FOURIER SERIES OF FUNCTIONS
WHOSE HANKEL TRANSFORM IS SUPPORTED ON |0, 1]

JUAN L. VARONA*

Abstract. Let J, denote the Bessel function of order u. For o > —1, the system
=272 ] Lon 1 (2Y/?), n = 0,1,2,... is orthogonal on L?((0,00),2%dz). In
this paper we study the mean convergence of Fourier series with respect to this
system for functions whose Hankel transform is supported on [0, 1].
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§1. Introduction.

Let J,(z) stand for the Bessel function of order y and {PT(LO‘”6 )(90)}?10:0 for the Jacobi
polynomials (see [15] and Ch. VII and X in [5]). It is well known that the Jacobi polyno-
mials are orthogonal on (-1,1) with respect to the weight (1 —z)*(1+2)?, a, 3 > —1, and
the Bessel functions satisfy the orthogonality relation

> dx )
Jaton Jotam —=—"" __ _ na,m=0,1,2,... > —1).
/0 tont1(2)Jatomi1(x) v 2@mtatl) n,m (cv )

If we denote
(1) i%(x) = Va+2n + Lagon (Vo)z~/* Y2 n=0,1,2,...

then the system {;j2}5°, is orthonormal on L?(x%) = L?((0, 00), z® dx).
The Bessel functions and the Jacobi polynomials are related by the formula (see [6])

/ Jaton+1(t)Ja(@t) dt = 2P (1 — 22%) (0 1)(2).
0

Following [4] we define the Hankel transform H, of order & > —1 to be the integral
operator

x—a/Q

2

@) Half,z) = / T HOLED dt, w0,

for suitable functions f.
This means that

(3) Ha(jn>2) = Va+ 20+ 1PV (1 = 22)x(0,1) (2),
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and therefore supp(H(5%)) C [0, 1].
We consider the partial sums of the Fourier series with respect to the system {j%}°°

=) _a(f)ii (@), f(#)jg @)t dt.
1;) Jk /

They can be written as
(4) / FOKp(z, )t dt, where Ky(z,t) =Y jf(x)jf(t).

Series of this kind are a particular case of series ), . anJatn, Which are usually called
Neumann series. A study of their pointwise convergence can be found in [16] and [17].

The main aim in this paper is to study the convergence of S, f in the LP(x®)-norm.
This involves two problems:

a) To obtain uniform boundedness of the operators S, f in LP(x®).

b) To find the subspace of LP(x®) consisting of the functions f which can be approx-
imated in the LP(z®)-norm by its Fourier series, that is, to describe the space

By o =5span{j;(z)}r>, (closure in LP(z“)).

In order to solve a) the kernel K, is decomposed in a suitable way which reduces the
problem to show the boundedness of the Hilbert transform with weights, and hence some
estimates for the Bessel functions and some results on A, theory are needed. Some of these
ideas have been used in the literature (see [1], [8], [9], [10], [12], [13]).

Regarding to b), looking at (3) we only need to deal with functions with Hankel
transform supported on [0, 1]. This leads us to consider, in a natural way, the analogous
of the disc multiplier for the Hankel transform, i. e., the operator M, defined by

Ha(Mafax) (fa )X[Ol( )

Our problem of expanding a function whose Hankel transform is supported on [0, 1]
with respect to an orthogonal system is in some sense similar to expanding a function
whose Fourier transform is supported on [—1, 1], which has been treated in [1] using as an
orthogonal system the spherical Bessel functions \/% Jn+1/2(x). The method we use to
establish our results is easier than the one in [1]. Our development in §2 can be adapted
to simplify some of the proofs in [1] and [2].

The paper is organized as follows: In section §2, we solve problem a). In section §3
we prove that the operator M,, defined for suitable functions f, can be extended from
LP(x®) into itself and it turns out to be the projection operator. This allows us to study
problem b) obtaining, in section §4, a characterization of B, , in terms of M, and solving
the convergence of S, f to f in the L?(z®)-norm.



§2. Uniform boundedness of the partial sums.

4(a+1) _ 4(a+1)

5a+3 » P1 = Sa41 - From the well known estimates

In what follows, v > —2 and py =
(see [5] or [15])
T

S nt2
J,u () Tt 1) +0(2"*7), x— 0+

and

(5) Ju(z) = 7%: [cos (m - % - %) + O(afl)] , I — 00
it follows

(6) |Jo(2)] < Coz®, x € (0,00)

and

(7) [Ja(2)| < Caz™ "%, € (0,00).

