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We investigate the spaces of functions on R™ for which the generalized partial derivatives D,* f exist and
belong to different Lorentz spaces LP**¥. For the functions in these spaces, the sharp estimates of the Besov
type norms are found. The methods used in the paper are based on estimates of non-increasing rearrangements.
These methods enable us to cover also the case when some of the py’s are equal to 1.
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1 Introduction

In this paper we study the spaces of functions f on R™ which possess the generalized partial derivatives

Tk

Our main goal is to obtain sharp estimates for the norms of the differences

AP f() = 3 (~1yred (T;>f(w+jh€k) (h € R) (1.2)

=0

(ex, is the unit coordinate vector). We will specify this problem below; here we only note that it was completely
solved in the case when all derivatives (1.1) belong to the same space LP(R"™). Nevertheless, it is reasonable to
suppose that the derivatives D;* (k = 1,...,n) belong to different spaces LP*. The corresponding classes of
functions naturally appear in the embedding theory as well as in applications. The most extended theory of these
classes is contained in the monography [2]. Furthermore, many authors have studied Sobolev and Nikol’skii-
Besov spaces whose construction involves, instead of L”-norms, norms in more general spaces (see [12]). In
this paper we suppose that derivatives belong to different Lorentz spaces LP*%:(R™) (where 1 < p, s < 00
and s = 1, if p;, = 1). Note that very interesting comments and results concerning this type of Sobolev spaces
can be found in [19]. There are many important problems in Analysis which lead to these spaces. For instance,
it was proved by E. M. Stein [17] that the sharp condition for the differentiability a.e. for a function f € W1
is that 57 f belongs to the Lorentz space L™!. The use of Lorentz type limitations on the derivatives can be
crucial in the estimates of Fourier transforms (as it can be deduced from [9, 11, 15]). That is, if we look for a
sharp conditions on the derivatives to guarantee a given integrability property of the Fourier transform, then these
conditions generally will be expressed in terms of Lorentz norms.

Let us return to the our main problem: estimates for the norms of the differences (1.2). As it was mentioned
above, estimates of this type are already known. In particular, they give a refinement of the classical Sobolev
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embedding theorem with the limiting exponent. The simplest version of this theorem asserts that for any function
f in the Sobolev space Wllj (R") (1 <p<n)

[fllg < CZ

Sobolev proved this inequality in 1938 for p > 1; his method, based on integral representations, did not work in
the case p = 1. Only at the end of the fifties Gagliardo and Nirenberg gave simple proofs of the inequality (1.3)
forall1 <p <n.

The inequality (1.3) has been generalized and developed in various directions (see [2, 10, 12, 13, 20, 21] for
details and references). It was proved that the left-hand side in (1.3) can be replaced by the stronger Lorentz
norm; that is, there holds the inequality

or

ark

. ¢ = : (1.3)

n

e = CZ

k=1

IIf 1 <p<n. (1.4)

P
For p > 1 this result follows by interpolation (see [14, 18]). In the case p = 1 some geometric inequalities were
used to prove (1.4) (see [3, 4, 7, 8, 16]).

An elementary approach to the study of Sobolev type inequalities, based on estimates of non-increasing re-
arrangements, has been worked out in [8]. In [8] there was proved an extension of the inequality (1.4) to the
anisotropic Sobolev spaces W™ (R™) (p > 1, 7y € N) defined by the conditions f, D,* f € LP(R"). Af-
terwards, it was shown in [10] that the same methods give an analogous result in the case when the derivatives
D;* f belong to different spaces LP*. Observe that this approach has been still further simplified in the work
[11], where the iterative rearrangements were used.

The sharp estimates of the norms of differences for the functions in Sobolev spaces firstly have been proved
by V. P. II’in [2, Vol. 2, pp. 72]. For the space W},(R") I’in’s result reads as follows: if n € N, 1 < p < ¢ < o0
anda=1-n(1/p—1/q) > 0, then

n

S [h—“HAt(meq}p%)w < ;

of
=1 axk

. (1.5)
p

Actually, this means that there holds the continuous embedding to the Besov space
W, (R") — B, (R").

