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We investigate Bergman and Bloch spaces of analytic vector-valued functions in the unit disc. We show how
the Bergman projection from the Bochner-Lebesgue space L, (D, X) onto the Bergman space B (X ) extends
boundedly to the space of vector-valued measures of bounded p-variation V,,(X), using this fact to prove that
the dual of Bp(X) is Bp(X™) for any complex Banach space X and 1 < p < oo. As for p = 1 the dual
is the Bloch space B(X ™). Furthermore we relate these spaces (via the Bergman kernel) with the classes of
p-summing and positive p-summing operators, and we show in the same framework that B,(X) is always
complemented in £, (X).
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1 Introduction

Throughout the paper X will be a complex Banach space, 1 < p < oo, H(D, X) (resp. P(X)) denotes the
space of analytic functions (resp. polynomials) on the unit disc D) taking values in X and L,(m, X) stands for
the Bochner-Lebesgue p-integrable functions on D where m is the normalized Borel-Lebesgue measure on D.
We write H,(X) and B, (X) for the Hardy and Bergman spaces of vector-valued analytic functions respectively,

which, using the notation M, (f,r) = (& [7_||f(re)||? dt) Y7 consist of those functions in H(D, X) where

2
$uPg<, <1 My(f,7) = || Fllm,x) < 00 and ( fy ME(f,7)rdr) " = | fl|p,x) < oo

A limiting case in the scale of Bergman spaces, which is useful for many purposes, is the Bloch space B(X),
its elements being all functions in H(ID, X ) such that sup, -, (1 —[2[?) [ /()] < oo.

For X = C the reader is referred to [3], [15] and [22] for the scalar-valued theory on these spaces, to [8], [9]
or [10] for several properties of Bloch functions and their connection with multipliers between H; and BMOA
in the vector-valued setting, and finally to the paper [4] for properties on Taylor coefficient of functions in B, (X))
and different results on multipliers between vector-valued Bergman spaces.

In this paper we shall study questions such as the boundedness of Bergman projection, the duality or the
atomic decomposition in the vector-valued setting. The relationship between vector-valued analytic functions,
vector measures and operators is also considered.

The paper is divided into four sections. In the first one we prove some elementary facts on the spaces B, (X)
and B(X), showing that the norm of a function in B,,(X') can be described in terms of its derivatives, in particular
that f € B,(X) if and only if (1 — |z]) || f’(2)]| € Lp(m), which makes natural to introduce B(X) in the scale
as a limiting case.

The second section is devoted to analyze the Bergman projection in the vector-valued setting. We see that
the Bergman projection is bounded not only on L, (m, X) but even on the space of vector measures of bounded
p-variation V,,(m, X). This allows us, as in the scalar-valued case, to get the duality (B,(X))* = By (X*)
without conditions on the space X. It is also shown that the Bergman projection is bounded from V. (m, X)
onto B(X), and a projection from the space of vector-valued measures of bounded variation M (X') onto By (X)
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4 Arregui and Blasco: Vector-valued Bergman and Bloch spaces

is also presented. Then we prove that By (X ) coincides with the projective tensor product B;&X and that B(X)
can be identified with £(B;, X). As a consequence the duality (B;(X))* = B(X*) is obtained.

Next section is devoted to relate vector valued analytic functions and operators. For any £(X,Y")-valued
analytic function F((z) = > °° T,z" we can associate two linear operators, Tp(z) = F, where Fy(z) =

>0 o Tn(z)z" which maps elements in X into Y -valued analytic functions and Sp(g) = > .., T’;L(ff) for any
g € P(X) such that g(z) = >, -, *n2", which maps X-valued polynomials into vectors in Y. Under these

identifications it is shown that B(L(X,Y)) can be regarded either as £(X, B(Y")) or as £(B1(X),Y). Of course
if F € B,(L(X,Y)) then Tr € L(X,B,(Y)) and Sr € L(By (X),Y) but the converse does not hold true in
general. Some connections with the theory of p-summing and positive p-summing operators are provided. It is
observed that B,(II,,(X,Y")) is continuosly embedded into IT,(X, B,(Y")) but again the converse is false. As a
final result of our considerations we see that if T € £(B,, X) and fr(z) = T(K), where K, stands for the
Bergman kernel, then fr belongs to B, (X) if and only if the composition with the Bergman projection T'P gives
a positive p-summing operator from Ly, (m) into X.

Finally, in the last section we show that B,,(X) is always isomorphic to a complemented subspace of £,,(X).

We write £(X,Y) (resp. K£(X,Y)) for the space of bounded (resp. compact) linear operators between the
spaces X and Y, we denote z*x the duality pairing in (X*, X), u,(z) = 2™ forn > 0 and any f € P(X) is
written f = Zg:() Up, ® T, for some N € N where (¢ ® x)(z) = ¢(z)z for ¢ € H(D,C) and x € X. As usual
we use p’ for the conjugate exponent, i.e. 1/p + 1/p’ = 1, and C denotes a constant that may vary from line to
line.

2 Preliminaries

Definition 2.1 Let 1 < p < oo and let X be a complex Banach space. B,(X) is defined as the space of
X -valued analytic functions on the unit disc D such that

1 lB,x) = (/D IIf(Z)Ipdm(Z))l/p < .

As in the scalar-valued case one gets the following facts, whose proofs are left to the reader.

Proposition 2.2 Let 1 < p < co and let X be a complex Banach space.

(1) Bp(X) is a Banach space.

() If f € Byp(X) thenlim, 1 ||f — fr|B,(x) = 0, where f,(z) = f(rz).
(iil) The space of X -valued analytic polynomials P(X) is dense in By (X).

Remark 2.3 If H is a complex Hilbert space, then B2 (H) is also a Hilbert space under the scalar product
given by

(F.0)) = / ((2).9(2)) dm(z) (f.9 € Ba(H))

where (-, -) denotes the scalar product on H.
Forany f € Bo(H) such that f(z) = Yo" x,,2" we have

a2\
1fllBocery = <Z nfh) : 2.1

n=0

This shows that Bo(H ) is isometrically isomorphic to ¢2(H). Actually, if H is separable with an orthonormal
basis (€;,)>0 then (vn + Lu, ® ek)n,kzo is an orthonormal basis of By(H).
Let us mention that (2.1) is no longer true for Banach spaces, as follows from the next easy example.
Example 2.4 Let 2 < p < oo and let (e,,) be the canonical basis of £,,. If f(z) = > 77 e,z = (2")52,
then f € Bg( ) but 7 lleal® _ o,

n=0 n+1
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The reader is referred to [4] for further results on Taylor coefficients of functions in vector valued Bergman
spaces and for connections with geometry of Banach spaces.