Given p € (1,00) and a fixed interval (a, b), a weight w is said to belong to the A,(a, b)

class if (/Iw(ﬂf) da:) (/j w(z) Y @=D dm)p_l < C|IP

for every interval I C (a,b), with C' independent of I. An important application of A,
theory lies in its relation with the boundedness of the Hilbert transform

_ [P
H(f,ac)—/a ;dt.

Indeed, in [11] (see also [7] for further information) it is proved that
H:L*((a,b),w) — LP((a,b),w) bounded <= w € Ay(a,b).

Besides, the norm of the Hilbert transform operator and the constant in the A, definition
depend only one on each other. This allows us to use the uniform A, theory in a similar
way to [10]. Let us suppose that a family of weights {w,, }52 , defined in the same interval
(a,b) satisfies the A, condition with the same constant C' (in this case we will say that
w, € Ap(a,b) uniformly). Then, the Hilbert transform H is uniformly bounded from
L?((a,b),w,) into itself, that is, with constant independent of n.

It is well known

(8) 2P € A,(0,1) <= 27 € A,(1,00) <= 2" € A4,(0,00) <= -1 < B <p— 1.
Moreover, by making the change of variable x = r, z we easily obtain that, if r,, \, 0, then
9) (|lz| + )’ € Ap(—1,1) uniformly <= —-1<fg<p—1.
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By using (8), it is easy to prove that, if @« > —1/2 and pg < p < p1, then
g@ToP/24P/4 € A (0,00) and  x®TP/27P/% ¢ A (0, 00).
The following result will be used later.

Lemma 1. Let a > —1/2, max{%,po} <p<min{4,p1} and 0 < s, /" 00. Then

p/4
(10) g op/2+p/8 <|x1/2 — Sp| + 8711/3) € A,(0,00) uniformly
and
—p/4
(11) g p/2-p/8 <]a:1/2 — Sp| + si/3> € A,(0,00) uniformly.
Proof.

Let us prove (11); the proof of (10) is similar. Making the change of variable z = s2 2

in the A, definition, it is easy to show that (11) is equivalent to proving

—p/4
Lo—ap/2—p/8 <|z1/2 1+ 352/3> € A,(0,00) uniformly.

Taking into account the behaviour of this expression on the intervals (0,1/2), (1/2,3/2)
and (3/2,00), it is not difficult to check that we only need to see

—p/4
0T 20 S e 4,0,0), (122 - 11+ 5,20) T € Ap(3,8), T2 € A, (3,00).

The first and the third ones are true by (8). Finally, the second one follows from (9) by
using |2'/2 — 1| ~ |z — 1| and making a change of variable.

Theorem 1. Let 1 < p < oo and a > —1/2. Then, there exists a constant C independent
of n and f, such that

(12) 1Snfllr@ey < Cllfllpr@ey  Yf € LP(2%)

if and only if max{%,po} < p < min{4,p; }.

Proof.
To find necessary conditions for (12) we apply the standard argument used for the
first time in [12]. The uniform boundedness implies that of the operator T,, = S, — S,—_1,

T,(f,0) = eal (@) = la) [ £ 08 dr
0
Thus, by using duality we can easily obtain that (12) implies
(13) 175 e @y 17 | a ey < C.
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Taking n = 0 and applying (5) and (1), we find that po < p < p1. Now, provided that
po < p < p1, asymptotic estimates for J,y2,41(x) with n and x large enough allow us to

show that
p~1-at2a/p+2/p if p<4

s llzr@ey ~ § 0712722 (logn) /4 ifp =4
n_5/6_05+20‘/p+4/(3p) lfp > 4
This, together with (13), implies 4/3 < p < 4.
On the other hand, let us suppose that max{%,po} < p < min{4,p;} and prove the

uniform boundedness of S, f.
We need a suitable decomposition of the kernel K, (x,t). In [16] it is proved that

= 2+ 2k + 1) Jygori1 () Juponia ()
k=0

satisfies
xt

Su(@,t) = 55 (@ dur1(2) Ju(t) — tJu(2) Jusr(8)} -

Consequently, by (4) and (1) it is clear that
1
K, (z,t) = ix—a/2—1/2t—a/2—1/2 {¢a(x1/2,t1/2) _ ¢a+2n+2($€1/2,t1/2)} .