It is easy to see that the inequality (1.5) fails to hold for p = n = 1. Nevertheless, it was proved in [6] that (1.5)
is true in thecase p = 1, n > 2.

The inequality (1.5) for p = 1, n > 2 was used to prove some estimates of Fourier transforms of functions in
Sobolev spaces (see [15], [9]). In particular, using these results, we can compare the inequalities (1.3) and (1.5).
Let us consider the case p = 1, n = 2. The inequality (1.3) means that for any function f € W1 (RQ) its Fourier
transform f belongs to L? (]RQ). At the same time, as it was shown in [9], the stronger result can be easily derived
from (1.5); that is, if f € W} (Rg) , then f e L>! (RQ). Note that this assertion does not follow from (1.4).

The extension of the inequality (1.5) to the spaces Wt~ was given in [8]. This is the following inequality

n oo . . » dh 1/p n .
S ([T [ lazos,,] ) < e Il 16
= k=1

k=1

where 0 < 1/p—1/g <r/n,r =n (Z?Ilri_l)_l and oy, = 1}, [1 -z (% - %)}; the inequality is valid if

p>1,n>1lorp=1,n > 2. Using (1.6), we get the following continuous embedding
W;17~~~;T71 (Rn) (SN Bl‘;’;)“'van (Rn) .

For p > 1 this embedding was proved by II’in [2, Vol. 2, pp. 72]. The main result in [8] is the proof of (1.6) for
p =1, n > 2. This result was applied in [9] to obtain Fourier transforms estimates for functions in W;l """
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Now we can specify our main problem: find the sharp estimates of the type (1.6) for the case when the deriva-
tives D" f belong to different Lorentz spaces LP***. The main result of the paper is the following inequality
(see Theorem 3.1 below)

oo . N 0 dh 1/6; n .
([ tayosl, " %) < X lopd,... w2
k=1

We shall not specify here the conditions on the parameters. Technically, the most complicated case is one when
some of the p;’s are equal to 1 and some of them are greater than 1. The basic difficulty is to find the sharp values
of the parameters ¢;; let us emphasize that it is exactly the main result of the work. In this connection observe
that an inequality similar to (1.7) was proved by II’in [2, Vol. 2, pp. 72] inthe case p, = s, > 1 (k= 1,...,n),
but with the value of the parameter § = max;<j<n, px, Which is not sharp when py, are different.

The general base of our approach is contained in the Lemmas 2.2, 2.3 and 2.4 given below. These lemmas were
proved earlier by the first named author. Lemmas 2.3 and 2.4 give estimates of non-increasing rearrangement of
a function in terms of its derivatives. We use also the scheme of the proof of the inequality (1.6) developed in [8].
Observe that in our case some essential modifications of this scheme are requiered.

Note also that as in the articles [9], [11], [15], the results of this paper can be applied to the study of estimates
of Fourier transforms in Sobolev spaces.

2 Auxiliary propositions

Let So(IR™) be the class of all measurable and almost everywhere finite functions f on R™ such that for each
y >0,

Ar(y) = H{z eR™:|f(2)] > y}| < oo.

A non-increasing rearrangement of a function f € Sp(R™) is a non-increasing function f* on Ry = (0, +00)
that is equimeasurable with | f|. The rearrangement f* can be defined by the equality

f*(t) = sup inf |f(z)], 0 <t < c0.
‘E‘:tzeE

The following relation holds [1, Ch. 2]

sup [ |f(@)]ds = jgtf*(u)dU-

|E|=t

In what follows we set
1 t
o0 = [ e
0

Assume that 0 < ¢,p < oo . A function f € Sy(R™) belongs to the Lorentz space L?P(R™) if

I fllgp = (/Ooo(tl/qf*(t))pit)l/p e

We have the inequality [1, pp. 217]
[fllgs < ¢clifllgpr (0<p<s<oo),

so that L?? C L% for p < s. In particular, for 0 < p < ¢
LY? C L9 = [9.
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Lemma 2.1 Ler¢) € LP*(Ry) (1 < p, s < o0) be a non-negative non-increasing function on R.. Then for

any ¢ > 0 there exists a continuously differentiable function v on R such that:
@ ¢t) <), t eRy;
(i) (t)tY/P=9 decreases and p(t)t'/P+9 increases on Ry,

(i) flellps < cll¢llp,s
where c is a constant that only depends on p and 4.

