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I n t r o d u c t i o n  

A gyrostat G is a mechanical system made of a rigid body 7 ) called the platform and ()tiler 
bodies ~ called the rotors, connected to the platform and in such a way that the motion of 
the rotors does not modify the distribution of mass of the gyrostat G. Due to this double 
spinning, the gyrostat on the one hand and the rotors on the other, the gyrostat, is also 
known with the name of dual-spin body. 

Such a model was employed by Volterra [1] to study the rotation of the earth. Ever 
since, the problem has attracted the attention of physicists, and a number of theoretical 
results have been obtained (see the textbook of Leimanis [2] and references therein). More 
recently, aerospace engineers used the gyrostat model for controlling the attitude dynamics 
of spacecrafts and for stabilizing their rotations. See, for instance, [3]--[6] and also references 
contained in [4]. In the last years, the gyrostat problem has regained interest and some p~q)ers 
[7]--[9] appeared in the literature, mainly dealing with qualitative aspects of the motion, 
such as bifurcations, splitting of separatrices, etc.. For the unperturbed problem (gyrostat in 
free motion), most of the papers above mentioned use canonical formalism, either in Euler or 
in Serret-Andoyer variables. However, in the free motion, the angular momentum vector is 
an integral, and thus, it is possible to represent the phase flow on a sphere (as it was pointed 
out by Hubert [10]), in a way very similar to the Euler-Poinsot case of the rigid body [11]. 

In a different context, Elipe and Lanchares [12]--[15] studied the bifurcations of several 
parametric quadratic Hamiltonians on the unit sphere. The classification of the two param- 
eters case was established in [16] and this work was generalized by Prauendiener [17] tbr all 
possible parameters. 

In this communication, we show that the gyrostat in free motion may be formulated 
as a multi parametric quadratic Hamiltonian on the unit sphere. To each case (depending 
on the moments of inertia and the rotors that act simultaneously) corresponds one case of 
the parametric quadratic Hamiltonian. Hence a real physical problem is identified with a 
theoretical one. 
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R , o t a t i o n  o f  a G y r o s t a t :  t h e  b a s i c s  

L(,I us assume that  the  gyrostat  has a Hxed l>oint (). tha t  we will idenliI\-  wi th  the  cemt,r  of 

mash of the  gyros ta t  mid c(mtt~r('(1 on it th(Te aft' two orthonor~llal  i'Ct~'l't'll('(' ['l'i;llleS: 

• S,  t i le Sl)at'e fi 'ame ()SI,N2,S:,), tixe(l in t h ,  Sl)~,('('. 

• B, lhe  ho(ty flrame ()blb,eb:~, fixed in the l)latforln. 

Since 1)y (lcfinitiou lh(! mot ion  of Ill(! rotors (l(~'s not a l ter  the  dis t r i l )ul ion of mass (~t the 

gv!'ost;-tl, lh(q'{ '  is ~/ ('OiIst0.1lt illel'l ill t(!llSOr ass()ciale{t to G ~tlld \v(, Ill?l},' tlSHlllll(? t ha t  t]l(' ])o,'lv 

f rame is I)V('(isely the f la lne  of pr incipal  axes ~)t inert ia of the  gyros ta t .  

The  ~lt  i l u(l(' o f B  in 5" resull s in lhree ~~)i ~t ious by means of the Euler  angles (0, i). u). 
Fol lo\v i l ig  lhe steps descr i lwd i l l  [11. l)P. 603 606], we over lay a symplect ic  ,strllt:t l lre i l l  

such ~ way lha t  ~h(! con juga te  momen t s  ((I). 6), q~) of the Euler  angles  are the  l)ro.iectious of 

l i t( ' l o ta l  aHgular \ 'e(' lor G onto t lw  ntm ()rth<mormal basis s:~, 1. b:~. tha i  is. t lmt  

(1' - G .  ,s:l. (-) " G . l .  ~P = G • b:~. 

where the H<.le reel.or l is defined as I = sl (*,~'> ~ s., Mn(,). Hem'('. I)v mv('r,~ion, l lmre 
result  

.ql -- sin d sill ~,' 4 (-)('().~ ~'. .~1, ~m t) cos ~,, - (-) sin ~,. (]:~ qJ. 

