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ABSTRACT. We study the boundedness of the multiplier of the interval [—1,1]
for the Dunkl transform of order a > —1/2 on weighted LP spaces, with
1 < p < co. In particular, we get that it is bounded from LP (R, |z|?*t+! dz)
into itself if and only if 4(ac +1)/(2a+3) < p < 4(a+1)/(2a + 1).

1. INTRODUCTION AND MAIN RESULT

For o > —1/2, let J, denote the Bessel function of order o and, for complex
values of the variable z, let
Jaliz) (/2

Ta(:) = 2Pl + 1) 550 = Do+ 1)} o Er s

n=0

(Z. is a small variation of the so-called modified Bessel function of the first kind
and order «, usually denoted by I,; see 7] or [14]). Moreover, let us take

Eo(2) =Ta(z) + zeC.

mza+l(z>7

Following [2], in the real line and with the reflection group Zs, the Dunkl operator
A, is defined as

(1) Aaf(2) = (@) +

2a2+ 1 (f(w) —xf(—w)> 7

where f are suitable functions on R. It is easy to check that, for any A € C, we
have

(2) Ao Eo(Ax) = AE,(Ax).

Let us note that, when o = —1/2, we have A_/, = d/dx and E_; ;5(\z) = .
In a similar way to the Fourier transform (which is the particular case a = —1/2),

we can define the Dunkl transform on the real line

3) Fol@) = [ Bulcionf@)dpa(@).  yeR

were dy, denotes the measure
1 2041
dpta(®) = germrgy lol™" da.

During the last years, many papers are devoted to study the properties of the Dunkl
transform. Of course, the target is to extend the harmonic analysis of the Fourier
transform to a more general context. For instance, let us cite [6, 9, 12], where many
other references can be found.
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The behavior of the Bessel functions is very well known. For instance, for real
values of the variable, they verify the asymptotics

wa

4 o _ a+2 +.
(4) Jo(x) QQF(a+1)+O(m ), x— 0T
and
2\ /2 am T
_ (= am m -1

(5) Jo(z) = (mv) [COS (x 5 4) +O(x )} , x — +o0.
From these and similar results, and noticing that!

. o Ja(x) o ']Oé-‘rl(x)
(6) E,(iz) =2 F(a—l—l)xT—i—Q F(a—l—l)wm,

it is easy to check that |E,(iz)| <1 for every x € R. Then, (3) is well defined for
every f € LY(R, du,), and
[Faflloo,a < 1 f1l1,05
where we use || - [|5,o as a shorthand for || - || s (®,dp.)-
Again as for the Fourier transform, F,, is an isomorphism of the Schwartz class
S into itself, and F2f(z) = f(—z). Fubini’s theorem implies the multiplication
formula

/ Fof (@)9(#) dpta(z) = / Fag(@)f (@) dpalz), frg€S.
R R

Taking g(z) = Fof(x) we get || Fafllze = Ifll2,a, f € S. By density, this can be
extended to functions in L?(R, dp,,).
Via S, the [—1, 1]-multiplier M, is defined as

(7) Mozf(x) = ]:a(X[fl,l]]:ocf)(_x)
or, equivalently,

FaMaf)(@) = x(-11)(@) Faf(2),
which is the usual notation. The aim of this paper is to study the boundedness
of the operator M, in weighted L spaces (in the case a = —1/2, M_,, is the
so-called ball multiplier for the Fourier transform, which is bounded in L?(dz) for
1 < p < 00). Thus, the main result of this paper is

Theorem. Let a > —1/2, 1 < p < o0, and w,p(z) = |x|*(1+ |z])*~. Then, there
exists a constant C' such that

(8) Mo fwapllp,a < Cllfwapllp,a

if and only if

2 2 1
et <a<(2a+2)<1—>
P P
and
2 1 2 2 2 1 1
atl 2at2 . 2ot +(2a+2)(1—).
2 P 2 p

As a simple consequence, it is easy to check that, in the unweighted case a =
b =0, we have
4(a+1) cp< 4(a+1).
2a0+ 3 20 +1
This result is in contradiction with [9, Corollary 3], which is wrong. There, it is
said that the boundedness of M,, is true for every p € (1, c0).