Proof. We can suppose that § < 1/p. Set
5-1/ > 1/p—36 du
p1(t) = 2t°7/P u P70(u) — .
t/2 u

Then ¢y (t) t*/P~9 decreases and

@1(t) > 207Py (1) /t uMP0 s > (1)

t/2

Furthermore, applying Hardy’s inequality [1, pp. 124], we easily get that

le1@llp,s < cllPllp,s -

Set now

t
o) = G+ Upt 0 [ onuputiie .
0

Then ¢(t)t'/?+9 increases on Ry and

o(t) > pi(t) > ¥(t), teRy.

Furthermore, the change of variable v = %2 in the right-hand side of (2.2) gives that

t26

tl/p_‘scp(t) = ct_z‘s/ n(vl/(z‘s)) dv,
0

@2.1)

2.2)

where n(u) = 1 (u)u'/? =9 is a decreasing function on R .. Thus, t'/? =% (t) decreases. Finally, using Hardy’s

inequality and (2.1), we get (iii). The lemma is proved.

Letry € Nand 1 < pp <oofork=1,...,n(n>2).
Denote

-1 -1

and

Indeed,

]

2.3)

(2.4)

(2.5)
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Thus, v, > 0. The equality (2.5) follows immediately from (2.3).

To prove our main results we use estimates of the rearrangement of a given function in terms of its derivatives
Di*f (k = 1,...,n). Thus, we apply simultaneously n estimates in which upper bounds involve functions
belonging to different Lorentz spaces. The following lemma enables us to find a sharp “intermediate” estimate.

We will use the notations (2.3) and (2.4).

Lemma 2.2 Letry € N, 1 < pg,sp <oofork=1,...,n(n>2)and s, = 1if pp = 1. Set

—1

n 1
s = — E —
r 551

j=1 Jh
Let
1 ..
0 <9< 1 ’ry?1<1% min (v;,1 — ;). (2.6)
Suppose that i, € LP¥*x(Ry) (k = 1,...,n) are positive continuously differentiable functions with o) (t) < 0

on R such that oy (t)t'/Px =° decreases and o1 ()t /P2 F9 increases on R Set for u,t > 0

nk(u7t) _ {(t/u)u—ls@k(u), if pr =1,

(t/u)™ pr(t) if pp > 1,
and
— - 1
o(t) = sup{ I<I}€l£1 M (g, t 1:[ , U > O}. 2.7)
Then:
(i) there holds the inequality
00 1/s
(/ ts(l/p—r/n)—la(t)sdt) < ¢ H H‘PkH;i,;:k : (2.8)
0
(ii) there exist positive continuously differentiable functions u(t) on Ry such that
[[wt) =t (2.9)
k=1
and
o(t) = me(ug(t),t) teRy, k=1,...,n); (2.10)
(iii) for any k such that
1 1
- s 2T @.11)
Pk p n

the function uy, (1)t~ decreases on R ;
@1v) if pr = 1, then

 up(t
| auan < el e.12)
0
Proof. Fix t > 0 and denote
,Ut(u) = 1I<nkl£1 nk(ukat)v u = (ulv"'vun)eRi'

This is a continuous function on R’} . Observe that every function 7 (s, t) is strictly decreasing and continuous
with respect to s on R.. Furthermore, 7 (s,t) — 0 as s — —+o00. Thus,

pe(u) — 0 as maxup — +00.
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This implies the existence of a point u* € R} such that
n
ue(u*) = o(t) and H up = "t
k=1

For any k = 1,...,n there exists a unique point ug(t) > 0 such that n(ux(t),t) = o(t). It is clear that
uy < ug(t) for all k (otherwise we would have that i, (u*) < o(t)). Suppose that u} < w;(t) for some j.
Take u) € (u},u;(t)) and choose uj, € (0,uj) (k # j) such that [[;_, uj = ¢"~'. Then we obtain that

e (') > o(t), in contradiction with the definition of &(#). Thus, u} = uy(t) (k = 1,...,7n), and we get that the
functions uy (t) satisfy both equalities (2.9) and (2.10).
Further, forany j = 1,...,n
n; (uj(t),t) = nn(un(t),t). (2.13)
It follows that there exist functions ¢, (s, t) € C*(R%) (j = 1,...,n — 1) such that
By
%(s,t) >0, (s,t)€R2, (2.14)
s
and
uj(t) = Yi(un(t),t) (G=1,...,n—1). (2.15)