( ; I  (9 cos (.* + s ~  ] sin c'). (;'e := (-) sin 0 - sin d cos O- C:~ q'. 

for the collll)Ollents ill i]le t)odv flallle (,q~)~ll}(I ill the ~;])ace fralne ((/~). 

It i,~ ]usl a l l l a t i e l  of ('OlllI)lllilU/, part ia l  ~Mival ives  1o check l}laL the  P()isson br~wk('ts 

~atiMv lhe ideHtit, ies 

( . q l :  9 ~ )  - - . q >  (9"-': .q:~,' - ~/1. (.q:~: g l )  - .(,'~- 
{1) 

(C;i : C~) (;:~, ((;._,: (;:~) ( ; I ,  ((;:~; U I )  -- G ~ .  

Now. w(' l)ro('eed 1o comI)Ul.e the k im' l ic  e]wtgy ()1 lhe ~y losta t .  Let  x - .,':lbl Jr ~:~b~ + .r:~b:~ 
be the posil  ion vector  of  a lmrt i tqe P of the g, vrostat w i th  mass d i n :  its absolute ve loc i ty  is 
d x / d l  v ~ w × x ,  where v = i ]b l  + .i:~b~ ~ ./:~b:~. If the p a r t M e  belongs to the i )huform 

(recall  thal  il is a rigid body) ,  then v = O. Taking into accotult  tha t  G - "P U ~ ,  the kinetic 

energy of the gvrost, at is ob ta ined  bS c o m p u t i n g  the vohune  qm~dra,tme 

T =  :~. ( v + w  , : x ) = ' d m  

L 't;, " 

2.  (w × x ) ~ d m  ~ w"  i x  " ~ v ) d m + , )  v - d i n  (2) 

1 
- - - w . l l w ÷ ~ . f  ~ lip,, 

where 1I i,~ the d iagonal  tensor  of ill('rtia of lhe gyrostal  G, while f = ./lbt + j,,b~ + ./i~b:¢ is 
the  a n g u l m  m o m e m  of the rotors  and T R is the kinet ic  energy of the  rotors  in t, heir re la t ive  

lllorioll. 
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The Hamiltonian is the Legendre transformation with respect to the velocities of the 
Lagrangian function. Let us call the abbreviation q =- (¢, 0, ~b) to denote the set of Eulerian 
angles; the kinetic energy of the gyrostat (2) is made of the addition of a pure quadratic 
term (½w-l Iw)  in the velocities f/, plus a linear part (w.  f )  in the velocities q (for f does 
not depend on the Euler angles), plus a function of the time (Tr¢(t)).  By virtue of Euler's 
theorem for homogeneous functions, the Hamiltonian is simply 

= ! ~ .  ~ ,  (3) 
2 

Rather than expressing ~ in terms of the canonical coordinates and moments, we will express 
it in terms of the total angular moment. 

The independent variable t does not appear explicitly on the Hamiltonian (3), ilence the 
kinetic energy of the gyrostat  ~ considered as a rigid body (3) is preserved along the motion, 
whereas the total energy T is not. 

In an analogous way, we find that  the angular momentum vector of the gyrostat  m the 
body frame is 

G = / ( x  x (v + ~ × x)) d~,  

= lifo + . f .  

Let us denote by aj the inverse or the principal moment of inertia /3, that  is aj = 1/li¢. 
Assume moreover that  0 < a~ < a~ < a3. With these conventions, there is a diagonal tensor 
A, such that  the angular velocity is aJ = A ( G  - J'). The Hamiltonian (3) in these notations 
is 

= 2 ( G  - f ) .  A ( G  - f ) .  (4) H 

From here on, we shall assume that  the rotor moment is constant (fi = constant,  i = 
1, 2, 3). Hence, expanding the expression (4), and after dropping the constant terms ( ~  e~j~2), 
we find the following expression for the Hamiltonian 

1 ,~ 
Tl = -~(algl + a2.q~ + a3g23) - ( a , g l f l  d- a~g2f2 d- a'3g3f3). (5) 

The Poisson structure (1) gives rise to the equations of the motion 

gl = (gl ; "}-{) = (a3 - a.2)g2g3 q- a2f2g3 - a3.f3g2, 

g2 = (g2 ; 7-[) = (al - a3)glg3 + a3f3gl  - aLflg3,  (6) 

~/3 = (g~; H )  = (a2 - a l )g lg2 + a l f l g2  - a2f2gl .  