Now, by using zJay2n43(2) = (o + 2n + 2)Joyon42(2) — 2J} 1 9,42(2) we obtain

xt
Paton+2(2,t) = 503 {Jatr2nt2(@)t o ong2(t) — Javant2(H)2 g on 2(2) -

Hence it follows

x—a/Qt—a/Q

-z v 1/2 1/2 1/2y _ 41/2 1/2 1/2
Kn(z,t) 1) {a: Jas1 (22 To(t172) = 12 (2" 2) Jara (t )}
—a/24—a/2
x t
2(x —t) {xl/QJ&+2n+2($1/2)=]a+2n+2(751/2) - t1/2<]a+2n+2(xl/Z)J(;+2n+2(t1/2)} '

This enables us to write

Sn(f7 I) = Wl(f7 x) - WQ(f? .ZL’) + W3,n(f7 LL‘) - W4,n<f7 QL‘),

where 1 1o
1 OO (0% «
Wi(f,z) = _/ p-o/z+1/2p—af2 Jar1 (@ 77) Jalt )f(t)ta dt,
2 Jo r—1
1 [ V)T (112
Wa(f, z) = 5/ x—a/Qt—a/Q-i-l/QJ (z x)J :1( )f(t)ta dt,
0 _
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1 0o J! .%’1/2 Ju t1/2
WS,n(f» CE) _ 5/() x—a/2—|—1/2t—o¢/2 1/( " )_ t( )f(t)ta dt,

A G

r—t

1 [ Jy
0

and v = a4 2n + 2.
Therefore, to prove (12) it is sufficient to see

IWifllpo@ey < Clliflorey, =12

and
[Winflloe@e) < Cllflloe@e), i=3,4.

In order to apply A, theory we will use the following estimates for Bessel functions
and their derivatives:

—1/4
(14) |, (z)] < Cx— /4 <|m — |+ y1/3) ,

1/4
(15) T(@) < Ca=*4 (Jo = v]+012)

where, again, v = a + 2n + 2 and the constant C' depends only on «. These inequalities
can be easily deduced from those used in [1] (see also [15]).
Now, the boundedness of the operators W; and Ws is equivalent to

121272 Ty (21 2VH (2 Jo (82) (1), 2) | Lo @y < CIF (@) Lo o)

and
=2 Jo (22 H (#1242 Ty (8 72) F (1), 2) | Lo (ao) < CNF (@)l Lo (o0

By using (7) and x*~2P/27P/4 ¢ A (0, 00) it follows

|l 2 o (V2 H (125 oy (B72) £ (1), 2) |

)

§C1/ ‘ﬁ_a/2_1/4H(t1/2+a/2Ja+1(tl/Q)f(t),x)’pxa dx
0

p

< 02/ ’$1/2+a/2Ja+1(1'1/2)f($) xa—ap/2—p/4 dr
0

> p
< 03/ ‘$1/2+a/2_1/4f(x)‘ oo PRP g = Cy| F ()1} -
0
The verification of the other inequality is similar by using (7) and z®~*P/2+P/4 ¢ A (0, 00).
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To finish the proof we will prove the uniform boundedness of W, ,,; that of W3 ,, can
be obtained in a similar way. Taking g(t) = J/ (t'/2)t*/?>+1/2 f(t) and using consecutively
(14), (11) and (15) we have

p
z% dx

F(t)dt

/OO p0/240/2+41/2 Ju(ﬁl/Q)JL(tl/Q)
0 xr—t1

WarF =277 [

27 [ g 1@ e
0

o) —p/4
< C’l/ ]H(g,x)]pxo‘_o‘p/z_p/s (\xl/z —v|+ 1/1/3) : dx
0

e —p/4
< 02/0 o) Po—op/ 2/ (|a;1/2 |+ ,,1/3) dz < Csl|II% o

and the result follows.

63. The projection operator M,.

By using (6), the integral operator (2) exists for every f € L'(2%) and Ho f € L™= (z®).
Actually, we have

(16) [Hafll Lo @e) < 5Callfllr@e)-

However (2) does not exist for f € LP(z%) in general and so we will introduce the operator
M, in a similar way to that of the disc multiplier.
We consider the space

St = {f € 0=(0,00) : Yk,n > 0, [tF M (1)| < c,m}

with the topology generated by the seminorms || - ||k, k,n € N, defined by || f|lxn =
SUDye (0,00) R £ (t)| (see [3] and [4]). It is easy to identify S+ with the functions f such
that f(t) = ¢(t), t > 0, for some ¢(t) in the Schwartz class S.

