WEAK BEHAVIOUR OF FOURIER-NEUMANN SERIES
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ABSTRACT. Let J, denote the Bessel function of order p. The functions
2= Vytony1(x), n = 0,1,2,..., form an orthogonal system in the space
L2((0, 00), 22*+1dx) when o > —1. In this paper we prove that the Fourier
series associated to this system is of restricted weak type for the endpoints of
the interval of mean convergence, while it is not of weak type if a > 0.

1. INTRODUCTION AND RESULTS

Given a positive measure ¢ on some space and an orthonormal system {yy, }n>0
in L?(o), the Fourier series associated to {¢,, }n>0 is the sequence of operators S,
defined by

Snf = ch(f)‘pka f € LQ(J),
k=0

where ¢ (f) = [ fordo. The elementary property that ||S,f — f|r2(s) — 0 for
every f € span {¢, n>0 raises the same question with the L?(o) norm replaced by
the LP(o) norm, 1 < p < co. By the Banach-Steinhaus theorem, this is equivalent
to the uniform boundedness ||.S, f||zr» (o) < C||fllLr (o), f € LP(0), n > 0.

Needless to say, the most important case is the trigonometric system on the unit
circle T, for which the boundedness holds if 1 < p < oo [19]. For p = co the answer
is definitely negative, while for p = 1 the boundedness fails but there is a weak
substitute in terms of the Lorentz space L1:°°(T, df):

1Sn fll v (r,a6) < CllfllLr(r,a9), f € LXT,dd), n>0.

Here,

I fllLoos (o) = sg%y/\(y)l/” = P @) || pe@r ary, 1< p< o0
Yy

r [ dt\ "
ey = (5 [ 000 0rF) 1<p<s1sr<,
0

where X is the distribution function and f* the nonincreasing rearrangement of f.
There is a Holder’s inequality ||fH;Dl,p2 < C”fHQI;QQHfHTl,TZ? 1/pi = 1/qi + 1/”'
Also, [ fllp.co < Cllfllpp =Cllfllp < Cillfllp.1- The reader is referred to [12] or [21]
for further details on LP'" spaces.

After the trigonometric system, the convergence of Fourier series has been stud-
ied for a number of orthonormal systems, including Jacobi polynomials [17, 18, 14,
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4, 10], Hermite and Laguerre polynomials [15, 16], generalized Jacobi polynomi-
als [1] and Bessel functions on (0,1) [9].

In [23, 11] the authors characterized the LP convergence for the Fourier-Neumann
series, i.e., the Fourier expansion associated to the functions

i%(x) = Van + 2a + 2 Jayonia ()77 n=0,1,...

which are orthonormal on L?((0, 00), 22** dz) [L?(2?2T1), from now on], see [24,
§ 13.41 (7), p. 404] and [24, § 13.42 (1), p. 405]. Here, « > —1 and J, is the Bessel
function of order v.

For each suitable function f, let .S, f be the n-th partial sum of its Fourier series
with respect to the system {j&}22 ., i.e.,

Sulf.a) = / T HOKL @O Kot = S iR@5 ().
k=0

In this paper, we study the weak and restricted weak behaviour of these series, i.e.,
the uniform boundedness

S0 fll oo z2at1y < CllfllLp@2asy, — f € LP(@?*Fh), n>0
or
180 fll oo z2at1y < Cllfllpp(g2atny,  f € LM (@** ), n > 0.
Let us focus on the weak boundedness. The a priori assumption that j& € L7(z2*+1)
(n =0,1,..., 1/p+ 1/q = 1) should be made so as to guarantee the existence

of the Fourier coefficients for any f € LP(2%**1). Also, we must assume that
j& € Lro° (2221 if we want S, f to be in LP>°(22%*1). By Lemmas 1 and 2 below,
these assumptions hold if and only if p; < p < pa, where p1 = 4(a + 1)/(2c + 3),
p2=4(a+1)/2a+1)if & >0, and p; = 4/3, po =4 if —1 < a < 0. For the
restricted weak boundedness, the same arguments lead to the a priori assumptions
that p; < p < ps. Since the LP-LP boundedness holds if and only if p; < p < po,
and it implies the LP-LP>*° and LP!'-LP* boundedness, the real interest is in both
endpoints. We obtain a negative answer for the weak type in the case a > 0, and
a positive answer for the restricted weak type.

