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A FAMILY OF CHEBYSHEV-HALLEY TYPE METHODS
IN BANACH SPACES

J.M. GUTIERREZ AND M.A. HERNANDEZ

A family of third-order iterative processes (that includes Chebyshev and Halley’s
methods) is studied in Banach spaces. Results on convergence and uniqueness of
solution are given, as well as error estimates. This study allows us to compare the
most famous third-order iterative processes.

INTRODUCTION

Let X, Y be Banach spaces and F : 2 C X — Y be a nonlinear twice Fréchet
differentiable operator in an open convex domain €y C 2. Let us assume that
F'(zo)™" € L(Y,X) exists at some zo € €, where L(Y,X) is the set of bounded
linear operators from Y into X .

Among the third-order methods for solving the equation
(1) F(:c) =0

we have:
¢ Chebyshev’s method [3, 5, 15],

Tatl = Tn — [I+ %LF(mn)] F'(:cn)—lF(zn), n 20,

¢ Halley’s method (or method of tangent hyperbolas) [1, 2, 4, 6, 7, 10, 13, 15,
20,

1 - -
e [” gheten) |1 = yr(en) ] F(e) Flen), 130,

and

e convex acceleration of Newton’s method (or super-Halley’s method) [8, 12, 14],

Tptl = Tp — [I+ %LF(I,;) (- Lp(zﬂ)]_l] F'(z")—lF(zn), n > 0.
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114 J.M. Gutiérrez and M.A. Herndndez [2]

We have denoted by I the identity operator on X and by Lp(z) the linear operator
defined by
Lrp(z) = F'(z) ' F"(2)F'(z) ' F(z), z€ X,

provided than F'(z)~! exists. This operator and its connection with Newton’s method
were studied in [11]. For a real function f, the expression

L) < £OF)
F1(2)?
is a measure of the convexity of f at ¢, the degree of logarithmic convexity [13].

In view of these methods, we define for a € [0,1], 2a,0 = o € §2 and n > 0 the
following one-parameter family of iterative processes

1 - -
(2) ma)n+1 = zal'"' - I + ELF(za,n) [I - aLF(za,n)] ! F’(zayn) lF(za)ﬂ')'

This family extends the family of scalar iterative processes considered by Herndndez
and Salanova in [15], and includes, as particular cases, Chebyshev’s method (a = 0),
Halley’s method (@ = 1/2) and convex acceleration of Newton’s method (a = 1).

In this paper, we obtain results on existence and uniqueness of solution of (1),
convergence of the sequences (2) to this solution under Kantorovich-type assumptions
(see [16, 17, 18]) and error estimates. Finally, we give some examples to illustrate
the previous results, analysing the velocity of convergence of different methods and
comparing our error bounds with those that have been given by other authors.

PRELIMINARIES

Following Yamamoto [20], we assume throughout this paper that

(i) There exists a continous linear operator I'y = F’(zo)_l, z0 € §y.
() ITo(F"(2) - F"@)I| < kllz—yll, 2,y € Do, & >0.

i) IToF(sol <o IToF"(zo)]| <.

(iv) The equation

kg b
(3) p(t)zgt3+5t2—t+a=0

has one negative root and two positive roots 7y and 7 (r; <r2)if k> 0,
or has two positive roots r; and r, (r1 € r2) if k = 0. Equivalently,

o< b + 4k — b\/b? + 2k
3k (b + Vb2 + 2k)

or ab<1/2if k=0.

if k>0,
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(3] Chebyshev-Halley type methods 115

For each a € [0,1], let us define the scalar sequence {ta,n} by

Ly(ta,n) P(ta,n) n>0
2(1 - aLp(ttx,n)) P’(tam) T

(4) ta,o =ty = 0; ta,n—{—l = ta,n -1+

where p is the polynomial defined by (3).
We write Tan = F'(zan) " and Han = [I — aLp(2an)]”', when they exist.
Under the assumptions (i)-(iv) we prove that the sequences {ton} and {zan},
are well-defined, converge to r; and a solution z* of (1) respectively, and

”za,n-l-l - a:a,'n.” < ta,n+1 - ta,n, n 2 0,
”IB* - za,n“ < Ty — ta,n, n 2 0-
That is, {ta,n} is a majorising sequence of {zon} (see [16, 19]).