Indeed, if p; = 1, then (2.13) implies that

Aj(uj(t)) = tl_rjnn(un(t)vt)a

where \;(s) = s' "9 p;(s) is a continuously differentiable function with X;(s) < 0 (s > 0). Thus, (2.15) holds
with

Gi(s,t) = A7t (s, 1)) 5

clearly, ¢; € C'(R?) and satisfies (2.14). If p; > 1, then (2.15) holds with the function

Vi(s,t) = t[o; (1) /(s 0],

which also belongs to ' (R?.) and satisfies (2.14).
It follows from (2.9) and (2.15) that for any £ > 0

O(un(t) t) = "7,

where

D(s,t) = sf[wj(s,t).
j=1

Since ®’(s,t) > 0, we get that u,, € C'(R;.) and therefore, by (2.15), u; € C*(R;) forany j = 1,...,n. The
statement (ii) is proved. Note also that by (2.10) the function o is continuously differentiable in R .
Now we will prove that for all £ > 0

r/m—1/p—20 < a'(t) < r/n—l/p—!—dl

2.16
t = o(t) ~ t (2.16)
Our conditions on ¢y, imply that forany k = 1,...,n
1 1 2t 1 1
<—5>— < ) <+5>. 2.17)
Pk t er(t) Pk t
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Further, if p;, > 1, then by (2.10)

= F + (2.18)
k

and by (2.17)

e —1/pe—0 w@) _ o) _ rm—1/pe+d wy(t)
‘ @ = o) S ‘ "E () 2.19)
If p, = 1, then we have by (2.10)
a(t) _m—1_ uy,(t)
where
_ L e (uk (1))
(e 72 (t) + uk(t) ( k(t))
By (2.17) (pr, = 1),
—§ < agt) < 6. 2.21)

Now, differentiating (2.9) and taking into account (2.5), we get that for any ¢ > 0 there exists m = m(t) such
that
!/
Um(t) _ Ym
um(t) = Ot
If p,, > 1, then by the first of the inequalities (2.19),

U/(t) > rm_l/pm_rm’Ym_é _ T‘/?’L—l/p—&

o(t) = t t

If p,,, = 1 (in this case v,,, < 1), then by (2.20) and (2.21)

a'(t) < Tm — 1 = Y (rm +0) < r/n—1/p—24¢
a(t) — t - t '

Thus, we have the first inequality in (2.16). To prove the second inequality observe that by (2.5) and (2.9) for any
t > 0 there exists [ = [(¢) such that

As above, it remains to apply the right-hand side inequality of (2.19) in the case p; > 1 or (2.20) and (2.21) in
the case p; = 1.

To prove (iii) assume that k satisfies the condition (2.11) (that is, v5 < 1). Let px, > 1. By (2.18), (2.17) and
(2.16),

wu®) _ e _o't)  wh(t) _ oretl/p—r/n—1/p 20  mey 420
ug(t) t o(t)  er(t) ~ t t '
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which implies (iii) (in the case pj, > 1). If p;, = 1, then by (2.20) and (2.16)

uy(t) < re—1+1/p—r/n+4 _ rEYE + 0
ug(t) — t t

(ri + ag(t))

From here (see (2.6)),

u;c(t) < TEVE + 1) < TEYE + 1) 1-6
up(t) — (e +ag@))t — (rp—08)¢ — ¢
This implies (iii).
To prove (iv) assume that p;, = 1. By (2.20) and (2.16)
up,(t) ro—1+1/p—r/n—14 TRYVE — 0