Theorem. Let o > 0, p1 = 4(a+1)/(2a+ 3), p2 = 4(a+1)/(2a + 1). Then
the partial sum operators S,, n=0,1,..., are not uniformly bounded as operators
from LPi(x22FY) into LPH°°(22°TY) but are uniformly bounded as operators from
LPit(x22FL) into LPH>°(229FY) i = 1,2, In the case —1 < a < 0 the second
statement holds with py = 4/3 and py = 4.

There is a close connection between S;, and the Hankel transform H, given by

_ [T Jalzy) 20+1

1 of(x) = dy.
(1) Haf(a) = [ S p(gperay
It turns out from [24, § 5.1 (8), p. 134] and [7, proof of Lemma 4] that S, f =
Ha(xp11Haf)=Han (X011 Hanf) = Mo f—Manf, where H,, p is given by (1) with
Jotant+e in place of J,. Now, Kenig and Thomas [13] proved that the multiplier
M, is not bounded from LP(z2*t1) into LP°°(22°*1), p = 4(a + 1)/(2a + 3).
Chanillo [5] proved that M, is bounded from LP!(z2**1) into LP:>°(z22Fl) p =
4(a +1)/(2ac + 3). Some related uniform estimates were obtained by Carbery,
Romera and Soria [20, 3] in the context of the disc multiplier.
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Throughout this paper, unless otherwise stated, we use C', C; to denote positive
constants independent of n (and all other variables), which can assume different
values in different occurrences. As usual, we write f = O(g) in a given domain if
|f] < Cg. Finally, the standard notation a; = max{a,0} will be used.

2. AUXILIARY RESULTS

Some appropriate estimates for Bessel functions will be needed. For instance,

v

2) J,(z) = % +0(@?), z — 0+,
(3) Ju(x) = % [cos (x - % - %) + O(x_l)} , X — 00,

where the O terms depend on v (see [24, § 3.1 (8), p. 40] and [24, § 7.21 (1), p. 199]).
Some bounds for J, and J/, with constants independent of v are also available. If
v>0,0<2z<v/2 and a > —v then there exists some constant C, depending
only on a, such that

(4) )| < Core /2 (£)

(see [24, § 3.31, p. 49]). The formula 2.J, = J,_1 — J,4+1 proves the same bound for
J)(x), as well as the analogs to (2) and (3):

v—1
/ _ z v+1
Ju(x) - QVF(Z/) + O(x )7 Tz — 0+a
@)=y = [—sin (s - T -1
J,(x) = — { sin (:v 5 4) +O(x )} , T — 00.

It is easy to deduce from (4) and bounds done by Barcelé and Cérdoba (see |2,
p. 661], [8, p. 24]) that

—1/4
(5) \J,(2)] gcm*1/4(\x—u|+u1/3) . 2e(0,00), v>1

1/4
6) @ <Cr ¥ (la— v +0) T we(0,00), v>1

with some constant C' independent on v. As a consequence, the following estimate
for the norm of x*.J, (z) and x.J/ (z) in LP(x2*1) and LP>(22%*+1) can be given.

Lemma 1. Let 1 < p < oo, a > —1,b€R and v > 1. Let A(4,v) = (logv)/4,
Ap,v)=14fp#4. Then
(a) 2*J,(x) € LP(x**T1) if and only if p(b+v)+2a+2 > 0 and p(b— 3) + 20+
2 < 0. In that case, ||z°J, (x)|| Lo (z20+1) < CA(p, 1/)1/2(?1*6*%*%(%*%)*.
(b) 2%J,(z) € LP>(2?*T) if and only if p(b+v) +2a+2 >0 and p(b— 3) +
200+ 2 < 0. In that case, ||2°J,(2)]| oo (g2at1y < Ot -5+t
(c) 2%J)(z) € LP(2®**1) if and only if p(b+v—1)+2a+2 > 0 and p(b— 1)+
200+ 2 < 0. In that case, ||2°J}(2)| 1o (z20+1) < CL2o g
(d) 2bJ(z) € LP>°(z?***1) if and only if p(b+v — 1) +2a +2 > 0 and
p(b—3) +2a+2<0. In that case, ||x°J}(x)|| .o (g20+1) < CL2o5 bk
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Similar results can be found in [2, 22], so we will omit the proof (details are
given in [6, Chapter 2]). Let us just mention that the LP? and LP**° conditions
follow easily from (2), (3), and the analogs for J),(z), while the norm estimates are
a consequence of (4), (5), and the analogs for J/ ().