First, we give a general result on convergence of scalar sequences that includes, as
a particular case, the family {t4,»} defined by (4).

LEMMA 2.1. Let p be the polynomial defined in (3) with two positive roots
71 € 72. Then the sequences

Sa,0 =0, 8an+1 = Ga(sa,n)7 n 20,

where

_ Ly(s) p(s)
(5) Ga(s) =8 — [1 + 21— aLp(S))] 7(s)

and
aémin{2,1— L—plél)},

converge to r1. Moreover these sequences are increasing to 7.

ProoF: Under the previous assumptions for p, it is well known, [2], that
1
0< Ly(t) < 3 for t €[0,7].

Therefore we have 84 n41 2 Sa,;n -

On the other hand, we can write

Lp(-")z

) = S e,

[3(1 — @) + a(2a — 1)Ly(s) — Ly(s)] .

Taking into account that L, is negative and increasing for s € [0,71], we have that
G!.(s) >0, s € [0,r1] and the result follows. g

Besides, the convergence of the sequences {t, } is of third order. That follows as

a consequence of the following result of Gander [10].
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116 J. M. Gutiérrez and M.A. Herndndez (4]

LEMMA 2.2. Let r, be asimple zero of p and A any function satisfying A(0) =
1, A'(0) =1/2, |A"(0)| < co. The iteration
tn
tats = tn - A (Ly(tn)) 222)

P'(ta)

is of third order.

Although the convergence is cubic in general, in [12] it was established that the
sequence {f1,.} (called convex acceleration of Newton’s method) has convergence of
order four when p is a quadratic polynomial. Moreover, in this case, two iterations of
Newton’s method are equal to one iteration of the sequence {t;,,}.

Now, we center our study on obtaining error expressions for the sequences (4).
When p is a quadratic polynomial, following Ostrowski [17], we derive the following

error bounds.

LEMMA 2.3. Let p be the polynomial given by (3) with k =0, that is
b
p(t) = Etz —t+a.
We assume that p has two positive roots 7y < r2. Let {4} be the sequence defined

in (4).

2! 0+2(1 —a)
= — d o= —.
(2) When ry < g, put 8 1'2 and R 1321 —a)f

Vv8(1—a)
(1+val=a)
(7'2 - 7‘1)‘% S (1‘2 — 1'1) [\/lz_aa]

1-46 VR — [VRb)

[ver=ay]”

< (rp—71) -

Then we have:

(a1) H a€{0,1/2) and ab <

m xT1— ta,n

(a2) Fa=1/2,
r = trjan = (2~ 1) g
(as) If a € (1/2,1),
[ 2(1—a)0]3n
VA=) - [yal )]

(7'2 - 7'1) <r - ta,n

2 N
VR VN -6

<(ra—71)
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[5] Chebyshev-Halley type methods 117

(24) Finally, if a =1,

(1‘2 -r )04’l
16+

1 —t1n=

(b) When r; =72, we have

3—2a \"

PROOF: Let us write aan =71 — tan, o

b b
Pltan) = J0amban,  P(tasn) = —5(2am +bayn)-

n=72—1tan, n=0. Thus

¥’

By (4) we have

3 Gam +2(1 — a)ban
a’a,'n. 2 2 ’
(aa,n + bavn)(aa,n + ba,n + 2(1 - a)aavnba-n)

(6) ontl1 =T1 —tantr =

and similarly

5 ban +2(1 — a)ag,n
™ (@ayn + bayn) (@2, + 82 0 + 2(1 — @)aanban)

ba,n+1 =T2 — ta,n+1 =

Qo ,n

to obtain

Ifr <ry,, weput § =71/r2 <1 and Han = 3
= 3 Han +2(1-a)
“" 13 21— alarn’

Ha,n+1

Taking into account that the function

z+2(1-a)
14+2(1-a)z

is decreasing when a € [0,1/2), is constant when a = 1/2, is increasing when a €
(1/2,1) and is the identity when a =1, we obtain the first part.