Let us point out that, as in the scalar-valued case, we have that for f € H(D, X),0<r < land1 < ¢ < oo,
the following inequalities hold true:

r? My (f',r%) < J\ﬁq%‘f:) (2.2)
My(for) < [ FO)] + / M,(f',s)ds. 2.3)

These facts can be used to get an equivalent norm in B, (X) by looking at the derivatives of the function rather
than the function itself.

Theorem 2.5 (See [22].) Let f € H(D, X ), n € N, 1 < p < oo. Then f € B,(X) if and only if the function
2= (1—=122)" f™(z) € Ly(m, X).
Proof. Letus show that forany g € H(D, X) and k > 0, the function (1 — |z|2)kg(z) belongs to L, (m, X)

if and only if (1 — |z|? )ng (z) also does. Then a recurrence argument gives the statement.
Note that (1 — |z|?) bt ¢'(z) € Lp(m, X) if and only if

/(1 — [22)" 7 |2/ ()7 dma(z) < o0
D
Let us denote h(z) = zg'(z) = Y., nx,z", and observe that for each 7 < 1 one has that h,2 = g, * Ay,

where A, (¢) = re?? (1 — 7“6"‘9)_2
Since M1 (A, r) = =7 and M, (h,r?) < My(X,7)M,(g,7), one gets that

1
/D (1 — |z|2)pk+p lzg'(2)||P dm(z) = / 47"3(1 — r4)pk+pM5(h,r2) dr

0

/87“(1—r2)pkMg(g,r)dr
= ¢ [ (=1 lg@)r ).

IN

Conversely, let us take g such that (1 — r2)k+1Mp(g’, ) € L,((0,1),dr). We may assume that

1
/0 (177")(k+1)pM5(g’,7’) dr = 1

and also that g(0) = 0.
Thanks to (2.3) we have

/ (1= 22) lg(=) [P dim(z) = / ar(1— r2)*" M (g, ) dr
D

0

A127“1—7“ (/ M, (g, s) )dr
c/o (1—7~)kp( 0 Mp(g',s)ds)pdr.

0/1(1 —r)k(/OTMl(g',s)ds) dr

c/ LM (g, 5)ds = C.

IN

IN

Forp =1 we get

[ a=1R) o) dmee)

IN
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6 Arregui and Blasco: Vector-valued Bergman and Bloch spaces

For p > 1, we write for each ¢t € (0,1)
It:/ kp</Mgs )dr.

1

wr) = —— L (1= )P and () = (/OTMp(g',s) ds)p

pk+1

Let

Since u(t)v(t) < 0and v(0) = 0, we have

I = /Otu'(r)v(r)dr < —/Otu(r)v'(r)dr.

That is
D t & r p—1
I S / 1—7r)P +1]\4’ g/,”f' ( M g/75 ds) dr
¢ pk+1J, ( ) p( ) 0 o )
[ " [ pe1
1 -1
= 2 [aenanna e [Cagas)

Then the assumption and Holder’s inequality show that I; < C’It1 /7" Hence I; < C for all ¢t and the proof is
finished. (]

Taking the formulation in terms of the first derivative, it makes sense to look at the extreme case p = oo of
Bergman spaces as functions in H(ID, X) such that the function (1 — |2])?f’(2) belongs to Lo (m, X).

Definition 2.6 The Bloch space B(X) is defined as the set of all functions in H(D, X) for which
sup.ep (1= |2/%) [|/(2)|| < oo. Under the norm

£l = 1£(O)l1 +sup (= 1=P) £l
it becomes a Banach space.
The little Bloch space By (X ) is the subspace of B(X) given by those functions for which
hm (1—r)Mx(f,r) = 0.

Remark 2.7 f € B(X) if and only if * f € B forall z* € X*.
And, interchanging the suprema, we have that

1fllsx) = Sup =" flls 2.4)
x*||=1

where 2* f(z) = (f(2), z*).
Proposition 2.8 If f € B(X) then || f||5(x) = lim, 1 || fr]|5(x)-

Proof. Note that
(A =12P) N = r@==P) 1F )l < (1= |rz?) 1/ (r2)]]

what implies that || f, || 3x) < || flls(x) forall 0 < r < 1.
Now, given € > 0 take zg € D such that (1 — |20]?) [|f"(20)|| > || flls(x) — /2 and take 7 verifying that
(1= |z0?) If"(rz0)|l > (1 = |20]?) || f"(20)|| — €/2 for any r > r¢. Hence

I frllsxy > [Ifllsx) —€-

O
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Theorem 2.9 Let f € B(X). The following are equivalent.
@) f € Bo(X).

(i) limy—1 [|f = frlBx) = 0.

(iil) f belongs to the closure of P(X).

Proof. (i) = (ii). Assume that lim,_.{ (1 — sQ)Moo(f’, s) = 0. Note that for all 0 < s < 1 we have

sup (1 —[2%) [If'(z) = rf' (r2)l| < 2 sup (1 —[2]*)Moo(f',[2]) + sup [|f'(z) = fL(2)]]-

lz|<1 |z|>s |z|<s

Hence, given e > 0 choose sg < 1 such thatsup .|~ , (1—|2*) M (f’, |2]) < < and then use that f} converges
uniformly on compact sets to get 7o < 1 such that supy,|<,, ||f'(2) — f/(2)[| < § forr > ro. Then

If = frllsoxy < e for r > rg.

