x0) " 'F(x0)| < )
IF'(x0) (0)”_8—3|k|
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On the other hand, for x, y € £2 we have
1
[(F'(x) = F()vl(s) = 3/\/ G(s, D) (x(D)* —y*(D)v(t) dt.
0

Consequently,

BIALAIXI A+ 1y 1D 6RIA|
IF'(x) = F Wl < llx —yllf < IIX—yIIT,
, 14+ 3[AAIXI+ 1D 1+3(1+R)A|
IF'(x) — F'(DIl < lIx — 1IIf =lx- 1llf-
Choosing A = 1 and R = 2.6, we have
1
V=,
5
L=3.12
and
Lo = 2.16.

Hence, condition (1.7), 2Lv = 1.248 < 1 is not satisfied, but condition (2.2) L;yv = 0.970685 < 1is
satisfied. We can ensure the convergence of {x,} by Theorem 4.1.

Example 3: Semilocal convergence for the two-step Newton method (1.4).Let X5 = Y = C[O0, 1], equipped
with the max-norm. Consider the following nonlinear boundary value problem

U= -y u?
u(0) =0, u(l) =1.

It is well known that this problem can be formulated as the integral equation

1
u(s) = s—l—/ Qs t) (W (t) +y ud(t) dt (6.5)
0

where, @ is the Green function:

t(l1—s), t<s
Qs 0 = {s(l—t), s < t.

We observe that
1 1
max f |Q(s, t)|dt = —.
0=<s<1 Jo 8

Then problem (6.5) is in the form (1.1), where, F : & —> Y is defined as

1
[F)1(s) = x(s) —s —/ Qs, 1) (C(0) +y ¥(1)) dt.
0

Set up(s) = sand D = U(up, Ro). It is easy to verify that U(ug, Ry) C U(0, Ry + 1) since ||ug|| = 1.
If2 y < 5, the operator F’ satisfies conditions of Theorem 5.1 with
1+y _Y+6R +3 _2y+3Ro+6

V= , = — =
5-2y 45-27y) T 78G5 -2y)

Note that Ly < L. Choosing Ry = 1and y = 0.6, condition (1.16) %Lv = 0.570587--- < 0.5
is not satisfied, but condition (3.2) is satisfied as

1
Z (3Lo £ L++/(3Lo + L)2 + L(4Lo +L)) v =0381116--- < 0.5.

So, we can ensure the convergence of {x,} by Theorem 5.1.
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Example 4: Semilocal convergence for the two-step Newton method (1.4). Let X = [—1, 1], Y =R, xp =
OandF : X — Y be the polynomial:

Fo) = 23+ o2 — 2xt
X) = =Xx"+ —X" — =x+ —.
6 6 6 9
In this case, since ||[F'(0)"'F(0)|| < 0.13333--- = v,L = % and Ly = 10, condition (1.16) 4+4\E

Lv = 0.629389 - - - < 0.5is notsatisfied, but condition (3.2) 1 (L+3Lo++/(L + 3Lo)2 + L(L + 4Lo))v =
0.447123 --- < 0.5, is satisfied. Hence, by Theorem 5.1, the sequence {x,} generated by the two step
Newton method (1.4), is well defined and converges to a solution x* of F(x) = 0.

Example 5: Local convergence for both two step Newton methods. Let X =Y = R?, D = U(0, 1), x* =
(0, 0, 0) and define the function F on D by

Fx,y,2) = (= 1,y* +y,2). (6.6)
We have that foru = (x,y, z)
e 0 0
Fuy=[(0 2y+1 o). (6.7)
0 0 1

Using the norm of the maximum of the rows and (6.6)-(6.7) we see that since F'(x*) =
diag{1, 1, 1}, we can define parameters for the Newton method by

=1 =e, (6.8)
and
lp =2. (6.9)

Then the two-step Newton method (1.3) starting from xo € B(x*, R*) converges to a solution of

(6 6). Note that this radius is greater than the Rheinboldt or Traub one [26] given by R}, = 5 <

4—% = R*. Moreover, hypotheses of Theorems 5.3 hold. Note that agam lp < L Then, the two-step
2

Newton method (1.4) starting from xy € B(x*, R), where R = o485l = 4+5e converges to x*.

Example 6: Local convergence for both two step Newton methods. Let X = Y = ][0, 1], the space of

continuous functions defined on [0, 1], equipped with the max norm and £ = U(0, 1). Define the
function F on O given by

1
F(h)(x) = h(x) —5/ x0 h(6)>do. (6.10)

0
Then, we have:

1
F'(h[u])(x) = u(x) — 15 / x0h(@)?u@)do forallu e D.
0
Using (6.10), hypotheses of Theorem 4.2 hold for x*(x) =0 (x € [0, 1]), | =1, = 15and [y = 7.5.
Then the two-step Newton method (1.3) starting from xq € B(x*, R*) converges to a solutlon of
(6.6). Note that the radius R* is bigger than Rheinboldt or Traub one [26] givenby Rj = = < ﬁ = R*.
Moreover, hypotheses of Theorem 5.2 hold for the same value of the constants. Note that again [y < L

Then, the two-step Newton method (1.4) starting from x, € B(x*,R), where R =
converges to x*.

_2
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