From this system, one can easily check that  the norm of the angular momentum vector G 
is an integral 

[iG[12 = g~ + g~ + g2 = G2 = constant; (7) 
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the his tory of lhe ro ta t ion  of G in lh(' })ody flanl(~ is represented as a curve on the b "~ sphere 
of cons tant  radius  (7. 

Ill Slllll. the equa t ions  (6) admil  two inl<%r;fls, lhe kinetic energy (5) and  the norm ~)I 
the lo ta l  angu la r  lnomen~mn (7). therefore il is inte}grable. The  phase space of (6) nmv 1)e 
regarded ,.'. a toliat ion of inw~riant manifolds  

By using l]ll, angu la r  momen t lmt  G inste~d <~:~ lhe angular  velocity w, the geometr ic  lu,~del 
dep ic t ing  the ro ta t ions  of G is al sphere wilh constant  radius. Most iml)orlmit.13", unlike 
Poinso t ' s  ellipsoids, lhe  under l ; ' ing  model  is in~lependent of the ellipsoid of inert ia.  N lore 
detai ls  ~/1)()111 tl~(~ der iva t ion  of the above formulas may I)e found in [9]. 

T h e  t r iax ia l  g y r o s t a t  

T h .  I lmnil louim~ of the gyrosla t  (5). whe~l -Xln 's,~ed iu t e rn>  of the  cOral)Orients 9, of the 
angu la r  n~(~mcntmn, belongs 1o a general  (l~ss td Hami l ton i an  syslem.'., the one of the t','p(, 

1 

T h e  llllkllOWlt>; ~ havP ti le Po i s son  s t r u c l u l e  I1) 

I L i 

where ,<jl, ,q,nds ior lhc Lm'i (!iviIa symbol. 

The c]as~ del)ends on 9 Imrmm'ters. Iml il is I)ossible to reduce it to (i slmldard cla~>es 

[171 " tiffs is done by rotations in th, p]msc q),ce (fn,.V>.q:~). Let us see tI>I there i., ~m 

equivahmce a mo n g  this class of t lamil l  onimL> ami the set of gyrost.ats. 
I |  gyr~):~t~tt is tria×ial,  the three lliOlllelllS c)t inertia are <tiffi~relfl and.  thlt& the thY,e 

eigenvalue> of the quadra t ic  form A arc d i f f i ' l en l  we will suppose with~mt loss ~,t genela l i ty  
,~ ,., < ,~. By means  of the equivalence I imlsformat ions  (see [17]), that. is to s~W. t ime 
scaling or adding  a cons tan t  to lhc Itamiltonim~, it is possible to shift one of the eigenvalucs 
lc~ (} mid t~ scale (me of the two remain ing  t(, 1. withoul  changing the s implect ic  s t ruu ture  
of the vmi ,b l e s  .qi. 

The ~lltmlwr of essential  ]mrameters  &,lWnds ou the vector A • f and,  mor~' l)reciseh. ,m 
t}lC non zel~, comImnen t s  of f .  since, the lna l r ix  A is diagonal.  Let us mmlvze t.hc differeltt 
I)ossil)ilities ~d i h e  gyros ta t  depend ing  on t lw munl)er  of Slmming rotors (i. , .  de lmnding  on 

f )  

()NF: SI'INNINt; l{()l()l/  

If only one (d l]le toto~s is sp inn ing  alyoul one' ~d lhe princilml axes of inerti~, il was esta]> 
lished in [9] th,t t he t tamil t .onian (5) reduces *,, ,,nt' of t  hc generic b iparamet r ic  Hamiltolf imis 

The  l)has(' llow au(1 b ihu( ' a t ion  lines in lh(' l)~ttamerric l)lan(! PC2 have I)(,en d(d(~rmin('d by 
tlw author~ in [1-I]. 
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Although this Hamiltonian (8) does not depend on the axis where the spinning rotor is 
located, the parameter  P is restricted to belong to different intervals according with the axis 
of rotation. Furthermore, to cover the whole parametric plane (P, Q), the three cases (each 
one with the spin about  either bl or b2 or ba) must be accounted. Indeed, let us consider a 
gyrostat  with one spinning rotor about the biggest axis of inertia b> 

~(~g,  + a,,~jJ + ~g~) - alflgl. 