(i) = (iii). Assume now that, for each ¢ > 0, there exists 7o < 1 such that || f — f,,||z(x) < €/2. Now we
can take a Taylor polynomial of f., Px = Pn(fr,) such that || fr, — Py | g_(x) < €/2. Therefore

1f = Pn(frollsxy < If = frollseey +11fro — Prllanx) < €.
(iii) = (). Note that P(X) C By(X), because if P € P(X) then

(1= 7)Mo (P'1) < 2(1—7“)‘m‘§>§|\P( 2)]-

Since By (X)) is closed the result is proved. O

3 Bergman kernels and projections

Let us write K (z,w) = T zmyz and K (w) = K(z,w) for z,w € D. That is

oo
Z (n+ Du,z"

1

Since [|un||g, = 1, .~ n~Y? and |ju,|lg ~ e”! we have that, for each |z| < 1, the series
oo o(n 4+ 1)u, 2™ is absolutely convergent considered as a 3, H,, or B),-valued function. This allows us to
consider K : D — X given by K (z) = K as an X-valued analytic function where X is either B, H,, or B,, for
1<p<oc

We will call K(z,w) the Bergman kernel, and the map K : D — X the Bergman function. Of course
(n + 1)u, are its Taylor coefficients, and its derivative is given by K'(z) = > o7 (n + 1)nu,z""!, with
K'(z)(w) = (1_2#)3

In order to estimate the norms of K in different spaces we simply need the following lemmas.

Lemma 3.1 (See [15], page 65.) Let J( fo T=re ™ re”\o‘ forao > 0. Then

(i) Jo(r) is bounded in (0, 1) for a < 1
(i) Jo(r) ~log 7= asr — 1 fora =1, and
(i) Jo(r) ~ W asr — 1fora > 1.

Lemma 3.2 (See [22],4.2.2.) Let I, 5(r) = [ <‘11 %L m(w) for 8 > 0 and o > —1. Then
(i) In,p(r) is bounded in (0, 1) for f — a < 2,

(ii) I (1) ~ log lir ast — 1for 3 —a =2, and

(iii) I, g(r) ~ Mﬁ asr — lforf —a> 2.
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8 Arregui and Blasco: Vector-valued Bergman and Bloch spaces

From these lemmas we get the next estimates as |z| — 1:

1K ()5, ~ 1og1_#|zl and |K(2)|5, ~ W for p > 1, 3.1)
1K@l ~ Gopge o p 2 L (32)
1K, ~ Gz ™8 K, ~ gy (33)
IKG)s ~ Eif;ﬁijg and [|K'(2)]ls ~ E;f;ﬁzqyg. (3.4)

Proposition 3.3 Let 1 < p,q < 0. Let X € {By, H;,B,1 < ¢ < o0}

(i) The Bergman function K € B,(X) if and only if X = B, and 2p < ¢'.
(ii) The Bergman function K € B(X) if and only if X = Bx.
(iil) The Bergman function K ¢ Hp(X).

Definition 3.4 (See [14] or [12].) For any Banach space X, we denote by M (X)) the Banach space of vector
(X -valued) measures of bounded variation defined on the Borel subsets of D, with norm given by ||G||1 = |G|(D).
For 1 < p < oo: A measure G is said to have bounded p-variation, G € V,,(m, X), if

|mp@42£%%$ < o0

Aem

where the supremum is taken over all finite partitions 7 of D into Borel sets of positive measure.
For p = oo we have that G € Vo, (m, X) if there exists a constant C' > 0 such that ||G(A4)|| < Cm(A) for
any Borel set A, and its norm is given by

161 = sup{ EEL sy > 0}

Remark 3.5 Given an X -valued simple measurable function f = >_7'_, xxx 4, and a X *-valued measure G
we denote by

k=1

where z} = G(flk) and Ay = {z €D: z € A}
It is not difficult to see that if G € V,,(m, X™*) this extends to a linear functional in L,/ (m, X') and actually
we have the duality (L, (m, X))* = V,,(m, X*) under this pairing (see [14]).

If G is an X -valued measure of bounded variation, and ¢ = >_}'_, au X, is a simple function then we define

/¢>dG = > aG(Ey).
D k=1

Since H o qﬁdGH < ||G|}1/|¢| - using the density of simple functions we extend the definition of [ ¢ dG for
any bounded function ¢.

Definition 3.6 Let G € M (X). We define the Bergman projection of the measure G as the analytic function
in the disc given by

PG(z) = /DKZ(w)dG(w) €X.

(© 2003 WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim
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Since sup,,ep || K= (w)[| < r=jzpy then PG(2) is well defined. Actually since the series

oo

K, = Z(n—i— Dupz"

n=0

is absolutely convergent in L., (m) for each |z| < 1 then for z € D) we have

o
PG(z) = Zmnz”,
n=0
where z,, = (n+ 1) [ W" dG(w).
Remark 3.7 If f € L(m, X) then Pf(z) = [, f(w)K. (W) dm(w).
In particular we have that Pf = f for f € B1(X).
Indeed, if f(z) = >~ ) xnz" then

(n+1)/Df(w)w"dm(w) = (n+1)/0127“”+1(% /W f(re®)e® d@)dr

—T

1
(n+1) (/ o2n+1 dr) Tn = Tn.
0

This shows that the Taylor coefficients of f and P f coincide.

Theorem 3.8 Let X be a complex Banach space and 1 < p < co. Then the Bergman projection P is bounded
from V,(m, X) onto B,(X).

Proof. Since G € V,(m, X) there exists a nonnegative ¢ in L,(m) such that d|G| = ¢dm and ||¢|, =

G|l (see [14], page 243).
Now, for each z € D we have

IPGE)| = H / Kz@)dG(w)H < [1m@ldciw = [ |g.@)ow) dnw).

Now to finish the proof, let us recall that if P*(f)(z) = [}, |K(z,w)| f(w) dm(w) then P* : L,(m) — Ly,(m)
defines a bounded operator for any 1 < p < oo (see for instance [22] for a proof).
Therefore || PG| 5, (x) < [P*(d)llz, < C4llz, = C Gl O

This allows, as in the scalar valued case, to get the duality result for vector-valued Bergman spaces.

Theorem 3.9 Let X be a complex Banach space and1 < p < co. Then (B, (X))* is isometrically isomorphic
to Bp/ (X*)

Proof. Let us define the linear operator J : By (X*) — (B,(X))* given by
o)) = [ o)1) dm(e).

It follows from Holder’s inequality that .J is bounded. Let us see that it is injective. If g verifies that Jg = 0, then
foreach n € Nand x € X we have

ot = ([ o me) )a = 0.

, 1 ,
where f, = u, ® x. This shows that / g(z)z"dm(z) = g™ (0) = 0 forall n € N and hence g = 0.

D (n+1)!
Let us now show that J is surjective.
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10 Arregui and Blasco: Vector-valued Bergman and Bloch spaces

Given ¢ € (B,(X))*, the Hahn-Banach theorem gives an extension & € (L, (m, X))* with the same norm.
Using duality (see Remark 3.5) there exists a vector valued measure G € V, (m, X*), with p’-variation equal to
|[€]|, for which £p = [, ¢ dG for every ¢ € L,(m, X).