IMafllpa < Cllfllpa <=

n the paper published in J. Funct. Anal. 242 (2007), 327-336, there are a misprint in this
formula. Between the real and the imaginary part, there appears a sign “—” instead of the
correct “+4”.
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It is interesting to remark that, in a similar way as the Fourier transform is
a “complex version” of the sine and cosine transforms, the Dunkl transform is
a “complex version” of the (modified) Hankel transform. And the same happens
with its corresponding multipliers. For the Hankel transform, Herz’s classical result
determines the range of p such that the multiplier of the interval [0, 1] is a well
defined and bounded operator from LP ([0, 00), 2%t dx) into itself ([4]; see also [10,
13]). As expected, the same range

Aa+1) da+1)
20+3 P 2a11

arises. Regarding the weighted boundedness of this multiplier, it has shown to be
useful to deal with some practical problems, as in the resolution of dual integral
equations of Titchmarsh’s type; for details, see [1].

To prove our theorem, we will find a suitable expression for the kernel of the
operator M. Then, we will make a clever use of the A, theory of weights (a lot
of tricks to deal with A,-weights can be found in [8]), and so the proof will follow.

The procedure employed here does not allow us to analyze the boundedness of
any interval of R. It is remarkable that from [11, Theorem 5.5] we can deduce that
the multiplier of the interval (0, c0) is bounded from LP(R, du,) into itself provided
that 1 < p < oo and 2aa+1 € N.

2. THE KERNEL

By (7) and (3), we have
Mo f(@) = Fa(tior (N Faf () (—a) = / Ealira)Fu (1) dpa(r)

= / 1 E, (irz) ( /R Eo(—iyr) f(y) dua(y)> dpa(r)

-1

= /R ( / 1 E(irz)Ey(—iry) dua(r)) f(y) dpa(y),

-1

where in the last step we have used Fubini’s theorem (which is justified for f,g € S,
and extended in the usual way). Then, the multiplier M, can be written as

Q Maf(@) = [ Kale) () (s
with kernel
(10) Kolz,y) = /11 E, (irx)Eq(—iry) dpa (r).
In the following lemma we found a suitable expression for this kernel.

Lemma 1. Let o« > —1/2 and x,y € R. Then, for x # y, we have

Proof. From (2), we have
Eq(izr)AaEo(—iyr) = —iyEq(izr) Eq (—iyr)

(along all the proof, the derivatives in A, are taken with respect to r), and the
same equality holds when the pair (z,y) changes by (—y, —x), i.e.,

Eo(—iyr)Ao Eq(ixr) = iz E, (izr) Eo (—iyr).
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Adding these identities, it follows that

e =0) [ Balier)Bul i) dsa(r) = 1(0,0) + (0, ~2),
with )
(z,y) = / Eo(—iyr)Au B (izr) djie(r).
Using (1), we can write I(x,y) = I1(z,y) + Ig(x y) with
(z,9) / E.( zyr Ea(ixr) e (1)
and

E,(izr) — Eo(—ixr)
2r

I(z,y) = 2o+ 1)/ E,(—iyr)
-1
Applying integration by parts in I, we get
Ea(ix)Ea(_iy) - Ea<_ix)Ea (Zy)
20+ (e + 1)

! ] —yr
~h(pa) - ) [ R g )

dpie, (7”)

Il($>y) =

and so
E,(ix)Ey(—iy) — Eq(—iz)E,(iy)

I(z,y) = h(z,y) + L(z,y) = 20+ (o + 1)