The additive transformation 

yields to 

-~( = _ g 2  2 (9) 

K:  = 2 ( a l  _ a 2 ) g  1 2 + l ( a  3 _ a 2 ) g  3 2 _ a l f l g l ,  

and by means of the scaling transformation 7-/= K./(al - a2) we get 

l 2 7-t = ½u 2 + =_,Pv + @~. 

where now P = (a3 - -  a'2)/(al - a2), Q = - a ~ f l / ( a i  - a2) and (gl, 9 2 ,  g 3 )  I (u, w, v). Since 
a~ < a2 < it3, the parameter P E ( - c o , 0 )  and the variables ('u, v, w) satis~, the siml)lectic 
relations 

0,;~}=~, {~,;w}=~, {~,:..}=~,. (10) 
The other two cases are reduced to (8) in analogous way, but the parameter  P belongs 

to the intervals listed in Table 1. 

axis P P E Q variables 

biggest (hi) aa - a2 ( - o c ,  0) - a l l 1  (91, 92, g3) , ('u, w, "t') 
a 1 - -  a 2 a l  - -  (I 2 

smallest (b3) a2 - al (0, 1) - a g f 3  (91, g2, g3) , (u,, ~,, ',) 
a3 - al ct3 - -  (Zl 

intermediate (b2) ( q - a 3  (1,0c) - a 2 f 9  (gl,g2,g3) , (i,,~l.'w) 
a2 -- a3 a2 -- a3 

Table h Reduction of the case of one spinning rotor to the generic Hamiltonian 
,1_~ 1 2 1 2 5u +sPy +Qu. 

It is worth to notice that  an additive transformation, different from (9), yields to Hamil- 
touian (8). but the simplectic structure (10) changes its sign. Besides, the interval where the 
parameter P is located is interchanged in the cases of rotations about the smallest and the 
biggest axes of inertia, but  this due to the fact that  a 7r/2 rotation about the intermediate 
axis of inertia interchanges these axes. 

T W O  S P I N N I N G  R O T O R S  

In the case of two axial spinning rotors the Hamiltonian (5) reduces to tile generic one 

1 2 i n  ,2 7-t= ~u +-~ t~  + Q u +  Rv.  ( t l )  
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Tile. phase flow and  bifurcat, ion surfaces in lhe paramet r ic  space P Q t 7  have been s tudied 
ill detail  })v Lanchares  ~!t a/,. [15 I. 

As in ~ll(, preceding case. the three possible selections of two sp inn ing  rotors (b, b~. bib:~ 
or b~b:t) redm:e to the  generic Hami l ton i an  (I i) .  but ,  depend ing  on tile case selected, the 
imramele r  /" 1)eloligs to different intervals. _\h)reow~r. to cover the whole pa ramete r  space 
((P, (2, R) = [{a), lhe  tllr('x~ cases are n('e(h'i'i ,ks a matt(w of fact. the region to whi('}l lh(! 
l)aralll(!t(T l ) t~(']ongs, is or iginated 113, the a, hiitiv(' and  scaling t ransf ( / rmal i (n> ne('('ssar.v to 
(qiniilml e th(, rain csscmial  1)aranieters. 

t.('t us ('()usider. fl)r instance, two st)innin:4 i~,l()ls al)()ut, the 1)iggest. and lhe in ter ln( ' ( l ia{c  
aXeS of in( 'rtia (,1')/ : 0). Tile  Hani i l lon ian  is ll()\v 

T h e  addi t ive  tral~sfornmtion 7-{ (.q~+.qrj,+9:{)<U2, and  the scaling tral~sformation ~/(. ,_,- , , :~) 
yield 1~, th(' l educcd  fbl'm (11), where the i ) i l l ' z l l l l e t (R 'S  ;-1I"(} x D = ( l t  I -- (13)/((L2 --  ( 1 3 ) .  ( 2  - -  

- . 2 f , , / ( . ,  .~) /7 . . . .  al./',/(r~e ~,.~) and  (.ql. q_,:.?:~) . . . .  (~,,'.. , .) .  In this c~,se tho pa r am e te r  
I '  belongs Io the open int, erval (1: x ; )  and die s implect ic  s t ruc ture  of the velliables (~. r. i~,) 

verifies (1()). 
In Table  2 we s lunmar ize  the reduct ions  ()1 the three cases of two spi iming rotors. Notice 

thai  the reduc t ion  is not  un ique  and  other  ('(lui\vdence t r ans fo rmat ions  y M d  1o the gel~elic 
H a m i l t o n b m  (11). Indeed,  a difl'erenr scale t r ans fo rmat ion  (7-g/(al - .:~)). in the  case of 
,/i~ - (), le~lds to a } tami l tonian  with P ~ 10. l) a im the variables (~, ,,. u,) sat isfying ihe 
siml)h'ctic s t ruc tu re  (10). bul the sign. This  u~m be overcome either consider ing the t ime 
going in t]w reverse sense, or perforlnilIg il rol a t ion of 7//2 abou t  the .q'e axis. 