Let G, be the measure defined by G.(F) = G (E) for each measurable set £ C D. Clearly G has the same
p’-variation as G, and

/D (2)dGe(z) = / (2)dG(2)

for any simple function ¢. Define g = PG.. From Theorem 3.8 we get g € B,/ (X ™). Let us see that Jg = ¢:
For any f € P(X) we can write

o) = [ Pe) @ dn) -/ ( / KZ(U)dGc(w)) 72 dm(2)

- /D(/DKz(w) dG(w)) f(z)dm(z) = /D (/H)Kz(w)f(z)dm(z))dG(w)

- /D < /D Kw(z)f(z)dm(z))dG(w) = /D Pf(w)dG(w)
/D F(w) dG(w) £(f).

Proposition 3.10 P is not bounded neither on M (X)) nor on Vo (m, X).

Proof. Assume that P is bounded on Vo, (m, X). Using measures dG = (¢ @ x) dm for ¢ € Loo(m) and
x € X we also have that the corresponding Bergman projection is bounded on Lo, (m). In such case

sup
|z|<1

/D K. (w)(w) dm(w)| < C|1élleo

for all ¢ € Loo(m). Hence sup .1 [|[K:llz,(m) < C, but we have previously noticed that || K| L, (m) =
K ()l B, ~log =5 as |z] — 1.

The case p = 1 follows now looking at the adjoint operator. O
Theorem 3.11 The Bergman projection P defines a bounded operator from Voo (m, X ) onto B(X).
Proof. Let G belong to Vi, (m, X). Therefore there exists C' > 0 such that

|GI(A) < Cm(A)

for all measurable sets A. Now from the Radon-Nikodym theorem there exists ¢ € Lo, (m) such that d|G| =
¢dm and ||¢]|L., = [|Glloo-

On the other hand PG(z) = > ,,2", where 2, = (n + 1) [, 2"dG(2).

Since (PG)'(2) = [, (1_2%)3 dG(w) we have
2 [6]lz.o

(PG ()] < /

Let us prove the surjectivity. Let f € B(X) with f(0) = f/(0) = 0.
If f(2) = >0, xn2™, let g be given by
(1-12)f'(2)

z

9(2) =

(© 2003 WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim
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We have that g € Loo(m, X) since f € B(X) and f'(0) = 0. Now write Pg(z) = 3.°°  y,,2" and take n > 1
wo= (1) [ )" dm(2)
= (n+ 1)/D (1—2]?) f'(z)2" t dm(2)
= (n+1) /D F1(2)7" dm(z) — (n + 1)/sz’(z)2" dm(z) = @n .

Also yg = 0. Thatis PG = f for dG = gdm.
The general case follows by writing f = f(0) + u; ® f/(0) + f1 where f; is as above. So if Pg; = f; then
P(f(0) +u1 ® f'(0) + g1) = f. O

Let us recall that the Riesz projection R : L,(T) — H,(T) defined by R(f) = >_,5, f(n)uy gives, as

happens for the Bergman projection on L,(m), a bounded operator only for 1 < p < co. Nevertheless H;(T)
is not isomorphic to any complemented subspace of L;(T), so we cannot define any bounded projection from
L(T) to H,(T), while we can define several bounded projections from L;(m) to By (see [22]). Let us extend
this also to the vector valued setting.

Definition 3.12 For any G € M (X), we can also define

PG(z) = /D K. (0) dG(w)

where the kernel K, (w) = % =Y s(n+1)(n+ 2)v, (w)2" and v, (w) = (1 — |w]?)w™.

Hence P(G)(z) = 0% ;02" where 7, = (n+ 1)(n +2) [, (1 — |w]?)@" dG(w).
Theorem 3.13 P defines a bounded projection from M (X) onto By (X).

Proof. Let us first see that By (X) is left invariant under P.
Let dG(w) = f(w) dm(w) for some f(z) =Y o2 xn2™ in B1(X). Let us show that the Taylor coefficients
of f and P(f) coincide.

[ - uPymacio)

[ (= wP)a ) dimt)
_ /0127~7l+1(1 —r?) (% /_:f(rew)e—mede) dr

1
(/ op2ntl (1- 7“2) dr) T
0

(n+ 1)?n+2) '

Given now G € M(X) we can write

[1Ec@lant) = [ | [ & dcw)| an)

/D( /D |K-(@)] le|<w)) dm(z)
/D (/D |K-(@)] dm(z)) d|G|(w) .

Using Lemma 3.2 for « = 0 and 8 = 3 we have

/D\f?z(m)\dm(z) - /Dwdm(z) <cC

1 —wzl3

IN
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12 Arregui and Blasco: Vector-valued Bergman and Bloch spaces

andthenngGHBl(x) < C|G|(D). O
Theorem 3.14 B, (X) is isometrically isomorphic to B1®X.

Proof. Let P and Py be the respective projections from Ly (m) and Ly (m, X) onto By and By (X) given
above. By the properties of the projective tensor product, P®idy isa projection from L;(m)®X onto B1®X.
Then the usual isometry .J between L;(m)®X and L;(m, X) restricts to an operator J from B;&X such that
j(]5 ®idx ) = Px J, and J is an isometry between B;&X and B (X). O

Remark 3.15 The Bloch space was first shown to be a dual space in [1]. In fact one has that (B;)* = B and
(Bo)* = Bs (see [22]) under the pairing

(f.9) = / F(2)g) dm(z),

which is well defined for polynomials and then extends by density for functions in Bj.

That it is well defined and bounded is seen as the first part in the following proposition:

Proposition 3.16 (i) If T € L(B1, X) then fr(z) =T(K,) € B(X).

(i) If f € B(X), the linear operator defined by T(¢) = fD f(2)o(2) dm(z) for each polynomial ¢ extends
to a bounded operator in L(By, X).

(iil) B(X) is isomorphic to L(By, X).

Proof. (i) Let g(z) = (1_2#)3 One easily sees that f7.(z) = T(g,) and ||g.|[1 ~ 1/(1 — |2|). This shows
that fr € B(X).