If r; =7y, then agn = ba,n. Therefore, from (6), we have

3—2a
4(2-a)

Ga,nt1 = da,n

By recurrence, the second part holds. 0

When k > 0 the real sequences {ton} in (4) are obtained from a cubic polynomial.
In this case, it is difficult to obtain error bounds following Ostrowski’s method. In
the next lemma, we establish estimates for the error in this situation by using a new

procedure.
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118 J.M. Gutiérrez and M.A. Hernandez (6]

LEMMA 2.4. Let p be the polynomial given by (3) with k > 0, that is

k3 b2
p(t) = 6t +2t —t+a.

Let us assume that p has two positive roots vy < r; and a negative root, —ry. Let
{ta,n} be the sequence defined in (4). Then, if 71 <7, and 8 = \/Aar;/r2 <1,

—tn~ ’ 20,
i e — 65"
where
Aoz Crmmllrotr) +20 —a)ot2m —ra) 0y Ay

(ro +71 )2 T2

. 3-2a \"
T2 =)/

PROOF: The polynomial p defined above can be written in the form

If ry = ry, we have

k
p(t) = grs — 1)(rs = )0 +1).
Let us write agn =71 — tan, ban =72 —tan and

Bamdanti _ (r1 = Galtan))(r2 — tan)®
ag,nba,‘"v"'l (7'2 - Ga(ta,n))("'l - tt:z,*n.)3 ’

Qta,n) =

with G, defined by (5).
As Go(r1) =71, GL(r1) = Go(r1) =0, we have for ¢ close to

Qt) ~ (r2 - "'1)2 Lim 11— Gall) = GZ,G(TI)(Tz - 7‘1)2

t—rmy (Tl—t)a -

Q =
_ (ra=m)(ro +71) +2(1 ~a)(ro + 2r1 —72)" _ da-
(ro + 71 )2

Since t4,, — 71 when n — oo, we obtain
a a 3 \/—r " 1
a,n a,n—1 1
L ~/ L A N e N ( A ——)
ba,n (ba,n—l ) « a"‘z vV '\a ’
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7 Chebyshev-Halley type methods 119

and the first part holds.

If Ty = T2, let
-~ Qa,n+1 ™ — Ga(ta,n)
tan) = . = .
Q( @ ) a,n T — ta,n
Notice that for t close to 1
3 - 2a

Q(t) ~ Q(r1) = @ —a)

By recurrence, the second part also follows. a

We center now our study on the sequences {4}, a € [0,1], defined in Banach

spaces.

LEMMA 2.5. With the above notation and assumptions, we can write F(zgn+1)
in the following way:

1 1—-a
F(zant) = gF"(@an)iin + —5F"(2am)lanF(2an)an

Za,n41
+ [P @) - P (eamzani - )2,

where
(8) Yan = LF(Zan)HanlanF(Ta,n)-

PRrOOF: By Taylor’s formula, and using (2), we deduce
1
F(zan+1) = F(2an) + F'(Zan)(Zants = 2apn) + 5 (Tan)(Tamss — Zamn)’
Za,ntl
+ [P @) - F(ean(tami - o) da

a,n

1
= —';‘F"(za,n)ra,nF(ma,n)Ha,nra,nF(za,n) + EF"(IQ,,,,) (Fa,nF(:ca,n))z
1
+ gF”(m"‘r")yzm + %F"(za.")ra,nF(za,n)ya,n

Ta,n+1l
+ / [F"(z) ~ F"(zam))(zamt1 — =) dz.
Za,n

As Hyn =TI+ aLp(zan)Ha o, the result holds. a

LEMMA 2.6. The iterates (2) are well defined for a € [0,1] and n > 0, converge
to z*, a solution of (1), and

ta n+l ta,ns

(9) ”Ea,ﬂ+1 T n" <
| €71 ~tlan-

(10) 2" - 2a,al
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120 J.M. Gutiérrez and M.A. Hernandez 8]