(re + ax(t)) () = . =

From here (see (2.6)),

(1) > TRYE — 0 S TRYk — 0
ug(t) = (rg +ax(t))t — (rg+0)t

>

|

It follows that

e t 1
| et < 5 [T uoptud = o
0

Thus, we obtain (2.12).
It remains to prove the inequality (2.8). By (2.10), we have

o () — <u:(t))r/n [%(uk(t))“’;“)]r/(m), it opy = 1,

and

r/n
t
¢ r/(nry) — v ¢ r/(nrg) if 1.
U() (uk(t)) (pk() y 1 Pk >

Multiplying these equalities and using (2.9), we get

r/n ’U,k(t) /) r/(nry)
oft) = " I[ | == exlur(®) T Ger )/ (2.22)
pr=1 pr>1
Denote
NnreSk
qr = .
rs
Then
n 1 n Sk s
Z— = and Z = —.
'L I Pkqk D

Therefore, applying Holder’s inequality with the exponents g and using (2.12), we get from (2.22)
|emmmsoar < e T i T Bl
0 pe=1 Pr>1
The proof is now complete. o
The Lebesgue measure of a measurable set A C R* will be denoted by mes;, A.
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For any F,-set E C R™ denote by E7 the orthogonal projection of E onto the coordinate hyperplane ; = 0.
By the Loomis-Whitney inequality [5, 4.4.2],

(mes, B)" ™ < [[mesn_1 7. (2.23)
j=1
As usual, for any © = (z1,...,2,) € R™ we denote by & the (n — 1)-dimensional vector obtained from x by

removal of its k-th coordinate.
Let f € So(R™), t > 0 and let E; be a set of type F,, and measure ¢ such that

|[f(@)] = f*(t) for all z € F;.

Denote by A;(t) the (n — 1)-dimensional measure of the projection EJ (j = 1,...,n). By (2.23), we have that
H Aj(t) > vt (2.24)
j=1

The following lemma was proved in [8] (see also [10]).

Lemma 2.3 Letn > 2,1, € N (k = 1,...,n). Assume that a locally integrable function f € So(R"™) has
weak derivatives D" f € Lio.(R™) (k=1,...,n). Thenforall0 <t <1 <ocoandk =1,...,n we have

* * T " T ok
fr) < K[f () + < Ak(t)> (D) (r)] (2.25)
and
* . T\ ()
@) < K[f (7) + (Ak(t)) wk< 5 > , (2.26)
where K is a constant depending only onry,...,r, and
Vr(dr) = /|D£’“f(gc)|dxk, ip € R™L. (2.27)
R

Lemma24 Letn>2,r, €N, 1 <pp,sp, <oofork=1,...,nand s = 1ifpr = 1. Set

-1 -1
"1 nfe 1
= 2 , _n , 2.28

and
n 1 -1
n
= — E —_ . 2.29
’ " <k_1 Skm) ( :

Assume that a locally integrable function f € So(R™) has weak derivatives D}* f € LP**(R™) (k =1,...,n).
Then for any & > 1

fr@t) < K[ (&) + o) , (2.30)
where T = maxry, the constant K depends onlyonry,...,r, and
) 1/s n
(/ ts(l/p —r/n)—lo,(t)s dt) < ¢ H HDZka;:(:;“k) ) (2.31)
0 k=1 "
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Proof. Forevery fixed k = 1,...,n we take (see (2.27))

Vi(t/2), it py =1,

v = ld) = {(D;kf)** (1), if pr > 1.

Then |[¢hx[|1 = 2 || D}

if pr, = 1, and by Hardy’s inequality [1, pp. 124]

1°

||wk||pk;5k < CHDZka

Pk sSk

if pr > 1. Next we apply Lemma 2.1 with ¢ defined as in Lemma 2.2. This way we obtain the functions which
we denote by g (t) (k = 1,...,n). Further, with these functions ¢, we define the function o(t) by (2.7). By
Lemma 2.2, we have the inequality (2.31). Using Lemma 2.3 with 7 = £¢, we obtain

_ t \'*
) < K| (&t " — t
o < k|re+e (1) w0,
if pr, > 1, and
B t ’I‘k—l
ro < klrere(sy) ato).
Ak ()
if p, = 1. Taking into account (2.7) and (2.24), we immediately get (2.30). L
Note thatin the case p; = ... = Py, S1 = ... = S, Lemma 2.4 actually is contained in [10] (see Lemmas 7

and 8 in [8]).

