Weak behaviour of Fourier-Jacobi series
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Abstract
Necessary conditions for the weak convergence of Fourier series in or-
thogonal polynomials are given and it is also shown that the partial sum
operator associated with the Jacobi series is restricted weak type, but not
weak type, for the endpoints of the mean convergence interval.

INTRODUCTION

Let da be a finite positive Borel measure on an interval I C R such that supp(da)
is an infinite set and let p,(da) denote the corresponding orthonormal polyno-
mials. For f € L'(da), S,f stands for the nth partial sum of the orthogonal
Fourier expansion of f in {p,(da)}S2, that is,

Su(fx) = @), ax=an() = [ fpnda.
k=0 I

The study of the convergence of S, f in LP(da) (p # 2) has been discussed
for several classes of orthogonal polynomials (c.f. Askey-Wainger [1], Badkov [2—-
4], Muckenhoupt [11-13], Newman-Rudin [16], Pollard [17-19], Wing [24]). For
instance, in the case of Jacobi polynomials {P,(La’ﬂ ) (x)}22, which are orthogonal
in [~1,1] with respect to the weight w(z) = (1 — 2)%(1 + z)%, o, 8 > —1/2,
Pollard proved that |1/p — 1/2| < min{1/(4a +4),1/(43 + 4)} is a sufficient
condition for the uniform boundedness ||Sy, f|lp,w < C|| f|lp,w, which is equivalent
to the convergence in LP(w), 1 < p < co. Newman and Rudin showed that
the previous condition is also necessary and later Muckenhoupt extended these
results to a, > —1.

The aim of this paper is to examine the weak behaviour of the Fourier-Jacobi
expansion, that is, to study if there exists a constant C', independent of n, y
and f, such that

1
/ w(e)do <y [ |f@Pu@) e y>o0,
[Sn(fiz)|>y -1
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ie., if S, is uniformly bounded from L (w) into LY (w), 1 < p < oco.

By using interpolation [22, Th. 3.15, p. 197], the range of p’s for which
there exists convergence of S, f in LP(w) is always an interval, named mean
convergence interval. Moreover, the previous weak inequality only can be true,
beside the mean convergence interval, in its endpoints. Since for —1 < «, 8 <
—1/2, the conditions |1/p — 1/2| < min{1/(4dac +4),1/(46 + 4)} are trivial for
p € (1,00), we suppose, by symmetry, a >  and a > —1/2. Then the mean
convergence interval is 4(a + 1)/(2a + 3) < p < 4(a+1)/(2c + 1). For the
Fourier-Legendre expansion (o« = § = 0) and p = 4 Chanillo [5] proved that
the partial sum operator is not weak type (4,4), but is restricted weak type
(4,4) (and (4/3,4/3), by duality), i.e., it is weakly bounded on characteristic
functions.

On the other hand, M4té, Nevai and Totik [10] obtained, in a general way,
necessary conditions for the mean convergence of Fourier expansions.

Theorem (Maté-Nevai-Totik). Let da be such that supp(da) = [-1,1], & >
0 almost everywhere, U and V nonnegative Borel measurable functions such that
neither of them vanishes almost everywhere in [—1,1] and V is finite on a set

with positive Lebesgue measure. If Sy, is uniformly bounded from LP(V (z)P da)
into LP(U(x)? da), then

(i) U(x)? € L'(da), V(x)™1 € L (do), ¢ =p/(p — 1),

(ii) /_1 U(z)Pal (2)/2(1 — 22) P/ dz < oo,

(iii) /11 Viz) 9 (2)72(1 — 2?)"* dz < oo.

When da and df = U(z)P da = V(z)? da are generalized Jacobi measures,
these conditions turn out to be sufficient too [2—4].