PRrooF: For each a € [0,1] we prove for n > 0:
Ia] Tan = F'(2an)"" exists (Ta,o = To = F'(zo)").
1 p”(tafﬂ)
0n] T F"(zan)ll € -5~

)
' p'(to
II,] |TanF ("’0)” < ;,z(t:—n))
p ta,n
Iv.,] ”POF(za,n)” < —m—.

1
1-aLy(tan)

Since p defined in (3) satisfies Ly(t) < 1/2, (see [2]), then [V 4] follows as a
consequence of [I1,43], [III,41] and [I[V,41]. Thus, we prove [[,41]-[IV,41) using
induction. Applying Altman’s technique, (see [2] or [20]), [In+1], [[In+:2] and [111,41]
follow immediately.

[Vi] Han=[I—alp(zan)]™? exists and ||Hanll <

To prove (IV q41], let us write van = Lp(ta,n). Then

_ Va,np(ta,n)
(1 - auavn)pl(tavn) ’

Nenl) S NLF(zom)ll | Hanll ”I‘a,nF(”a.n)“ <

were Ya,n 1s given by (8). Therefore, from Lemma 2.5,

1 v} .p(ta, 1—av? p(la, k
1 o ")2 anPllan) ~(tant1 = tan)’
8 (1 — ava,n) 2 l—avan, 6

ITo F(za,n+a)ll <

Repeating the same process for the polynomial p, we obtain

1 l/i ﬂp(tﬁs") l-a Uczx np(ta"’l) k 3
— s : 'z —1
p(ta,n+l) 8 (1 — au,,,n)z + D) 1— aVon + 6( a,n+1 a,n) ’

and consequently,

_ P(ta,nt1)
(11) ITo F(za,nt1)ll < p(tantr) = _—pT(ﬁ—'

So we conclude the induction.

Next, we have

1
loats = zanll = |7+ 5 Epl0n)us| FanFlean)

Lp(tcun) }P(ta,n) -
201 ~ aLP(ta.n)) P'(ta,n)

<[1+

ta,n+l - ta,n,
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9] Chebyshev-Halley type methods 121

then (9) holds, and {fa,,} majorises {qn}. The convergence of {ton} (see Lemma
2.1 and its note) implies the convergence of {Zan} to a limit z*. By letting n — o
in (11), we deduce F(z*) =0.

Finally, for p > 0,

IZant+p — Zanll < tants = tayn,

and by letting p — oo we obtain (10). 0

LEMMA 2.7. Under the previous assumptions we have, for 0 < a < 1/2

ll=* — za,nll)2
?

le* = zamsrll < (71 — famsa) (
T — ta,n

and for 1/12< a1,

3
¥ —=z
lz* — zan+1ll < (r1 ~ ta,n+1) (-”r———a’—"”) .
1

- ta,n

PRrROOF: The argument of Yamamoto (see [12] or [20] for details), and using

1
I+ %LF(za,n)Ha,n = Hoz,n (I - (a - '2') LF(za,n)) )

shows that

2" — Zamt1 = —Hamlan / [F"(z) = F"(2a)|(z" — ) dz

T

1
+ [I - Ha,n](z* - zavn) - EHQ’nFa,nF"(za,n)(z* - zayn)z

+ %Ha,nLF(za,n)Pa,‘nF(ZG,ﬂ)'

Since I — Hon = —aHq nLp(Za,n), we obtain

*
z

"t — Zant1 = —H.,,,.I‘a,,,/ [F"(z) ~ F"(zaqs))(z* — z)dz

ZTa,n
-

+ I = Ha (=" — 2an) + aHanL#(zam)lan / F"(2)(z" — 2) da

(12) + %Ha,nI‘a,nF"(:ca,n) [(CanF(zam)? - (2 =~ 2an)?].
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122 J.M. Gutiérrez and M.A. Hernéndez (10]

Then, for 0 € a < 1/2 it follows that

-

z* —2py1 = —Honlo, ,./ [F'(z) — F"(zan))(z* — z) dz

+ (a - —) HanLp(zan)Tan / F'(2)(2* — 2) dz

+ ;H,, alanF"(zan) [ /::: ) F'(z)(z* — =) dz} (z* — ).