Corollary 2.5 Assume that a function f satisfies the conditions of Lemma 2.4 and f € L*(R™) + Lro(R")
for some pg > 0 such that

1 1

r
o p n
Let max(1, py) < g < oo and

LR (2.32)

Then for any 6 > 0 f € L%%(R") and

[fllqe < ¢

wuwM+HWWN“Wﬂ. (2.33)

Pk;Sk
k=1

Proof. We can assume that § < min(1,po, s). Let f = g+h, withg € L*(R") and h € LP°(R"). Applying
Holder inequality, we obtain

oo 0 ) 0/po
< c[( [Trwa) «([Trema) ] |
0 0
It follows that
i < NG pe0 - (234)
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56 Kolyada and Pérez: Estimates of difference norms

Let 0 < § < 1. Using (2.30) with ¢ = (21/9K)“, we get by Holder inequality and (2.32):

00 0 dt 1 0 dt 1
Js = / [tl/‘Jf*(t)} at < Ji+ K“)/ [tl/qf*(gt)} dt —|—c/ 99" 16(4)% dt
s t s t 0
0/s
1 1
< Ji+ B Js+c </ gs(/p _T/")_la(t)s dt>
0
By (2.34), J5 < oo. The inequality (2.33) follows now from (2.31) and (2.34). ]

Remark 2.6 Letr, € N, 1 < pg, s, < oofork=1,...,n(n>2)and s, = 1,if p, = 1. Letr,pand s
be the numbers defined by (2.28) and (2.29). Assume that p < n/r and set ¢* = np/(n — rp). Then for any
function f € C°°(R™) with compact support we have

I/

e < e [T DR (2.35)
k=1
This statement follows immediately from the Lemma 2.4. The inequality (2.35) gives a generalization of the
classical Sobolev’s inequality with limiting exponent. A slightly different scheme of the proof of (2.35) was given
in [10, Theorem 13.1]. In the case pp = s > 1 (k = 1,...,n) the inequality (2.35) contains in [2, Ch. 4]. For
r1 = ... = 1y = 1 the proof of (2.35) was given in [19]. One can find a detailed description of the preceding
results in [10] (see also [19]).

3 The main theorem

Theorem 3.1 Letn > 2,1, € N, 1 < pg,sp < oofork=1,...,nand sy = 1ifpy, = 1. Let r, p and s be
the numbers defined by (2.28) and (2.29). For every p; (1 < j < n) satisfying the condition

r 1 1
-4+ ——- >0,
nopj P

pi =

take arbitrary q; > p; such that

and denote

1 1(1 1) 1 1—%j+%j
i =1—-—\———1, o = xr;, — = — .
! b 4y ! I 0; s 55

Then for any function f € So(R™) which has the weak derivatives D,* f € LP+¥*x(R™) (k = 1,...,n) there
holds the inequality

ol P 0; dh\"% SN
</0 [h ]HAJ'](h)fH%»l} 7) SCZHDkkapk,sk’ (.1
k=1

where c is a constant that does not depend on f.

Proof. First observe that by our conditions 0 < s; < 1. Denote

gr(z) = |DFf(2)]-
Further, assume that ;7 = 1 and set for h > 0

fulz) = [AT () f(2)] .
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For almost all z € R™ we have (see [2, Vol. 1, pp. 101])

h h
fh(:Z?) < / / gl(x—k(ul—l—...—l—uh)el)dul ...durl. (3.2)
0 0
From here,

frt) < h"g(t). (3.3)

Indeed, for any subset A C R™ with |A| = ¢

/ fo(z)dz < h™  sup / g1(y)dy = h"'tgi™(t).
A B

BCR™, |B|=t
From this, it follows (3.3).
If p1 = 1 (in this case s; = 1), then it follows from (3.2) that f;, € Ll(R"). If p; > 1, then (3.3) implies that

fn € LP151(R™). Thus, by Corollary 2.5 we have that f, € L9*}(R™).
Denote for A > 0