This paper is organized as follows. In Section 1 we obtain necessary condi-
tions for the weak convergence. These allow us to prove that S, is not weak
type (p,p) for p=4(a+1)/(2a + 3). From these conditions it follows that (i),
(ii) and (iii) are necessary not only for the mean convergence but also for the
weak convergence. We end this section giving an example which shows that they
are not sufficient. In Section 2 we prove, by using similar arguments to [5], that
Sy, is not weak type for p = 4(a+ 1)/(2ac + 1). Finally, in Section 3, we obtain
that the partial sum operator is restricted weak type (p,p) for both endpoints
of the mean convergence interval when «, 5 > —1/2 and one of them is bigger
than —1/2.

SECTION 1

Assume supp(da) = [-1,1], &/ > 0 a.e., and let {p,(x)}>>, be the corre-
sponding orthonormal polynomials. C' is used to denote positive constants not
necessarily the same in each occurrence and ¢ = p/(p — 1). For f € L'(da)
let S, f denote the nth partial sum of the orthogonal Fourier expansion of f
in {pn(2)}52,. We want to find necessary conditions for the weak convergence
of S,.



Lema 1. Let U and V be weights and let 1 < p < co. If there exists a constant
C' such that for every f € LP(VP da) the inequality

1Snflle@we day < ClfllLeve da (1.1)

holds for all integers n > 0, then

Pl La(v—a day IPn L2 (0p da)y < C- (1.2)

Proof. Tt follows from (1.1) that

llan (f)pnl L2(UP da) = [Snf — Sn-1f|

2wrda) < CllfllLe(ve day-

Thus,

-1
lan ()] < C (lpallr@wr any) 1 lLeve da)-

Therefore, every operator

pn/VP: LP(VP da) — R

f— ( / VIV da) — au(f)

-1

is bounded and, by duality, its norm as operator coincides with the norm as
function in L4(V? dar). Thus

1
Pn/VP | La(ve day < C ([|pn] L2(U® da))

and (1.2) indeed holds. O

In order to prove the main theorem, we will use the following result estab-
lished by M&té, Nevai and Totik [10, Th. 2].

Lema 2. Let supp(da) = [—1,1], & > 0 a.e. in [-1,1] and 0 < p < oco. There
exists a constant C such that if g is a Lebesgue-measurable function in [—1,1],
then

o/ (@) 72 (1 = 22) 7 Lo g1 am) < lim inf {|py | Lo (jgpp da)-

In particular, if
liminf {[py | Lo (jgpp da) = O
n—oo

then g =0 a.e.

Theorem 1. Let do, U and V be as in Lemma 1. If there exists a constant C
such that

1Snflle@we day < Clfllrve da)
holds for all integers n > 0 and every f € LP(VP da), then

UP, V=1 ¢ L'(da), (1.3)
o ()72 (1 — 2?)7V4 e LP(UP du), (1.4)
of ()72 (1 — 2?)" Y e LYV d). (1.5)



Proof. Taking n =0 in Lemma 1 we obtain (1.3).
In order to proof (1.4) and (1.5), we use the following result:

1/r

fxe P

sramy < sup X2l T
e lxells p—r

/1

LE(dm)>

where dm is a Borel measure, 0 < r < p < o0, 1/s = 1/r —1/p and the
supremum is taken over all measurable sets E such that 0 < m(E) < oo [7,
Lemma V.2.8, p. 485]. From Lemma 2 and this inequality, it follows that

lo (2)~1/2(1 = 2®) =14

Dl <limi nl L2 (1glP da) -
L2 (gl dx) < HMINE{|Pn [ 22 g1p aa)
Now, taking liminf,, . in (1.2), we obtain
o ()2 (1 = &) " paqv-aar awllo’ (2) 72 (1= 2®) T4 Lprar any < C.
As none of this norms can vanish, we get (1.4) and (1.5). O

An easy consequence from Theorem 1 is

Corollary 1. If da, U and V are as in Lemma 1 and if S, is uniformly
bounded from LP(V(z)P da) into LE(U(z)P da) and from LI(U(z)~%da) into
LI(V(z)~%de), then we have

U(z)? € L' (da), V(z)~? € LY (da), (1.6)
/1 Vi(z) 90/ (x) 7121 — 2?)"* do < oo, (1.7)
-1

/_11 U(z)Po () 7P/2(1 — 22) P/ * da < oo. (1.8)