(ii) From Remark 2.7 z* f € B and then 2*Ty € (B;)* for all 2* € X*. We have that T is bounded since
1T (A)|| = supg« =1 |z*Tt(¢)|. Moreover

175l = swp Tl = sup Nl flls ~ 1l

[l llo= =1
(iii) follows easily from (i) and (ii). O
We will explore further this interplay between functions and operators in Section 4.
Corollary 3.17 (See [7].) B(X™) is isomorphic to (B1(X))*.
Proof. Since (X®Y)* = L£L(X,Y*), Proposition 3.16 and Theorem 3.14 give the result. O

4 Vector-valued functions and operators

Given two complex Banach spaces X and Y there are two natural ways of lookingatamap F' : D x X — Y:
it can be regarded as a map from X into Y or, alternatively, from D into Y X (and vice-versa). More precisely,
given F:Dx X — Y,wecandefine F,, :D —-Y and F, : X — Y by

F.(z) = F.(z) = F(z,z)

forany x € X and z € D.

Proposition 4.1 Let F' : D x X — Y be a continuous map such that F, is linear for all z € D. Then
F, € L(X,Y) for all z, and the norm || F | is locally bounded.

Proof. First statement is immediate. To see the second one, let us assume there exists a compact set
K C D where {||F.||; z € K} is not bounded. By the Banach-Steinhaus theorem the set A = {z € X;
sup,cg ||F(z,2)|ly = oo} will be dense in X. Then we can take two sequences (z;) C X and (z;) C K
such that z; — 0 and HF(zj, :Uj) H > j. By the compactness of K, passing to a subsequence we see that we can
assume that (z;) converges to certain zg € K. But (z;,z;) tends to (zo,0) and F(z,0) = 0, so F' cannot be
continuous. O
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Theorem 4.2 Let F' : D x X — Y be continuous, such that F, is linear for all z € D and F), is analytic for
all z € X. Then

(1) The map z — F, is an L(X,Y)-valued analytic function.
(ii) The operator x — F is linear, and continuous with respect to the topology of the uniform convergence on
compact sets on the space H(D,Y).

Proof. Foreachn > 0 we define

1 F,
T,z = —/ (z) dz.
|z|=r

271 zntl

Of course F,(z) = Zn o(Thz)2"
It is clear that T}, is linear for each n € N. By the previous proposition, there exists C,. such that || F,| < C,
forall z € D(0,7), and then ||T,z|| < Cy||z||/r™.

Now for each z € D the series -, 7,,2" is absolutely convergentin £(X,Y). Hence z = > - T,2"
defines an analytic function from D into £(X,Y").

To see (ii), note that the linearity is immediate, so it suffices to see that if x; — 0 then F;;; — 0 uniformly on

compact sets. If X' C D(0,r) is compact and we take s € (r,1) and C such that | T,|| < C/s™, then for any
z e K,

||xjH

1P @y < XISl < clles| 3 (5)" =

S—rTr
n>0 n>0

O

Definition 4.3 Let X,Y be two complex Banach spaces and let F'(z) = > 2 T,z" be a function in
H(D, L(X,Y)). We denote by Tr : X — H(ID, Y) the linear operator given by

(Tra)(z) = (F()(@) = 3 (Toa)="
n=0

Theorem 4.4 B(L(X,Y)) is isomorphic to L(X,B(Y)) (via the map F — Tp).
Proof. Let F € B(L(X,Y)). We have that

sup. [E=(0)ly = [[FO0)llzexv)

llz|l=
and also

sup sup (1— [z*)|[F'(z)z|ly = sup sup (1— |z|*)|F'(2)z|ly
[|z]|=12€D z€D ||z||=1

= sup (1 —|2°) |IF'(2)ll z(x,yv) -
zeD

This shows that HTFHE(X,B(Y)) ~ ||FHB([L(X,Y))~
Now given T' € L(X,B(Y)) we can define F' : D x X — Y by F(z,z) = Tx(z). Now by Theorem 4.2 we
have that z — F, belongs to H(D, £(X,Y")). Since Tr = T the previous identities complete the proof. O

Proposition 4.5 Let 1 < p < oo. B,(L(X,Y)) C L(X, B,(Y)) (via the mapping F — Tg). In general
By (L(X,Y)) # L(X, Bp(Y)).

Proof. Given F € B,(L(X,Y)) we clearly have

([ et dm(z))l/p

1/p
Jell( [ 1FG e dm)) = 1Fla, ool

(© 2003 WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim
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14 Arregui and Blasco: Vector-valued Bergman and Bloch spaces

To see that this inclusion is not surjective, let us take X = ¢; and Y = C. The inclusion becomes B, () =
Bp(L(l1,C)) — L(£1,Bp) = loo(By).

Let us consider the function f(z) = Clearly,

1
(1—2)t/p"

1 T 1
115 ~/ i/ LN dTN/IOg L g < oo
P 0 2w —r ‘1 — 7”6’“9‘ 0 1—r

Now let ({,,) be a dense sequence in the unit circle, and define f,(z) = f((,z) for each n and F(z) =
(fn(2))nen.
By the density of (¢,,) one gets
1
F = " = - = M , - -
1E (e = sup |fn(z)] = sup|f(Cn2)] so(f121) TSERE

for every z € D. Then, despite (f,,) obviously belongs to ¢ (B, ), we get that the vector valued function F’ does
not belong to By,(¢..) since

1 1y
; MP(F,r)dr = A dr = 0.

O

Let us now introduce an interesting ideal of operators that play an important role in understanding the inter-
pretation of vector-valued Bergman functions as operators.

Definition 4.6 Let X and Y be Banach spaces and 1 < p < co. A linear operator T’ € £(X,Y) is said to be
p-summing (denoted T’ € I1,(X,Y")) if there is a constant C > 0 such that for every ke Nand z1, 22, ...,z € X

we have
k 1/p & 1/p
(ZlT@»HP) < C sup < |<xi,z*>|p> .
=1 1

llz=llx+ <1\ ;=

Its norm is given by the infimum of the constants C' satisfying the previous inequality and is denoted by 7, (T").

The reader is referred to [13], [21], [19] or [18] for results and references on these classes of operators. We
simply include the following remark to be used in the sequel.

Remark 4.7 (See for instance [21].) Let (2, %, ;) be a measure space, let f :  — X be a measurable
function such that *f € L,(u) forall z* € X* and T € II,(X,Y). Then Tf : @ — Y given by T'f(w) =
T(f(w)) belongs to L, (x,Y).