'

For 1/2 < a < 1, writing

in (12), we deduce

*

¥ — Ty = —Ha,,,I‘a,,./ [F"(z) — F"(2an)l(z* — z)dz

* 2
— (a - %) HonlonF"(zam) |:I‘.,,,./ F'"(z)(z* — z) d:c]

+ (1 — a)HapnTanF" (2am) I:I‘a,n /;z F'(z)(z* — =) dz] (z* — ).

Consequently, for 0 € a < 1/2,

lz* — za,n+1ll

I k(1 — taqn)®
S 6(1 — aLy(tam))p (ta,m)

P'(tan)(r1 — ta,n) " e — g | (12 =zl ?
2(1 — aLp(tan))p' (tan)’ Jt ﬂp (2)(rs =) d] ( T —tam )
1 Ly(tan) n "N — 2)da l2* = zaml\*
#(«-3) (1= oyl )P (o) /” (20— =) ( .
_ k("'l - ta:,n)3 P”(ta,n)("'l - ta,n) m
< [ 6(1 — aLp(ta,n))p'(ta,n) * 21 — aLp(tan))?' (tan)

G Fer v ow / A z)""’] (w)

¥ —=z
<€ (r1 —tant1) (”—a'nﬂ)

T — ta,n

p'(2)(r1 — z)dz
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[11] Chebyshev-Halley type methods 123

In a similar way, we obtain for 1/2 < a <1

ll= — za,n|l>3

o ~ el < (s~ tamrr)
L W ta,n

MAIN THEOREM

We are now ready to prove the following Kantorovich-type theorem.

THEOREM 3.1. Let us assume that conditions (i)-(iv) hold and also

(13) Ba = B(za,1,m1 —tag) = {z € X2 — 2anl <71~ tan} C Q.

Then:

(a) The sequences (2) are well-defined for a € [0,1] and n > 0, lie in B, (the
interior of B, ) for n > 1 and converge to a solution &* of the equation (1).

(b) The solution is unique in B(zo,72) N Qo if 7, < 72 or in B(zg,m1) N Ry if
rL="7s.

(¢) The following error estimates hold:

(c1) For & €[0,1/2), let To;n and 0o be the unique positive root and the
smallest positive root of the polynomials

"nba,n(t) = ka,ntz —-t+ 50:,1:

and
¢a,n(t) = ka,ntz +1- 6a,n,

respectively, where

1 — tani

a,n = (’l‘ t )2 ) 6&,71 = "za,ﬂ'*'l - z"r"" > 0.
1~ ‘an

Then we have
*
Ta,n < ”z - za,n” < Oa,n <71 - ta,n-

(c2) For a €(1/2,1], let 7, and o, be the smallest positive root and the

a,n
unique positive root of the polynomials

:z,n(f’) = k;,nta +t- 60.7‘)
and

"»b;,n(t) = k;,nta —~t+bam,
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124 J.M. Gutiérrez and M.A. Herndndez (12

respectively, where

r —1
= 8 San = [Tami1 = Tl > 0.
(7'1 - ta,n)

Then we have

o':x,n < ”z* - zf!,"” < T;,n ST - tan-

ProOF: (a) follows as a consequence of Lemmas 2.1, 2.6 and the condition (13).
To prove (b), let z** be a solution of (1) in B(zg,72) N or in B(ze,r2) N Q. Then,
replacing z* and r; by z** and 7 in Lemma 2.7, we have for 0 L a < 1/2,

2 2"
l=** = zamll (nz**—zm_ln) << (nz**—zou) _

T2 — ta,n T2 — ta,n—l T2

In a similar way, for 1/2 < a <1,
ll=** — zaynll

(uz** - za,n-lu)“ (uz** - zou)s"
T2 — ta,n T2 — ta,n—l T2

So we deduce for r; < 72,

A

*k

”:l: - za,ﬂ” < (7'2 - ta,n)pn,

with n
_ (= = 2ol \?
pu=(LE——20Y) o<a<1/2,

T2

or

lz** = 2]\ *
pn= (120} [ 1/2<a<1.