Next lemma is the main step in the proof of the uniform restricted weak type:

Lemma 2. Let v > 1,1 < p < oo, and L,(f,x) = J, (x'/2)H (/2T (t*/2) f(t),z),
where H denotes the Hilbert transform. Then, there exists a constant C, indepen-
dent of v, such that

(@) [[Lufllzrae) < ClNfllor(dz), f € LP(dx), if p <4,
() Ly fllpaoe(awy < ClfllLan(awy, f € LY (dz).

Proof. (a) It follows from (5) that
1Ly fllLo(aay < CIHE2TLE2) (), 2) | o n/s (72— 4w /3)-0/2)-

Now, 2 P/8(|x1/2 —y| +v1/3)7P/* € A, uniformly in v if p < 4 (see [7], [11] or [23]).
Thus, H is a bounded operator on LP (z~7/8(|z'/2 —v|+v'/3)=P/4) and this, together
with (6), proves (a).

(b) Let us write L, (f,z) = L, 1(f,z) + L, 2(f, z), where

A0
_ 1/2y/1,1/2 1/341/4 v
Lya(fox) = Ju(z/7)(|x vl+v7?) H<(|t1/2_y+y1/3)1/4’x> '

)H<ﬁ%@hﬂmw%w+u%iméw+v&ﬂx>.
(14 — vl +v4)E |

[N

LV,Q(fa ‘T) = Ju(x

The term L, 1(f, z) is easy to handle: we have
|Jl,(9r:1/2)|(|x1/2 _ V| + V1/3)1/4 < Cl’_l/s

and z~1/2 € A4(0,00), so that

2T 2) (1)
[Lv 1 flloe @) < C HH ((|t1/2 T ,/1/3)1/4’x>

LA(z—1/2)
a2 T (21 f ()
|21/2 — | + v1/3)1/4

< Ol flla1 (da)-
LA (z—1/2)

SCM

Let us consider now L, o f. The elementary inequality |a1/4 — b1/4\ < a_3/4|a — b,
which holds for every a,b > 0, gives

1

(2 =] +08)3 = (jo* —w| +wi)d| <V3(2 — o]+ 05) 73]t~ al.

Thus,
Lualfa) < 1) [ 1IN = v+ 08) 7 7o) e
0
< W@ B2 = vl 05) ™ s an 1 o oy

Finally, Lemma 1(b) and a small change in Lemma 1(d) give ||Jy($%)||L4,oc(dz) <C
and [|J)(22)(|2% —v| +v3) 7| yass. (am) < C. -
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3. WEAK BOUNDEDNESS

Using that, for o > —1,

- xt

> 2o+ 2k 1) agonn (0)Jasonn(t) = ——
k=0

[2Ja+1(2)Ja(t) —tJa(@) Jasi (1)
+ 2ot on42(®) Jatonta(t) = tlavont2() Joponya(t)]
(see [11, 23]), we have S, f = Wi f — Waf + W3 . f — Wy, f, with
Wi(f @) = g2~ apa (@) H (12 Do (t12) f(21/2),2%),
Walf,a) = Sa=oJu(@) H (72200 (/) F(81),22),
Wan(fo2) = ga=@F0T, (a) H(t*2 0, (012) F(11/2), %),
Wan(foz) = go~ T, (@) H(t/2H2T(12) f(#17), 27),

and v = a+2n+2. Here, H denotes the Hilbert transform on (0, 00). The following
was proved in [11, Theorem 1]:

200 — 1 1 20+ 3
@ W llr@eey < Ol v, 30755 <5 < ga g )

200+ 1 1 20+ 5
8 W D a <C P o ) - ’
(8) W2 fllLo@zatt) < CllfllLo(azasny o+ " p S dat)

20 — 1 20+3 3

9 W n P a <C p(gp2c 9 2 - i {777}7
( ) || 3, fHL (z20+1) = ”fHL (w2e+1) 4(a+1) < » < min 4(Oz+1) 1

20+1 1y 1  2a+3
—_— f} << —2
da+1)" 4 p  4dla+1)

Now, let &« > 0. As mentioned in the introduction, the S,, are not bounded
operators from LP(x2%*t1) into LP*°(22%t1) if p = 4(a + 1)/(2a + 1), so we only
need to prove here that the uniform weak boundedness fails for p = 4(a+1)/(2a+3).