Cas .  P F c. () /7 

.I:, - () {I). 1) . . . . .  (u~, ,q> .q:~ 
(I  I - -  (1:~ i ' l [  - (!  { ¢1 I - ( 13  

i'L 3 - -  (I.~ H I , / ' ,  i t 3  f 3  

f ,  - () ( y,-. ()) . . . . .  (.q,~ . q>  .q:~ 
(I I " ( l , )  i'l I -- t l  ~ (1[ "- ( t  2 

U 2 " (I I --~1;',./ ' , '> i '12 , / '2  
.rE {i (().  1 ) - -  (.?1, 9 >  .q:l 

( ~ 3  - -  ( l l  i'l 3 t l l  t l ; ,  ( l  l 

wlriables 

( . , .  ,,, . )  

Table  2: l{cduct ion of the case ()1 lwo s/)hming rolois  to Che generic Hanfi l t (mian 

"H :- ~ / - '  + { I ' / - '  + (2"  + R , .  

T I t I ~ E F ]  S P [ N N I N ( ' ,  I < O T O R S  

[n this ca>c. Ill<' l )roblcm is equiv~dent 1o lhe paramel r ic  quadra,tic Hami l tou ians ,  where the 
I l l l l l l [ ) t q '  O[  e s s e n t i a l  i )~ t i i -Li i le to lS  i s  l l l t - t x i l l l l l I l l ,  t h a l  i s  

i [ ~ t , 2  "H }~/-' + :j ! ( ) .  + l}~, + .5'.,. ( 12 )  

This  Han l ih tmian ,  1o our  knowledge, is ,vet 1¢~ 1.' ~malyzed. 
}{v lile~ns ~f two (~(luivalen('(' [ r i /11Sl}H' l l la l io115,  ;~tll addi t ive  1)lus a scaling one, it is e;~sv 

to oblai l l  the Hai l f i l tonian (12). As in l,he other  cases above considered,  lhe choice of the 
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transformations limits the parameter P to range one of the three open intervals ( -~c.  0), 
(0, 1) or (1, oc). 

The axially s y m m e t r i c  g y r o s t a t  

In this section, we suppose now that the gyrostat is axially syminetric, that is to say, two of 
the principal moments of inertia are equal. Let us assume, for instance, that al = a,) < a:~. In 
this case the number of essential parameters is, at most. two. Indeed, no essential parameters 
are found in the quadratic part; an additive transformation shifts to 0 the two common 
eigenvalues corresponding to the two equal moments of inertia; a scaling transformation 
puts to 1 the remaining eigenvalue. 

Let us apply to Hamiltonian (5) the additive transformation 

and the scaling transformation " ] ~ / ( a 3  - -  al); this yields 

7-{---- 1 2 alf l  a2f2 a3f3 
~93 gl 92 g3. 

a a - - a l  a3-- al a3 - - a l  

Taking into account that any vector perpendicular to the axis of symmetry is itself principal 
axis of inertia, a rotation about the axis of symmetry ba and angle c~ = arctan(-a2f2/a~fl) 
about the symmetry axis reduces Hamiltonian to 

,7-{=1 2 ~u + Pv, + Qv, (13) 

that is, with only two essential parameters P and Q defined by where 

a3f3 a2f2 P -  and Q -  ( s i n a - c o s a ) .  
a 3  - -  a l  a 3  - -  a l  

The phase flow and bifurcation lines of this Hamiltonian (13) were obtained by the authors 
in [13]. The axially symmetrical gyrostat with only one spinning rotor, its bifllrcations and 
the integration of the trajectories in terms of elliptic functions have been studied in detail 
in [18]. 

The different cases for an axially symmetrical gyrostat are summarized in in Table 3 
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