Remark 1. Let S, denote the nth partial sum of the Fourier-Jacobi expansion
(@(z) = (1 -2)*(1+2)", o, > —1/2, @ > —1/2) and U(x) = V(z) = 1.
Because of (1.3) and (1.5) in Theorem 1 we obtain the following conditions

[A+1|]1/p—1/2| < (A+1)/2, (A+1)(1/p—1/2) < 1/4,

where A is a or 3, the same in each statement. As the latter inequality is not
satisfied for p = 4(av 4+ 1)/(2cx 4 3), it implies that S, is not weak type (p,p)
for the lower endpoint of the interval of mean convergence. The same happens
with generalized Jacobi polynomials.

Remark 2. The conditions (1.6), (1.7) and (1.8) are the same that (i), (ii) and
(iii) in the Introduction. These are necessary conditions for the boundedness of
Sp from LP(V(x)P da) into LP(U(z)? da) or equivalently from L2(U(x)~?da)
into LYV (z)~%da). This points out that the conditions obtained by M4té,
Nevai and Totik are necessary not only for the mean convergence but also for
the weak convergence.



Remark 3. Let us prove that Maté-Nevai-Totik conditions are not sufficient for
the weak convergence. Consider the Fourier-Legendre expansion (da = dz),

p = 4, and take
lo L+ lo -z
s\ 4 &\ 1

1og<1+m> 10g<1x)
4 4

It is immediate that U and V satisfy (1.6) in Corollary 1. In order to prove
the remaining conditions (1.7) and (1.8) we will show that the weights U and
V satisfy even stronger ones, that is

—5/8 —5/8

Uz) =

)

—3/8 —3/8

V() =

(1= 22)°U(x)*, (1 — 2%)°V(2)*) € Ay(—1,1) for some § > 1,  (1.9)
(1 =27 'U(2)*, (1 —2*) 'V (2)*) € Ay(—1,1), (1.10)

where A,(—1,1) stands for the Muckenhoupt A, classes [9, 14], i.e. (u,v) €
Ay(—1,1),1 <p<oo,if

/Iu(x) de (/1 o(z) Y/ #=D) dm)p_l <clp

for every interval I C [—1,1], and |I| denotes the Lebesgue measure of the
interval I. The weight w belongs to A; if Mw(z) < Cw(x) a.e., where M
denotes the Hardy-Littlewood function.

In order to prove (1.9), by using symmetry and change of variable, it suffices
to show that

(4, ) = (2| log 2] ~5/2, 29 log 2] ~*/2) € 44(0,1/2).
Let
-3
w(z) = z|logz| ™2 =27 1/? (x*1/2| 10gx|2/3> = wy(z)ws(z) 3.

It is known that w; € A; and it is not difficult to prove that we € A;. Thus,
w € Ay by using the factorization theorem for A, weights [6]. Now, (1.9) follows
from [15, Th. 2] and it implies that the Hilbert transform H is bounded from
L?(v) into LP(u), which will be used later.

On the other hand, if u(z) = 7 1|logz|® and v(x) = 27 !|logx|?, it can be
shown that (u,v) € A,(0,1/2) if and only if —b > 1 and b+1 < B. Then (1.10)
follows obviously.

If p,(z) stands for the Legendre orthonormal polynomials, the partial sum
operator can be decomposed [17] as

Sn(f7 ‘T) = anpn+1(x)/ ZM f(t) dt

1 r—1

+anlpnsa(@) ~pale)) [ 222 10y a

1 -t
1

 Bupi () / Do (0 (1) dt, (1.11)

—1



where «,, and (3, are bounded and
(1—a*) A pa(@) <C,  (1=2°) Y4 pu(z) — puya(z)| < C. (112)

We now try to estimate the three summands of the equation (1.11). We begin
by estimating the last term using Holder’s inequality, the first part of (1.12)
and (1.10). We have

3/4

/ 11 pra(B)f(0)]dt < © ( / 11<1 — )1y )=/ dt)

([ 11 vl a) -

= C1l[fV 4.

Therefore

/.