Proposition 4.8 Let 1 < p < co. Then B,(I1,(X,Y")) C I,(X, B,(Y)) (via the mapping F — Tp).
There exist infinite dimensional Banach spaces X and Y such that

By, (X, Y)) # T, (X, Bp(Y)) .

Proof. Let x1, 2o, ..., x, be elements in X. Then

S ITeall, ) = 3 [ IF Gl dn(:)
k=1 k=1"D

- / S IEE) @)]? dm(z)
Dg—1

IN

[mE@) sw e aPan)
D lz*ll=1 .=

n

= HFH%ZJ(HP(X,)/)) | Squ . Z (™, zi)|P
erli=lg=1
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To see that the embedding is not surjective even for infinite dimensional Banach space we can take p = 2,
X = /¢ and Y = {o. It is well known (see [18]) that IIs(¢1, H) = L(¢1, H) for any Hilbert space (actually
II; C IIo, and Grothendieck theorem (see [13] or [18]) even says that IT, (¢1, H) = L(¢1, H)). Hence, in our
situation II3(X,Y) = L(X,Y) and II1(X, B2(Y)) = L(X, B2(Y)). Therefore we simply need to show that
Bs(£oo(€2)) is strictly contained in £o (B2({2)).

Let us define now f,(2) = fo;r7gy 2nes (1 — 1/n)"exz" where ey, is the canonical basis of 5.

Using (2.1) one has that

1/2
T L (}m: a=1/n)7 ”)%> /
n BQ(KQ) = *
log(n+1) \ &= k+1

Hence sup,, || full B, (e,) < 0.
On the other hand, forall n € N

o 1/2
1£:es = s (Z /|

. 1/2
2k
log n+1) (Z 12 )

k=n
1 2|
log(n+1) (1—|z[)1/2
This shows that F' ¢ Ba({oo({2)) = B2(I12(X,Y)) while (f,,) € £oo(B2(¢2)) and therefore

Tr € IIa(X, B2(Y)).
O

Definition 4.9 Let X,Y be two complex Banach spaces and let F'(z) = > - T,z" be a function in
H(D, L(X,Y)). We denote by Sp : P(X) — Y the linear operator given by

Tn(xn)
n+1

Sr(g) = / F)(g(2) dm(z) = ¥

n>0

for g = ano Uy, @ Ty
Theorem 4.10 (See [7].) B(L(X,Y)) = L(B1(X),Y) (via the map F — Sg) with equivalent norms.

Proof. Theorem 3.14, Proposition 3.16 and L(X®Y, Z) = L(X, L(Y, Z)) imply that
L(Bi®X,Y) = L(B1,L(X,Y)) = B(L(X,Y)).
It is rather clear that the mapping which gives the isomorphism is actually F' +— Sp. o

Proposition 4.11 Letr 1 < p < oo and let X and Y be complex Banach spaces. Then B,(L(X,Y")) (resp.
Bo(L(X,Y))) is isomorphically embedded in K (B (X),Y) (resp. K(B1(X),Y')), via the map F — Sp.

Proof. For the case I € By(L(X,Y)), Theorem 4.10 gives || F||z((x,v)) =~ ||SF|.
In the case F' € B,(L(X,Y)). Clearly,

I1Sk(9ll < /DIIF(Z)II lg(2)[[ dm(z) < [[Fz,ccxyyldls, x) -

So [[Sk|| < C||F||B,(c(x,v))- The compactness of Sr in both cases follows from the fact that P(X) is dense in
the corresponding spaces and for polynomials F' then S is a finite rank operator. o
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16 Arregui and Blasco: Vector-valued Bergman and Bloch spaces

Remark 4.12 Let X,Y be two complex Banach spaces. If T : P(X) — Y is a linear operator such that the
linear operators T}, : X — Y given by T},(z) = T'(u, ® x) are bounded and limsup,, .. ||T},[|*/" < 1 then we
can define the £(X,Y)-valued analytic function

Fr(z) = Z (n+ 1)T,2".
n>0
It is worth mentioning that this is the inverse map of F' +— S, so that Fs,, = F'and Sp, = T.

Definition 4.13 Let 1 < p < oo, and let X be a complex Banach space and T € L(B,, X ). We define
fr € H(D, X) given by

fr(z) = T(K,).
Remark 4.14 T € £(By, X) if and only if fr € B(X) (see Proposition 3.16).

Ifp>2and T € L(By, X) then fr € By(X) for 1 < ¢ < § (use Proposition 3.3).

We would like to find some properties of T" to get that fr € B,(X).

For that purpose we need to use the following class of operators.

Definition 4.15 (See [6] and [5].) Let E be a Banach lattice and Y a Banach space. A linear operator
T € L(E,Y) is said to be positive p-summing (denoted T' € A,(E,Y)) if there is a constant C' > 0 such that

for every k € N and positive elements e1, es, . .., e € E we have
k 1/p k 1/p
DIl < C swp | e | .
i=1 lle* e <1 \;=1

Its norm is given by the infimum of the constants C' satisfying the previous inequality and denoted by A, (T").

Remark 4.16 In the case p = 1 these operators are also known as cone absolutely summing (c.a.s) operators
(see [20)).

In this case, T € A1 (E,Y) if and only if there is a constant C' > 0 such that for every & € N and positive
elements e, es, ..., e, € E we have

k
> e

i=1

. “.1

k
>l < ¢

It is easy to see that A, (E,Y) C Ap,(E,Y) if p1 < po, and it was shown in [5] that, for E = L,(u), we
have A,.(E,Y) = A1(E,Y) forall 1 <r <p'.
Theorem 4.17 Let 1 < p < oo and X a Banach space.
W IfT e L(By,X) and fr € By(X) then T is compact.
(ii) If T € I, (B,, X) then fr € By(X).
(iil) If T € Ap(Ly (m), X) and T denotes its restriction to By then fr, € By(X).