ﬂ@zumuiz/ £/ ) di
0
Set & = (4K)% and
Q(h) = {t>0 : fa(t) > 2K fr(&t)}, (3.4)

where K is the constant in Lemma 2.3. Then

/ o () dt < 2K / t0 7 (Got) dt
R\Q(h) 0
_ 2K§0_1/q1/ e =) dt = %J(h).
0
Therefore,
J(h) < 2 / el dt = 27'(h). 2
Q(h)

Denote

m@wzé%wmhifm=L

Lete = (1 — 5)/2 and

. rin -t
0 << 5m1n((7—1) , 5’%11<r%m1n(7j,1—7j)). (3.6)
Now for every k = 1,...,n we apply Lemma 2.1 with ¢(¢) = ¢} (¢/2) in the case py = 1 and ¢(t) = ¢;*(¢) in
the case p;, > 1. We obtain that there exist functions ¢ (t) (k =1,...,n) on Ry such that
er(t) /P70 L () /P T 3.7)
Ur(t/2) < @r(t), if pr =1, (3.8)
gt (t) < ert), if pr > 1, (3.9)

and

kllprse < c||DiF £ (3.10)

PksSk
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We shall estimate f; (¢) for fixed h > O and t € Q(h). Let E(t, h) be a set of type F,, and measure ¢ such that
fu(x) > fr@) for all ze€ E(t,h). @3.11)

Denote by A (t, h) the (n — 1)-dimensional measure of the orthogonal projection of E(t, h) onto the coordinate
hyperplane z;, = 0. By Lemma 2.3, (3.8) and (3.9), we have that for each ¢t € Q(h)

t ’r‘k—l
() < _— Ar(t, h if =1 3.12
i < e(5m) eulem) it po= 1, G.12)
and
t\"
() < _— t if 1. 3.13
fh() = c()\k(f,h)) (pk()v i pg > ( )
Applying inequality (2.23) and Lemma 2.2, we obtain that there exist a non-negative function o (¢) and positive
continuously differentiable functions uy(t) (k = 1,...,n) on R} satisfying the following conditions:
fr(t) < colt), teQ(h), (3.14)
S 1/s n
s(1/p—r/n)—1 s r r/(nry)
(/O (/P =r/m =g (1) dt) < Ckl:Il DR £ (3.15)
tup) ™Y op(uk®)), if =1,
o(t) = {(/ k( ))T or (ur(t)) i P (3.16)
(t/uk(t))™" ex(t), it pe > 1,
Huk(t) = ¢t (3.17)
k=1
uy ()t decreases, (3.18)
g (t ” )
/ ’“t( L ortun(t)) dt < c|DFflly, i pe = 1. (3.19)
0

The estimate (3.14) can be used for ¢ “sufficiently small”. For “large” ¢t we need different estimates, involving h.
First, we have the estimate (3.3). Nevertheless, this estimate does not work in the case p; = 1 (the operator
g — g** is unbounded in L').
We shall prove an estimate which can be applied for all values of p; > 1. Denote

Bt) = t/ua(t). (3.20)
We shall prove that for any A > 0 and any t € Q(h)
fr@) < ch™ eB(t)°x(t), (3.21)

where ¢ = (1 — 5)/2 and

if p o= 1
X(t) = o(t)Bt)™ = {ul(t)(pl(ul(t))/t’ b ’ (3.22)
e1(t), if p > 1
(see (3.16)). By (3.10) and (3.19),
Ixllprss < c||DYFIL (3.23)

P1,S1

For h > 3(t) (t € Q(h)) the inequality (3.21) follows directly from (3.14) and (3.22). Assume that 0 < h <
B(t), t € Q(h). If p; > 1, then (3.21) is the immediate consequence of (3.3), (3.9) and (3.22).
Let p; = 1. First suppose that there exists 1 < j < n such that

Aj(th) > %w(ﬂ(@)hm :
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If p; > 1, then by (3.13) and (3.16)

i < o(5) w0(55) = co0(5y)

If p; = 1, then we apply (3.12). Notice that

1
/\j (tv h) > 5 Uj (t) :

Taking into account that for §; = er;/r1 the function ¢;(u)u'~% decreases and the function ¢, (u)u!*%
increases (see (3.6) and (3.7)), we get that