4

prL+1($)/1p7L+1(t)f(t)dt U(I)4d]}

<c / (1 - 22) V() da / FOVOIdt= Oyl VL

-1 -1

We now estimate the middle term using (1.9) and (1.12):

/.

4

(Pnsa(®) — pu() / Past SO gyt

1 T —t

< 0/11 [H (pnsrf,2)|*(1 = 2*)U(2)* do

1
< Cl/ a1 (@) f (@)1 = 2®)V ()" dz < Ca VI3

-1

Finally, we will prove that the first term is not weakly bounded. The proof is
by contradiction. Let us assume that there exists a constant C', independent of
n and f € L*(V*), such that

/ Ux)*de < Cy~* | fV]4.
|pn+1(m)"H((pnfpn72)f’x)‘>y

Then, it will be enough to construct a sequence of functions { f,,(¢)} such that the
constant appearing in the above inequality grows with n. A slight modification
of the argument used by Chanillo proves that C' > (logn)®/2. Therefore, the
partial sum operator is not weak type (4,4).

SECTION 2

Let S,, denote the nth partial sum of the Fourier-Jacobi expansion with respect
to w(z) = (1 —2)*(1 + 2)?, being @ > B and a > —1/2. Then, the interval
of mean convergence is given by 4(a +1)/(2a+3) < p < 4(a+1)/(2a + 1).
Theorem 1 works to prove that S, is not weak type on LP(w) for p = 4(a +



1)/(2cc 4 3), since (1.5) is not satisfied. But it is not useful to show that .S,
is not weak type for p = 4(a +1)/(2a + 1). Tt leads us to make use of other
arguments.

Let r = 4(a +1)/(2ac + 1). Then, there exists no constant C, independent
of n and f € L"(w), such that

1Sl wy < ClFLrw)- (2.1)

Proof. In what follows assume supp(f) C [0, 1]. Let p,(x) denote the orthonor-
mal polynomials with respect to w(z) and ¢, (z) the orthonormal polynomials
with respect to w(z)(1 —2?). Moreover, if (2.1) is true, the same happens if the
left integral is only taken over the set {z € (0,1),|S,(f,x)| > y}. Then, we will
suppose all integrals are restricted by the condition x € (0, 1).

Pollard [18] proved that in

Su(fra) = / O, (. () i

the kernel K, (z,t) can be decomposed in the form
Ky (z,t) = rp,Ti(n,x,t) + spTa(n, z,t) + sp,T5(n, x,t) (2.2)
where r,, and s,, are bounded and

Ty (na €L, t) = Pn (l‘)pn(t) (23)

2)IM (2.4)

T ) =(1—t
(1,0, 1) = ( -

x2)pn<t)qnfl<x) )
t—a

Ts3(n,z,t) = Te(n,t,x) = (1 — (2.5)

As a > —1/2, from [23, p. 169], if x € [0, 1], we have the following estimates:
()] < O —a)=o/2744, (2.6)
gnl2)] < C(1 - 2)=a2-3/1 (2.7)
Let
1
Wilf,0) = Wan(fo0) = [ FOTnziu(a@t (i=1,2,3)
-1

We try to estimate the three terms
/ w(z) dz (1=1,2,3).
Wi (f,@)|>y
(i = 1) By using (2.6) and Holder’s inequality, we have

Wi (f.2)] = |pn(a) / FOpa(w(t) dt’

<ct—ayern ([ soraea)

1 1/q
X </ (1 — t)a=/2=1/ 4 (1) dt)
0
= C1(1 =)~ 274 fllpw



if g(—/2 —1/4) + a > —1. Applying this to p = r we get

/ w(z) dz < / w(z)dz < Coy |1 £ %
[Wi(f,z)|>y (1—z)=1/4=a/2>y /(C|| f |l r,w)

what shows that W; is weakly bounded.