1 . .
E.(ixr) + E,(—ixr
- (g - @+ 1) [ Ba(oin P2 B g, )
—1
Consequently,
o Ea(ix)Ea(_iy) — Ea(_ix)Ea(iy)
I(Sﬂ,y) +I(7ya 71’) - 2a+1r(a+1)
. Bo(—i
(2a+1) / E.( Eaiar) —;r a(iar) dpe(r) + I (—y, —x)
_ Eo(iz)Eo(—iy) — Eo(—iz) Ea(iy)
B 20+1T (o 4 1)
1 . . . .
Qa4 1)/ E,(ixr)Eq(iyr) + Eo(—ixr)Eq(—iyr) dted(r)
—1 2r
o Ea(ix)Ea(fiy) _ Ea(7i$)Eo¢(iy)
B 20t (a + 1) ’
where in the last step we have used that (Ey (ix1) Eqy (tyr)+Eq (—izr)Ey(—iyr))/(2r)
is an odd function in r. O

3. PROOF OF THE THEOREM

3.1. Sufficient conditions. Given p € (1,00), a weight w in R is said to belong
to the A, class if

</Iw(x) dx) (/Iw(x)—l/(p—l) dx>p_1 <olrp

for every interval I C R, with C independent of . An important application of A,
theory lies in its relation with the boundedness of the Hilbert transform

Hg(a:):/Rg(y)dy.

r—=y
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Indeed, in [5] (see also [3] for further information) it is proved that
H: LP(R,w) = LP(R,w) bounded <= w € A,.
For radial weights, it is well known that
|x|ﬁ€Ap — —-1<fB<p-—1
If we take ®(z) = |x|" for € [-1,1] and ®(z) = |z|® for z € (—o0,1) U (1,00),
(11) PcA, < —-l<r<p—land —1<s<p-—1
(the intuitive behaviour is clear; see [8] for details and a proof).

In what follows, we will use C' (perhaps with subindex) to denote a positive
constant independent of = or f (and all other variables), which can assume different
values in different occurrences. Moreover, for non negative functions u and v defined
on an interval, u(z) ~ v(z) means that there exist two positive constants C; and
C5 such that Cy < u(x)/v(z) < Cs.

Now, let us to express M, f in terms of the Hilbert transform to use the A,
theory of weighs. By (9), (10) and Lemma 1, we can write

Mo f(z) = / Ko (2, 9) £ () dpia(y)
| / E, (i) Ea(—iy)
201 a4+ 1) Jr i(x —y)

1 Ea(_ix)Ea(iy)
- 2a+1r(a + 1) ~/]R Z(l’ - Z-,I) f(y) d:ua(y)

f(y) dpa(y)

s (T - T24(a).

with

Ta f(@) = Bo(—iz)H((Ea(iy) /3) f (y)y[** ) (2).
Then, to establish (8), we are going to prove that there exists a constant C
independent of f € LP(R,wq p(z)P|x[***1 dz) such that
173 f(2)wa,p(2)]| Lo (2041 dey < Ol f (@) wap(@) || Lo @, oj20+1 days  J = 1,2-

Taking g(y) = (Ea(—iy)/i)f(y)|y[***!, the inequality corresponding to j = 1 is
equivalent to

(12) ”Hg(x)”LP(R,\EQ(iw)\l’wa,b(m)p\w‘2a+1 dax)
S C||g(x)HLT’(]R,\Ea(fim)\*P|x|7(2a+1)pwa1b(z)p‘m‘zaJrl da:);
similarly, the corresponding to j = 2 is equivalent to

(13) ()| Lo @) B (~iw) P wa b (@) 2241 da)
< Cllg(@) Lo (R, | B (i)~ 2 ]~ ot D, 4 ()P |2]20+1 da)-
Let us analyze (12). Proving that there is a weight ® € A, with

C1| Ba (i) [Pwa ()] **H < (x) < Co| Ba(—iz)| 7 |a|~ 0 F Py (2)P |2

will be enough.
We have wgp(x) ~ |z|* in [-1,1] and w,p(z) ~ |z]° in (=00, —1] U [1,00).
Moreover, from the estimates (4) and (5) it follows that, for a > —1,

|Eq(iz)] < Co, x€[-1,1],

|Eq ()| < Ca|x\_1/2_a, x € (—o0,—1] U [1,00),
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with a C,, constant depending only on «. According to these bounds, we have