With this notation H,, is an isomorphism of St onto itself and H?2 is the identity map.
Moreover, Fubini’s Theorem implies the multiplication formula for the Hankel transform:

(17) /000 Ho(f,x)g(x)x® doe = /000 Haolg, ) f(x)z*dx, f,gcST.

Now, taking g(z) = Ha(f,z) and using that H2 = Id, we have Parseval’s formula
[Hafllz2@e) = [[fll2@e)-

Since ST is dense in L?(z®), the operator H, : ST — ST can be extended to H, :
L?(x%) — L*(z®) satisfying
(18) [Hofll22e) = | fllL2(zey and HZ =1d.
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Let M, be the operator defined by

Ma(f7 .’13) = HO&(X[O,I]Hozfv :17)7 f S S+.

Note that if f € ST then H,f € ST; thus X, Haf € L?(z®) and M, f is well defined
VfeSt.

Theorem 2. Let o > —1/2 and py < p < p1. Then there exists a constant C,, ,, such that

IMofllzr@e) < CpallfllLr@e), VfeST.

Therefore, M, can be extended to an operator (also denoted M, ) bounded on LP(x®) such
that

1) Ha(Maf) =Ha(f)X[o,1) for all f € L*(x*) N LP(z).

iil) M2f = M,f for all f € LP(z®).

iii) Moreover, for f € LP(x®) and g € L9(z®), 1/p+1/q = 1, we have

| roatg.)edo = [ o) Mo 012

Proof.
By using (2) and Fubini’s Theorem we obtain

1 oo 1
Mo(fa) =g [ ([ B ) a2 ) .
0 0
Moreover, a change of variable in Lommel’s formula

g (a (el (x) — Ju()tT(0)
1

= 5 ot (Oa(@) = 2Ja(®)Jars(2))

/0 Jo(yt)Ja(yr)y dy =

(for the last equality, use zJ. (z) = aJy(z) — 2J4+1(2)) leads us to

Ma(f7x>:§ 0 t—x

— Wl(f,x) —WQ(fal')7

oo 41/2 1/2 1/2 1/2 1/2 1/2
1/ 2 J o1 () T (21/2) — 21200 (81/2) T g1 (2 )to‘/2x_°‘/2f(t)dt

where W7 and W5 are bounded operators (see the proof of Theorem 1).
Now, taking into account that H2 = Id and using standard density arguments, the
statements 1) and ii) follow easily. Let us now prove iii):
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From (17), it easily follows that, for f,g € L?(z®), we have

(19) /OOO Ho(f x)Holg, z)x® do = /000 f(x)g(x)z® dx.

Now, let Uy and U; be the bilinear functionals on LP(z®) x L9(x®) defined by

Ui(f,9) = /OOO f(x)My (g, z)z™ dz
and .
Ux(f.g) = /0 g(x) My (f, )z d.

It suffices to show that U; and U, are bounded and coincide on the subset (L?(z®) x
L?(z*)) N (LP(x*) x L(z*)), which is dense in LP(z*) x L(z*). The boundedness of U;
and Us is clear by Hoélder’s inequality and py < p,q < p1. Furthermore, by using (19), i)
twice, and (19) once again, we have

[e’¢) oo 1
/ f(x)My (g, z)z* dox = / Ho(f, 2)Ho(Myg, x)x® doe = / Ho(f, z)Ha(g, x)x dx
0 0 0

— [ HalMaf.oHalg s do = [ Ma(f)g(a)a ds
0 0
and so the proof is complete.

§4. Main consequences.

Definition. Let o > —1/2 and py < p < p1. We define
Epo=A{f€LlP(z®): Mof = [}

endowed with the topology induced by LP(z%).

Proposition 1. Let o« > —1/2, po < s <r < p;. Then E;, C E,, and the inclusion is
continuous and dense.