(i = 3) Let H denote the Hilbert transform. It is well known that H is
bounded from LP(u) into LP(u) if and only if the weight u belongs to A, [9].
By using (2.6) and (2.7), we get

/0 Ws(f, 2)Pw(z) de
1
<c / H(f (Opa(tyo(t), 2) P(1 — 2)0/4=0/20%0 4 (2.8)

Recalling that (1 —z)(1/4=a/2p+e ¢ A (0,1) iff —1 < (1/4—a/2)p+a < p—1,
[21], and it is verified for p = r, then (2.8) and (2.6) yield

1
/0 Ws(f, o) w(z) de
1
< C/o F@pa (@) (1 — 2) VAP gy < Oy £

and therefore Wj is strongly bounded.
(i = 2) We shall prove that there is not any constant C, independent of n
and f, such that

/ w(z)de < Cy |l (29)
[pr () H (f(t)gn—1(t)(1—t2)w(t),z)|>y

The proof is by contradition, constructing a sequence of functions {fp,n(t)}
such that the constant C' appearing in the previous inequality grows with m.
In order to get it we try to remove the term (z —¢)~! in the Hilbert transform
and we need sharper forms of (2.6) and (2.7).

Because of [23, Th. 8.21.13], if N = n+(a+F+1)/2 and vy = —(a+1/2)7/2

we have

pa(cos0) = (27" 7m) =1/ (sin(6/2)) =/ (cos(8/2)) P12
X [cos(NO +7) + (nsin )~ O(1)]

where ¢/n < 0 < — ¢/n, ¢ being a fixed positive number.
We will restrict our attention to 8 < 7/2 and choose M large enough and
such that M — /2 is a positive integer. If M7 /n < 6 < (M +1/8)7/n, we have

NO+~ < <n+0‘+§+1> <M+1)7T
n

1\« o T
_ -1 = M_f) _
(a+2)2 o0 ( 2)7 78



and

1\ M 1
Nmz(nﬂﬁ”)”(wz)g% (- 2)r-T,
n n— oo

Hence, for every € > 0 there exists ng such that

et ™ ! ™
M——) T <N <<M——> T > no.
( 5)T = €S 0+~ < 5 )™ 8+5 n > ng
Therefore |cos(N6 + «)| is bounded below by a positive constant for n large
enough, and the same happens to |cos(N6 + )| — |(nsinf)~1O(1)|. Then
pn(cosf) > C(sin(0/2))~*~1/2, and taking z = cos @ we get

lpn(z)] > C(1 — 2?)~0/27 14 > (1 — 2)~/27 V4 > Cynott/? (2.10)

for n > np and = € [cos M,COS %] =1,.

We define

sgN gn—1(t)

fmn(t) = A= t)e/2+i/a

. 2Mr
if 0<t<cos|—— ), m<mn,
m

and fm,n(t) = 0 elsewhere.

Now, we are going to estimate the left side in (2.9). If z € [, and ¢t €
supp(fm.n) then 0 < x —¢ < 1 —¢. With the aid of Lemma 2, then there exists
a subsequence of n’s for which

|H (frnn (£)gn-1(t)(1 — )T (1 4+ £)7T, 2)]

/COS(QMTI’/’WL) an_1(t)|(1 _ t)a+1(1 4 t)ﬂ-H
0 (1 _ t)a/2+1/4($ _ t)

dt| > Clogm. (2.11)

Thus, this and (2.10) imply

P (@) H (frrn () an—1(t(1 = )*TH (1 + )7 2)
> COntl/? logm, rel,. (2.12)

On the other hand, it is easy to check up

1 cos(2Mm/m)
/ | fnn (@] (1=t)*(1+)P dt < C/ (1—t)~tdt < Cylogm. (2.13)
0 0

Finally, assume (2.9). By using (2.13) it follows that

1
y " logn > Cy~" / (B0 ()
0

> Cl/ w(z)de. (2.14)
[Pn (@) H (frm,n(t)qn—1(8)(1-t>)w(t),2)|>y
Choose y = Cn®T/2logm. As |I,,| = O(n~2), using (2.12) and (2.14) we have

Cn—2—2a (log m)—(2a+3)/(2a+1)