Proof. To see (i) we show that T" = Sy, and then (ii) in Proposition 4.11 gives the compactness.
Indeed, since fr(z) = T(K,) = >.°7 ,(n + 1)Tu,2", we have for any m € N

n=0

Spr(Um) = /DZ(n—l—l)TunZ”zm dm(z) = T(um).

n=0

To prove (ii) let us first observe that if ¢ € B,

<maw:éﬁmwmmmw:wn

Hence it follows that the function K : D — B, verifies, for all ¢ € (B, )*, that z — (K (2), ¢) belongs to
L,(m). Now Remark 4.7 gives that fr(z) = T(K,) € Ly(m, X).
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To see (iii) let us observe first that the measure G(E) = T'(x,, ) belongs to V,,(m, X).
Indeed, for any partition © we have

IIG Hp _
Z - Z l/p
AEﬂ' Aer
{ =2 gl
< T) sup z)dm —— 7| lgllp=1
Aer m(A) /v
J49(2) dm P
= N(T)sup | > HE = xal gl =1
Aem p
<
Given z € D we get, taking G.(F) = G(E)
fn(z) = T(K /K ) dG(w /K )dG.(w) = PG.(z),
and then Fp = PG, € B,(X) according to Theorem 3.8. O

Theorem 4.18 Ler 1 < p < oo, and let X be a complex Banach space and F' € B,(X). Then F € By(X) if
and only if the linear operator ®p(¢) = [ F(2)¢(2) dm(z) defined on the subspace of simple functions extends
to an operator in Ap(Ly (m), X).

Moreover || F|| g, (x) ~ A\p(®F).

Proof. Let us assume that ' € B,(X), which ensures that & € L(L,(m), X). Now take positive
functions ¢1, @2, . .., ¢n € Ly (m). We have that

n p
Yo lererlr = z) dm(z)
k=1 k=
< |F|3, Z (/ NEE 4, ) dm(z))p
AR ||FHB,,(X)
< HFll%p(x) sup Z| Y, i) |
l¥llp=1 =1

This shows that A, (®r) < C'||F||,(x)-
To see the converse let us observe that fg = F, where S denotes the restriction of ®r to B,. Indeed, for all
zeD

S(K.) = ®p(K.) = / F(w)K. (@) dm(w) = F(2).
D
Now (iii) in Theorem 4.17 gives that F' € B,,(X) and || F'|| ,(x) < CAp(PF). O

From Theorem 3.16 we have that B(X) = £(By, X). The next result covers the cases 1 < p < oc.
Corollary 4.19 Let 1 < p < co. Then

By(X) = {T:By — X : TP € Ay(Ly(m), X))}
Moreover \,(TP) = HfTHBp(X)~
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18 Arregui and Blasco: Vector-valued Bergman and Bloch spaces

Proof. If T'P is positive p-summing then (iii) in Theorem 4.17 gives that F' € B, (X) for F'(z) = T'(K).

To see the converse, assume that F' € B, (X). Let ® as in Theorem 4.18 and let T be its restriction to B,,.
Now take the vector measure defined by G(E) = T'(P(xg)) and denote G.(E) = G(E) for all measurable set
E. We have that

G.(E) = T(/EK(.,E)dm(w)) - T(/EK(.,w)dm(w))

[T wyant) = [ deE,)dm) = [ Pajdnt).

Therefore dG. = F dm.
This obviously implies that TP(¢) = [ F(z)$(z) dm(z) for all ¢ € L,/ (m), and, in particular

ITP(6)| < / 1P ()] 6(2) dm(z)

for all positive ¢ € L, (m).
A simple computation using (4.1) now shows that T'P is cone abolutely summing and hence also positive
p-summing. O

5 B,(X) is complemented in £,(X)

A classical result in the theory of Bergman spaces is the isomorphism between B, and ¢, for each p > 1 (see
[21]). It is enough to see that B, is isomorphic to a complemented subspace of £, since then it is automatically
isomorphic to £, In the vector case, Theorem 3.14 gives the isomorphism for p = 1:

Theorem 5.1 For any complex Banach space X, B1(X) is isomorphic to £1(X).
Proof. B;(X) isisomorphic to B;®X, and then to /;®X = /1(X). O

As for p > 1, we will show next that B, (X) is isomorphic to a complemented subspace of ¢,,(X). The proof
follows similar ideas to the ones used to get a so-called atomic decomposition of B, (see [22], Theorem 4.4.6).

For each z € D, let ¢, the involutive Mobius transformation fixing the unit disc and verifying ¢, (0) = z and
©v.(z) = 0, that is

Z—Ww

p=(w) = 1—zw’

The Bergman metric between z and w is defined by

L 1T+ s (w)]
Bz,w) = §log717|<pz(w)|-

Note that |, (w)] is the hyperbolic tangent of 3(z, w).
This distance (3 is not bounded on D, and for any z € D and r > 0 the (-ball

E(z,r) = {weD; B(w,z) <r}

. . . . _ g2 . 1—12|2
is the euclidean disc with center l_lsﬁz and radius %s, where s = tanh r.
One relevant connection between Bergman metric and Bloch spaces is the following result:

Theorem 5.2 (See [22], 5.1.6.) B(z, w) ~ sup{|f(2) — f(w)|; ||f||g < 1} (with constants independent from
zand w in D).

In particular this allows us to get the following remark.

Corollary 5.3 If F € B(X) then F : D — X is a Lipschitz map with respect to the Bergman metric.
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Proof. A look at Proposition 3.16 gives that F'(z) = T(K,) for some T' € L(By, X ). Hence

[1F(z) = Fw)| < CIT[ K. - Kul s,
< CIT| sup{|§(K. — Ku)l; € € B}
~ sup{[f(z) = f(w)|; [[fllz =1}

2

Bz, w).
O

The key point in order to relate B,(X) to £,(X) is the use of sequences in I with good separation properties
with respect to Bergman metric. The next lemma resumes some well known results (see for instance [22]):

Lemma 5.4 There exists a number N € N such that, for any r < 1, we can take a sequence (\,,) in D and a
decomposition of D into a disjoint union of measurable sets F,, such that
1) E(M\,,r/4) C E,, C E(\,,r) for every n,
(ii) every point in D belongs to no more than N discs from {E(\,, 2r)},
(i) |En| ~ |E(An, )| ~ |E(An, 27)| ~ (1 — |)\n|2)2 ~ |E(w,r)| forany w € E(\,,2r) and
(iv) 1 — |Au|? < C(1 = |2|?) for each z € E(Ay, 2r).

The well known fact that, for all 0 < p < oo, | f|P is a subharmonic function with respect to 3-balls for any
analytic function f, also holds true in the vector valued setting.

Lemma 5.5 Let X be any complex Banach space, let f € H(D, X)) andp > 0. There exists a constant C > 0
such that we have

C

LR
1F )7 < |E(z,7)| JE(r

[1f (w)||” dm(w)

foranyr < 1and z € D.