T2

For r; = rg

B za,n” <r - ttx,n-

B
Since pp — 0 and {tsn} converges to r;, we obtain in both cases

z** = lm zq, =z".

n—o0

Finally, for a € [0,1/2), we deduce from Lemma 2.7

2* = Zanll = ban < I2* ~ Tanial] < ko llz” ~ 2anll®,
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and then ¢o a(|l2* ~ 2q,nll) 20
On the other hand,

¢a,n('r1 e ta,n) = ka,n("'l - ta,n)2 - (Tl - ta,n) + 6a,n = 6(1,11 - (ta,n+1 - ta,n) < O,

and consequently

|lz* = zam|l € an <71 — tan.
To obtain lower bounds notice that, by using Lemma 2.7 again,
Saim = 12" = Zanll < llo” = 2ani1ll S kapn 2™ = zamll®,
that is, Yan(||z* — Za,n|]) = 0. Consequently,
lz* — zanll 2 Tam-

For a € [1/2,1], we obtain from Lemma 2.7

[2* ~ 2anll = bayn < [I2° = 2antill < kan |2 = za,nll* -
and
San — ||z = Zanll < llz* = zamtill < kapmll2* = zaml’,
and the result also holds. 1

NOTE. The condition (13) can be replaced by B(zo,7;) C €. (Notice that B,
C B(zy,m) for a € [0,1].)
CoROLLARY 3.2. Under the previous assumptions, we have

0.860,7; < ( 24+ \/_) |13 —ZTa n” < 26, amny, @€ [0,1/2) ’

and
0.890a,n < ||2* — Zaum| € 1.56am, a€[1/2,1].

PROOF: Let a € [0,1/2). The polynomial ¢,n, has a minimum when
t=1/(2ka,n). Also

1 1
¢a,n (2ka’n) - 6a,n - m,: < 0.

Consequently kqnfa,n < 1/4. Since @a,n(26a,n) <0, we deduce o4,n < 26a,n.
On the other hand, let

~ 1 2
1) - t t“ﬁan
bam(t) = 7t +1 - ba,

a,n

As Yan(t) < Ja,n(t) for t > 0, and 1‘/;a,n ((_2+\/§)6a,n) = 0, we obtain

(-2 + \/g)sa,n < Ta,n .

For a € [1/2,1] the result follows in a similar way (see [20] for details). a
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Table 1
n to,n tij2,n tin
0 0.000000000000000 0.000000000000000 | 0.000000000000000
1 8.148148148148148 8.571428571428571 9.333333333333333
2 9.936934743362793 9.980430528375734 9.999847409781033
3 9.999995122930333 9.999999925494193 | 10.000000000000000
4 10.0600000000000000 | 10.000000000000000| 10.000000000000000
5 10.000000000000000 | 10.000000000000000( 10.000000000000000

[14]

EXAMPLES

EXAMPLE 1. First we consider the real polynomial equation
p(t) = (t — 10)(¢ - 20) = t* — 30t + 200 = 0.

In Table 1 we compare the sequences {tp,n} (Chebyshev’s method), {t,/5»} (Halley’s
method) and {t; .} (convex acceleration of Newton’s method), starting from the same
point to'o = t1/2,0 = tl,O =0.

- EXAMPLE 2. Now we consider the system of equations F(z,y) = 0, where
F(z,y)= (= —y—2,4° -z’ +y +1).