> Cl/ (1 — x)a(]_ + 1-)5 dx > 02|In|n—2a > an—2—2a’
I

n

i.e., (logm)~(2e+3)/(2a™) > ' which is absurd. O



SECTION 3

The aim of this part is to examine the restricted weak behaviour of the nth
partial sum of the Fourier-Jacobi expansion. Assume w(z) = (1 — z)*(1 + z)?
with @« > 8 > —1/2 and o > —1/2, and so the interval of mean convergence
turns out to be 4(a +1)/(2a+3) < p < 4(a+ 1)/(2ac + 1). We need some
notations to establish our result. The Lebesgue measure of any set £ C (—1,1)
will be denoted |E|, and xg(x) will as usual denote the characteristic function
of the set E. The reader is refered to [8] or [22] for notations and results about
Lorentz spaces.

Theorem 3. Letp=4(a+1)/(2a+1) orp=4(a+1)/(2a +3). Then, there
exists a constant C, independent of n and E C (—1,1), such that

/ w(z)de < Cy_p/ w(z) dx.
[Sn(xE,2) >y E

Proof. By standard duality arguments it is enough to prove this for p = 4(a +
1)/(2ac+1). Since § > —1/2, we have analogous estimates to (2.6) and (2.7) in
the interval (—1,0),

pn(@)] < C(1—2?) "V hw(a)"1/2,
lgn ()| < C(1 — 22) =3/ 4w (x) /2, z e (—1,1). (3.1)

We proceed as in Section 2 by making the same decomposition for the kernel in
Sn(xE, ), and we can see that W7 and W3 are weakly bounded. Therefore we
only need to prove that

w(z)dr < C’y_p/ w(z) dz

/fll xE(t)T2(n,z,t)w(t) dt|>y E

for every measurable set £ C (—1,1). By (3.1),

1
‘/ xe(t)Ta(n, x, t)w(t) dt‘
-1
< O(1—2*) "V w(@) ™2 H (xe(t) g1 (8) (1 — t2)w(t), ).
Therefore, if we denote

U=U(E,y,n)
={ze(-1,1): (1—a*) /4
x w(@) 2 H (x () gn-1 (8) (1 — ) w(t), z)] > y}
it suffices to prove

yp/Uw(a:) dr < C’/Ew(x) dz.

We can write a similar proof to that of [5]. Decompose E = E; U Es,
E1 =FEnN [0, 1), E2 =FEn (71,0), and let U1 = U(El,y,n), U2 = U(Eg,y,’fl).
Since in |z| < 3/4 both (1—=z) and (1+x) have lower and upper positive bounds

10



and since the Hilbert transform is a bounded operator in LP(dx), 1 < p < o0
(M. Riesz’s Theorem [20]), the following inequality holds:

y”/ w(x)da:SC'/ w(x) d.
Un{jzl<3/4} E

Hence, we must show that

y”/ w(z)dr < C/ w(z) dz, i=1,2. (3.2)
U;N{3/4<|z|<1} E

We only prove (3.2) for ¢ = 1 since the estimates for ¢ = 2 are made in similar
way. We begin considering € (—1,—3/4). As E; C [0, 1], the term (z—¢)~! in
the Hilbert transform can be dropped. By using (3.1) and Holder’s inequality
forp=4(a+1)/(2a+1) and ¢ = 4(a + 1)/(2a + 3), we easily get

1/p
|H<xEl<t>qn_1<t><1t2>w<t>7x>sc(/E w(t)dt) |

1

Then, if « = 3, by using (3.1) again, we have

yp/ w(z)dr < C’yp/ (1+2)%dwx,
Uin{—-1<x<—-3/4} B

where B is the set

{x € (=1,-3/4) : C(1 +x)~/271/4 (/El w(t) dt)l/p > y} .

Then
y”/ w(z)de) <C | w(z)dx
Uin{—1<z<—3/4} Ea

is obtained straightforward.
The previous inequality is also true when 8 < « and it can be easily shown
taking into account that the weak norm is smaller than the strong norm.
Consequently (3.2) will be proved if we show

yp/ w(z)dx < C/ w(z) dz. (3.3)
Uin{3/4<z<1} E

Let us define the sets

A=UNn{3/4 <z <1},
Iy={xec(0,1): 27" 1 <1 -2 <277},
A = AN I, k> 2.