It follows from (8) and (10) that W and Wy, are uniformly bounded from
LP(z%*t1) into itself, p = 4(a + 1)/(2a + 3). Thus, it will be enough to find a
sequence of functions {f,} such that the inequality

(10) (Wi fllzoeety < Cllfllpagzany, max{

(11) Wi fn + Wanfollpees@2atry < Ol fallLe@2at)
fails for every constant C. Let f,(t) = Sgn(]a(t))t*%jX[l,n] (t). Then,
1
| fnllLe(z2e+1) = C(logn)? , p=4(a+1)/(2a + 3).

Now, for v = o+ 2n + 2 and = > 2v we have
n? 2n
Wan(fo)] < Camo @) [t Ha(eh)ar < comot ()7,
1
where the last step follows from (6) and (4). Thus,
e\ 2n
(12) oo Wanfalles@eeiy <C () p=4(a+1)/Ca+3).

On the other hand, for x > 2v we have

Wil 2 Co= (@] [ 3 1a(th) dt = Cllogm)a s (o),
1
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the last step following from (3). Therefore,
(13) X (20,00) (X)W1 (frr, ) || 700 (o20+1) > C'logn.
Putting (12) and (13) together, we get
W1 frn + WanfnllLeso z2et1y > Clogn, p=4(a+1)/(2a+3)
and (11) indeed fails. O

4. RESTRICTED WEAK BOUNDEDNESS

By duality, we only need to prove that the self adjoint operators S,, are uniformly

42(31}), and -1 <a<0,p=4.

Case o > 0 and p = 42(311). From (7) and (9), we conclude that W and W3,

are uniformly bounded from LP(22**!) into itself. Therefore, it is enough to prove
that Wy and Wy, are uniformly bounded from LP!(z2*t1) into L (222F1) e,

IWanfllLoes(zasty < Cllfllpra(uzesy, f€ LM (@)

and the same inequality for W5. We will consider only Wy ,,, since the boundedness
of Wy is completely analogous. Let f € LP'1(22F1) and, for each k € Z,

of restricted weak type in two cases: a >0, p =

I = [2F, 2841, £ = FX(0.26-1y02r+2,00) 15 = FXpr-1 grre).
Thus, f = fF + f¥ for each k € Z and

(14)  [Wau(f,2)] <Y Wan(ff ) Ixn (@) + ) IWan(f3,2)|xr ().

kez kez
Let x € I;. Then, it is easy to check that |22 —y?| > %yQ ify € (0,28 1) Uu[2F*+2, c0).

Hence, after a change of variable we get

Wan(FE, )] < CoJ, ()] / YT )1 ()] dy
and

Y Wanlff,2)lxn (@) < Ca=| 0 (@)] |z~ (@) | paes azesn) | fll ot g2as),
kez

where % + % = 1. Therefore, the first term in (14) is bounded:
1D Wan(ff, @) X1 (@)l| oo @201y < Cllfl| Lo 2oty

kEZ

by Lemma 1(b) and (d). Let us consider now the second term. If x € Iy,
(Wan(f3, )] < C27F |L, (¢2 f7(¢1/7),2%)|.
From Lemma 2 it follows that
IWan (£ 0)X1, (2) | Lo (q2et1) < C2FF55 Ixp (@) Ly (83 R (E2), 22) | oo )
< Ca okt 2% f2 (@) Loy < ClFXjor-2 2042) | Lot (p20+1).
Then,

(15) 1D Wanf5, @) X0 (@) oos (a2as1) < Ol fll ot gzt
keZ
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Case —1 < o < 0 and p = 4. Now, Wy, Wy, and W3, are uniformly bounded

from L*(222*1) into itself (see (7), (8), (9)), so we only need to prove that

HW4’nf||L4,oo(x2a+l) < C||fHL4,l(x2a+l), f (S L4’1($2a+1>.

The above proof of (15) remains valid, while only minor changes are necessary for
the first term in (14): it is not difficult to check that

y e e < 4
[z —y? 73

if z € Iy and y € (0,2*71) U [2¥+2,00). Then, it follows that

(1]
2]
(3]

)

(10]
(11]

[12]
13]

14]
(15]
(16]
(17]
(18]
[19]
20]
21]
(22]

23]

Wi (fF,2)] < Ca= % ()] / W37 |f ()] dy. O
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