Proof.
From (16) and (18), by using interpolation (see [14]), it follows

HafllLa@e) < ClfllLr@e), 1<p<2<g<oo,

ShL

On the other hand, if p <2 and py < p < p1, for f € ST we have
[ Mo fllo ey = [[Ha (X0, Haf )| Lo (zo)
< CilixpyHafllzr@e) < Col[HafllLa@e)y < C3llfllLee)-
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By density,
[ MafllLoe@ey < ClfllLe(ae)-

Since M, is bounded from LP(z%) into itself, po < p < pi1, by interpolation we obtain
| Mo fllzrzoy < C||fllLr(ze), 7 > p. Interpolating one more time, we find

(20) | Mo fllorzey < C|lf]

Ls(ze), Po<S<71r<p1.

If f € Esq then M,f = f and so (20) leads to || f|zre) < Cf|
Es,a - Er,a-

To prove that the inclusion is dense, let f € E, . Since L"(z*) N L*(z®) is dense in
L"(x*), for each € > 0 there exists a function g € L™ (2*)NL*(2®) such that || f — g||pr(ze) <
e. Taking h = Mg it follows that h € E, ,. Then

Ls(z>), Which implies

1f = hllor@ey = Maf — MagllLr@ey < Mol 1f = gllor@ey < Ce
and the proof is complete.

If 1/p+1/q = 1, the following result says that the dual space (E, )" is isomorphic to
E, o in the standard sense

Proposition 2. Let o > —1/2 and T a bounded linear operator on E, , po < p < p1.
There exists a unique function g € E, ., 1/p+1/q =1, such that

(1) 7(f) = [ f@o@a"do VS € By

Furthermore, C|\g||pa(zey < || T']] < ||gl|a(zo) for a constant C' > 0 depending only on the
norm of M, in L(z®).

Proof.

Let T € (E,.). By Hahn-Banach’s Theorem, 7' can be extended to T' € (LP(x®))’
preserving its norm ||7'||. By duality between LP(z®) and L9(x®), there exists h € L9(z®)
such that

1(f) = [ f@h@a e ¥f € 1)

and [|h| La(aey = 1Tl
If g = M,h from ii) in Theorem 2 it follows g € E, . We are going to check that this
function satisfies our purposes. If f € E, , from iii) in Theorem 2 we have

T(f) = /0 " @) h(x)2® dx = /0 " ML(f, ) h(2)e® da

= /OOO My (h,z) f(x)x® dx = /OOO g(x) f(x)x™ dx.
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By using po < ¢ < p1 and Holder’s inequality we have ||T'|| < [|Myh||pa(gey. Thus, the
equivalence of norms ||g||ze(ze) ~ ||T'|| follows immediately.

To prove the uniqueness, suppose p > 2 and there exist g and ¢’ in E, , satisfying
(21). Then

/0 T @) g(e) — g (@)a dz =0 VS € Epa.

Taking f =g—¢' € E; o C Ep , it follows g — ¢’ = 0 a. e. Now, the case p < 2 is a simple
consequence of this considering that L(x®) is reflexive and, since E, , is closed, then E, ,
is also reflexive.

As it was pointed out in Introduction, let B, , stands for the closure in LP(x®) of the
space span {j2}.~_,. The following results show the main consequences in this section.

Corollary. Let a > —1/2. Then limy, .o [|Snf — fllLr(@e) = O for every f € B, , if and
only if max {%,po} < p < min{4,p;}. Moreover, if it is the case, then B, , = E, 4.

Proof.

i) By using (3), (18) and the completeness of the Jacobi system it follows that {j&} 7,
is complete in Fy , and so By , = E3 . Hence the convergence for p = 2 is clear. When
po < p < pp then j5 € E, , and therefore B, , C E) .

If 2 <p<p and f € E,, it follows that for each ¢ > 0 there exists a function
g € L?(z®) N LP(z®) such that | f —gllzr(zey < €. Taking h = Myg we have Myh = h
and so h € By o N Ep o = Bao N E,,. Since M, is continuous then [|f — Al pp(ge) =
Mo f — Mag|lpezey < Ce. As h € By, it follows that there exists ' € span{j3},~,
such that ||h — h/||p2(z) < &. By applying triangle inequality and Proposition 1 we obtain
|f — || p(zey < Cie and therefore Ej, o C Bp o. Then the mean convergence for 2 < p <
min {4, p; } is an immediate consequence of Theorem 1 and Banach-Steinhaus Theorem.

If max {%, po} < p < 2, the result is easily obtained by duality.
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