Starting at (zo,0,%0,0) = (Ellg,o,yl/z’o) = (21,0,¥1,0) = (6,3) we obtain the se-
quences given in Tables 2-4.

In the previous examples we have analysed the velocity of convergence of different
sequences of the family (2), attaining the best results for @« = 1. In Theorem 3.1 we
have only studied the sequences {zq,n} for a € [0,1]. However, it is possible to obtain
convergent sequences for a > 1, and the convergence could be even faster, as happens
in the real case. It is not difficult to see from (7) that G''(r1) = 0 for

_ __LP':E“) >1.
Then, the order of convergence increases for this value. For instance, when p"(t) is
constant, we obtain a fourth-order method for a@ = 1, as was remarked in [12]. This
result was extended to Banach spaces in the same paper.

The following example suggest new approaches to the solution of a integral equation
(see also [4, 5, 9]).
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Table 2. Chebyshev’s method

Lo,n

Yo,n

o Ut os W N o+ o8

6.000000000000000000
2.719439840217446527
1.830721648025601499
1.733249320860063453
1.732050823057711034
1.732050807568877294
1.732050807568877294

3.000000000000000000
1.727937814357567444
1.138820258896789643
1.003038870277247239
1.000000046348271498
1.000000000000000000
1.000000000000000000

Table 3. Halley’s method

T1/2,n

Yi/2n

- S N O A e -

- 6.000000000000000000

2.527771600300525920
1.774166519412615274
1.732099394264064235
1.732050807569220348
1.732050807568877294
1.732050807568877294

3.000000000000000000
1.581818181818181818
1.057032561548124306
1.000113501450570644
1.000000000000974628
1.000000000000000000
1.000000000000000000

Table 4. Convex acceleration of Newton’s method

G W N~ o3

zl,n Yi,n
6.000000000000000000 | 3.000000000000000000
2.195930445526441461 1.173690932311621967
1.726757444904059338 | 0.998981852656109923

1.732050203990691682
1.732050807568877294
1.732050807568877294

1.000000000352888045
1.000000000000000000
1.000000000000000000
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EXAMPLE 3. In the space X = C[0,1] of all continous functions on the interval [0,1]
with the norm

=] = max [2(s)],

we consider the equation F(z) = 0, where

F(z)(s) = 2(s) — s + %/O scos(2(8))dt, @€ C[0,1], s € [0,1].

With the notation of Theorem 3.1 and for ¢ = z¢(s) = s, we use the definition of the
first and second Fréchet derivatives of the operator F' to obtain

b= sin 1 k= 1
= T 2—sinl+cosl’ T 2—sinl+cosl’

So the polynomial (3) is

1
—sinl + cos1)

p(t) = 6@ [ + 3(sin 1)t — 6(2 —sinl + cos1)t + 6sin 1].

The positive roots of p are
ry = 0.6095694860276291, r, = 1.70990829134757.

Then, we have that F(z) = 0 has a root in B(zg,r;). Besides, this is the unique root
in B(zo,72). Some error bounds

”2* - za,n” €71 ~tlan

are shown in Table 5.

Table 5. Error bounds

n 1 —lon ™1 —ti2m 71 —tin

0 0.6095694860276291 0.6095694860276291 0.6095694860276291
1 0.0534834955243040 0.0495130055348865 0.0349873303274992
2 0.0001520166774545 0.0000984825547302 0.0000560164474543
3 0.0000000000042804 0.0000000000009129 0.0000000000001218
4 0.0000000000000000 0.0000000000000000 0.0000000000000000
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Notice that the best error bounds are attained when @ =1 (convex acceleration
of Newton’s method). For this same equation, and using Halley’s method, Doring (9]
obtained the bound
||z* — 21/2,2| < 0.000825.

Later, Candela and Marquina, [4, 5], gave the bounds

l|lz* = zo2|| < 0.00037022683427694

and

|2* — #1/2,2|| < 0.00014987029635502

for Chebyshev’s and Halley’s methods respectively. Observe that the bounds given in
Table 5 really improve the previous ones.
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