C|x|opt2atl if |x| € (0,1)
Eo(iz) [Pwe p ()P |21 ’ T
| ( )| ’b( ) ‘ | — O|I|fp/2fap+bp+20¢+1, if |z| c (l,oo),

and
| Eo(—ia)| 7P |a| =t Pwg 4 ()P [

C|l‘| (2a+1)p+ap+2a+1 _ C|$‘ (2a+1) p+ap+2a+1 if ‘:E| c (O7 1)’
C|l,|p/2+ocp (2a+1)p+bp+2a+1 _ C|(E| p/2— ocp+bp+20£+1’ if ‘CU| c (1,00)

Let us try

o(z) = {w, if || € (0,1),

o TP/2map PRt 2] € (1, 00).
By (11), ® € A, will hold if

—Qa+)p+tap+2a+1<r<ap+2a+1,
(14) -l<r<p-1,
—1<—-p/2—ap+bp+2a+1<p-—1.
The third line is equivalent to

20+1 2042 b 20+ 1

1
— <b< — 2 2)(1—--],
2 P p  TRet?) ( p)
which is the second condition of the theorem. For the inequalities in (14) involving
r, from a > —1/2, it follows that —(2a+ 1)p+ ap + 2a + 1 < ap + 2a + 1. Then,
for the existence of r it is enough to show that —(2a+ D)p+ap+2a+1<p—1
and —1 < ap + 2« + 1; these inequalities are equivalent to

20+ 2 1
_cot <a<(2a—|—2)<1—>7
p

the first condition of the theorem.
The study of (13) is completely similar, and so the sufficiency part of the theorem
follows.

Remark. Of course, the technique of pasting A,-weights [8] allow to make similar
proofs for much more general weights w(z) that only to take w(z) = wq ().

3.2. Necessary conditions. Let us suppose that M, f is well defined for every
f e LP(R,w} , dus) and that

Mo fwapllp.o < Cllfwapllp.a-

In particular, let f be a function in the class S such that F,f(xz) = 1 for every
€ [—1,1]; it is sure that such a function exists, because F, is an isomorphism of
S into itself and F2g(z) = g(—x). Then,

Mo f (@) = Fo (xpora)( / E(iye) dpta(y)-

By (6), it is clear that, as a function of y, Re(E, (iyz)) is even and Im(E, (iyx)) is
odd. As a consequence, for a certain constant ¢, # 0, we can write

1
Mo f(z) = cal‘_a/ Ja(yx)ya—&-l dy = Cax_a_l']a-‘rl(w)’
0

where the last integral can be easily computed (integrating the series that defines
the Bessel function, for instance).
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Thus, if M, f(z) € LP(R,w} , du, ), we must have
2™ o (@)wap(@) € LP((0,00), dpa),

ie.,

(15) / (TOTVPL T () PP (1 4 |z]) O~ 9Pg2et !y < oo
0

Let us decompose this integral in (0,1) and (1,00). Near 0, J,(z) ~ z® (by (4)),
and wq () ~ x%, so the integrability of (15) is equivalent to (—a—1)p+ (o + 1)p+
ap + 2a+1 > —1 or, in other words, —(2a+ 2)/p < a.

In a similar way, near co we can take into account (5) and w, () ~ . Then, the
integrability of (15) in (1, 00) can be reduced to (—a—1)p—p/2+bp+2a+1 < —1,
ie,b< —Q2a+1)/2+ (2a+2)(1—-1/p).

Finally, let use note that w, M, and w_, _, M, are adjunct operators in the
sense that

/R (o (@) M f(2)) (w0 (2)g(2)) dpta ()
- / (w1 —1(2) Mg (1)) (w0 p (2) £ (2)) dpia()

(for f,g € S, this is true by Fubini’s theorem, and then it is extended in the usual
way). Consequently, the boundedness of M, for p and w,, is equivalent to its
boundedness for p’ (with 1/p+ 1/p’ = 1) and w_, _p. Thus, we get the necessary
conditions —(2a+2)/p’ < —a and —b < —(2a+1)/2+ (2a+2)(1—1/p’) that, using
1/p’ = 1—1/p, can be written as a < (2a+2)(1—1/p) and (2a+1)/2—(2a+2)/p < b.
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