Proof. From the scalar valued case we get C' > 0 such that
LIAP < o [ P dn() < s [ )P dme)
|E(Z,T)| E(z,r) |E(Z,’I“)| E(z,r)

forallr < 1andz € D.
Now take the supremum over the unit ball of X* to finish the proof. O

Corollary 5.6 Letr < 1 andp > 1, and let X be a Banach space. Let Q, = Qyp x : Bp(X) — Ly(m, X)
be defined by

Qr(f) = Z f()‘n)XEn :

Then Q) is a bounded operator.

Proof. By Lemmas 5.5 and 5.4

Y IENIF ORI < CZ/E(A )IIf(Z)dem(Z)

n=1

/D I3 e (2D dm(z) < ON / V£ dim(z)

This shows the boundedness of Q.. ,, x . (|
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Lemma 5.7 Let r < 1. The linear operator

oo

f—= > (F = FOw)Xe,

n=1
is bounded from B, (X) to L,(m,X), and its norm is less or equal than C tanhr.

Proof. Let z € F,, and observe that

17(2) = FOW)l| = H /[A S

< ( sup ||f'(w)|> |2 = Anl .

wWE[An,2]

Since E(w,r) C E(\y,2r) forany z € E,, and w € [Ay, 2], by Lemma 5.5 and the properties of (),,) we have
that

¢ 17 dm < <

| ()P < =7
|E(w, )| JE@w,r |Enl JE(A, 20)

L£117 dm.

Hence if w € [\, 2]

C
— WP < P d — Ml
I1£) = FOIP < 15 (/E o 191 m> 2=l

Let s = tanhr. As E(\,,r) is a disc with center zp = #IS/\Z;P)‘" and radius R = %s, for any z in it
[z=Mn] < R+ 1A\ — 20| = Ms(lJrsM ) < Cs(1—|\)?)
n = n 1—52|A,’L|2 n = n 9
and then
P ¢ P P 2\P
1F(z) = FuIP < 7y s 1P dm ) (1= [Aal?)"
| n| E(Xn,2r)
Therefore

/ 1£(2) = FOWIP dm(z) < CsP(1— [Au?)? / Ty
E,

E(An,2r)

We use now that (1 — |)\n|2)p <C(1- |z|2)p for each z € E(A,, 2r), and then

/ 1£(2) — WP dm(z) < Os? / (1= |2) I ()| dim(z)
E, E(

An,2r)
Hence
o0
S [ W@ - fOnIP ) < ON [ (L= 1P dmz).
n=1"En D
which is bounded by C's? ||f||%p(X) in view of Theorem 2.5. O

Corollary 5.8 There exist ro > 0 such that PQ, , x : B,(X) — By(X) is an isomorphism for all r < 1o,
1 < p < o0 and all Banach spaces X .

Proof. We shall show this by noting that, if I denotes the identity in B,,(X), then || I — PQ, || tends to zero
as 7 — 0. Recall that then, if 7 is such that ||I — PQ, | < 1, the inverse of PQ, is just >~ (I — PQ,)".

Now from Lemma 5.7 one has that I — PQ, € L(B,(X), Bp(X)) and | I — PQ,| < C||P| tanhr. O
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Theorem 5.9 For every p > 1 and every complex Banach space X, the Bergman space By (X) is isomorphic
to a complemented space of {,,(X).

Proof. We take r small enough to have that PQ,. is an isomorphism on B,,(X). Then the identity in B, (X)
factorizes as I = (PQ,) "' PQ,. Now write Q, : B,(X) — £,(X) for the operator given by

@7(f) = (|En|1/pf()‘n))
and J : £,(X) — L,(m, X) for the one given by

oo
J((zn)) = Z|En|_1/”achEn.
n=1

Since J is an embedding and @T is bounded due to Corollary 5.6 we can factorize the identity as
I = (PQ,)"'PJQ, and therefore B,,(X) is isomorphic to the image of Q, in £, (X). O

Theorem 5.10 Let r < 1, p > 1 and X be a Banach space. Let P, = P, x be the linear operator
P, : V,(m,X) — B,(X) defined by

PG) = S K, 9 G(E,).

Then the linear operator P, is bounded.
Moreover || P p x|l = [|Qrpr x- |-

Proof. For any polynomial g € P(X*) we have that

<ZK)\n®G(En);g> = ZG(En)g()‘n) = <Zg()‘n)XEnvG> = (Qrp.x-(9),G).

Since V,(m, X) is isometrically embedded in (L, (m, X*))* it follows that

<§: K)\n & G(En)7g>

< NGlv, m.x)

Z 9(An)xe,
n=1

n=1 Ly (m,X*)
Now Corollary 5.6 gives that | P, x || < ||Qrpr,x+ |-
A similar argument shows that Q7 ».x = Prp,x~, giving the other inequality. o

Let us now compare P, and the Bergman projection on Vp(m, X).

Theorem 5.11 Let p > 1 and X be a Banach space. Then
@) lim, o P. = P.
(ii) The restriction of P, to B,(X) given by

Pla) = YKo @ [ g)dm(z)

is an isomorphism for r close enough to zero.

Proof. An easy computation shows that (P(G), g) = (g, G) forany G € V,(m.X) and g € P(X™).
Therefore for all G € V,,(m, X ) and g € P(X*) we have

<(P—P7.)(G),g> = <g_zg()‘n)XEn,G> .

n=1

Now applying Lemma 5.7 we get | P — P,.|| < Ctanhr and (i) follows.
(ii) is proved the same way as Corollary 5.8. o
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Note that 3(z,w) = B(%,), and then (X\,,) and (E,, ) satisfy the same estimates and properties as (\,,) and
(En).
Theorem 5.12 Let X be a Banach space and p > 1. For each f € B,(X) we denote

Se(f) = Y |Eal Kx, ® f(Xn).
n=1

Then f = lim, o Sr(f) in Bp.

Proof. We shall see that S, = S,., x : Bp(X) — B,(X) are bounded operators and lim, o S, = I.
Let us denote by Q,. the operator associated to (Xn) and (En ) thatis Q,.(f) = S0, f (Xn) Xg,  We
actually have S, = Prar and

I1-PQ,| < |I-PQ,|+|PQ, - PQ,| < |[I-PQ,|+IP— Pl
The result follows from Corollary 5.8 and Theorem 5.11. o
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