We have

A=J A,  AnA;=0Vk#j, U I = 3/4,1).
k=2 k=2

11



Let us also set for k > 2
EY = Ein0,1—27%1),
ER =B -2k 1272
EY =B n-27%2 ).

For every k > 2, Eig (m = 1,2,3) are non intersecting sets whose union is
E;. If we denote by X%’i) the characteristic function of the set EY:r)L (m=1,2,3,
k > 2), then
k k k
xe =X 8 Y, k> 2.

Again for k> 2 and m = 1,2, 3, let
A = {z € I+ |(1—2) "V 4w(@) T 2H (P () g0 () (112 w(t), z)| > y/3}.

Since Ay € AV UAP U AP then

o0 oo
Ac |JauaP|u|lya?|.
k=2 k=2
Therefore, in order to prove (3.3) it is enough to show that
yp/ w(z)de < C'/ w(x) d. (3.4)
URz, (4 ua?) E
and
oo
Zyp/ w(z)dr < C'/ w(z) dx. (3.5)
k=2 AY E

We start with A,(Cl). Sincexz € I and t € Eyf), then 1—t > x—t > 271(1—¢).
By using this, (3.1) and (a+1)/q — (2a + 3)/4 < 0, we obtain

(1= 2) Y 4w(@) V2 H O (g1 ()1 — 2)w(t), 2)|

1
<c(-ay [ 0w -0 di
-1

1
< (1 = g)—(etD)/p / @1 — )@ ayty . (3.6)
—1

By Holder’s inequality for Lorentz spaces we have

1
/ X (1)1 — 1)~V a1 dt
= IxP &)@ =)=tV

k —(a
< O Oyl =)~V (3.7)
Also

I @) 1) < I @11y
1/p 1/p
=C (/ w(x) dm) <C (/ w(x) dac) . (3.8)
B E
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Finally, we get

(1 — t)*(a+1)/q||(q,oo)’w = supyq/ w(t) dt < co. (3.9)
y>0 [(1—t)—(@+1)/a[>y

Using (3.6), (3.7), (3.8) and (3.9) in turn we obtain for = € A"
(1 —2%) "V 4w(@) V2 H O () ga1 () (1 — 2)w(t), )|

< O(1— )0/ (/Ew(x) dx)l/p. (3.10)

This argument can be made analogously for A,(f) (k > 2) and we have the same
estimates. Thus

1/p
AP uA® {:c €(0,1): C(1 — z)~ @t/ (/ w(z) dx) > y} ,
E

and as the same is true for [ J;-, (A,(;) U A,(f)), then (3.4) follows.

Let us see now what happens to A22)7 k > 2. As x € I}, we can remove the
term (1 4 )~%/2=1/4 and so
Ag) cl{z:27F Y <c1—z <27 wx)~ /P
< JHOG (0)gn-1(8) (1 = 2)w(t), )| > C27k@/2H1/Drak/pyy

Then, by using (3.1) and M. Riesz’s Theorem and the location of Eg), we obtain

yP [4(2) w(z)dz < C w(x) dz.
k

As z may belong to at most three intervals of the form {1 — 2%+l < 2 <
1 — 27572} and the A,(f) are non-overlapping intervals, we have

yp/ w(z)de = yP / w(z) dz
o 2 e

< <
< C;/EYS) w(z)dr < C’l/Ew(x) dz,

and the theorem is shown. O

Remarks. (1) As the referee has pointed out to us, lastly L. Colzani, S. Giulini,
and G. Travaglini [25] have considered weak type boundedness of polyhedral
partial sum operators on certain compact Lie groups, proving that weak type
fails in the lower endpoint. As a consequence, results for some Jacobi-Fourier
series can be obtained from their work.

(2) We also have a proof of Theorem 3 when either « or 3 are less than —1/2.
It can be done by modifying slightly the proof together with the use of non-
uniform estimates of Jacobi polynomials (see [11]).
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