1-4; Ui 1—s.
o) ) < (Gu0) e (M) < elus) e (u0).
Thus, by (3.12)

'
u;(t)

From these estimates and (3.16) it follows the inequality (3.21), where x(¢) is defined by (3.22).
Now assume that foreach j = 1,...,n.

ri—1
fi() < chﬁ‘%(t)e-”( ) 3 (s (1),

1 s
Nj(th) < g us() (B(E)/m)" (3.24)
First of all, it follows that

t
M(th) < o (3.25)

Further, for any F,-set A C E = E(t, h) denote by A, the orthogonal projection of A onto the hyperplane
xTj = 0. If

1 h 1
- < = — = - .
mes,_1 A1 < 2u1(t)(ﬁ(t)) 27(t,h), (3.26)
then
t
A< =
mes <5
Indeed, otherwise we would have by (3.26) and (2.23)
n —1
n -1 1 ﬁ(f) [SDDEPS P ()
n-14; > = — (1),
j:HQmeS L= it ) 2n—2( h jZQ“J()

contrary to the assumption (3.24).
Using Lemma 3 of [8], we decompose the projection Ej (¢, h) into measurable disjoint subsets P and S such
that
1
mes,_195 = 3 ~(t, h)

and

+/(2h)
/1#1(531)(1561 < / Y (u) du. (3.27)
P v(t,h)/2
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It follows from the observation given above that the measure of the set
E' = {z € E(t,h) : &, € P}

is at least /2. For &1 € E1(t,h) we denote by T'(Z1) the section of the set E(¢, h) by the line that passes
through #; and is perpendicular to the hyperplane z; = 0 (note that T'(Z1) is a set of type F,,). For almost all
21 € E1(t, h) we have (see (3.2))

f;:(t) mes; T(il) S /

fulaydoy < 1 [ DY F@)]do = B (i),
T(#1) R

Integrating this inequality with respect to £; over P and taking into account (3.27) and the inequality

t
/meslT(izl)dil = |E/| > -,
p 2
we get (see also (3.8))
st t/h
i < 5 [ awd. (3.28)
t )

For 0 < h < [3(t) we have

v, h) < ui(t) < t/h.

™n

L% — 1). By (3.7), o1 (u) u' " increases and 1 (u) u'~¢ decreases on (0, cc). Thus,

Furthermore, let ) = ¢/ (

we have
t/h wy (£) t/h
/ v1(u)du = / 1 (u) du + / 1 (u) du
v(t,h) v(t,h) w1 (t)

o1 (u (8))ur (£) 1y (8, h) ™" /0 + o1 (ur (8)Jua (£) 5 (t/h)° /e
= ch™B(t) u(t)p1(ui(t)) .

From here and (3.28) it follows (3.21).
Finally, taking into account (3.14) and (3.21), we obtain that for any h > 0 and any ¢t € Q(h)

IN

) < c®(t,h), (3.29)
where
®(t,h) = min (o(t), A ~°B(t) x(t)) (3.30)

and x(t) is defined by (3.22).
Further, we have (see (3.5))

J'(h) < c/ 0 =1P (¢, h) dt
0

oo o0 o0 91
J E/ Rl g (p)% dn < c/ h—ehi=1 gp, (/ tl/‘h_1®(t,h)dt) .
0

0 0

and

By (3.18), the function 3(¢)t~% increases on R . It easily follows that the inverse function 3! exists on R
and satisfies the condition

B7H2z) < 2Y9871(2). (3.31)

© 2004 WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim



Math. Nachr. 267 (2004) / www.mn-journal.com 61

Furthermore, we have

%0 571 (h) o
J<ce¢ / h—ei=1 g, / 9 1B (¢, h) dt
0 0

o0 o0 91
+ / h=%=1ap / 0 =1 B (¢, h) dt =c(J1+ o).
0 B1(h)

Applying Minkowsi’s inequality, we obtain

o0 o B7H27 ) CAN
g = / hm L dh Z/ /1o (t) dt
0 im0 /B12—r1h)

oo o B (27%h) o\ "
< h—eti=lgp, / a1 (1) dt
<> ([ ot

k=0

00 00 B~ (=) 61 o
= Z2‘k°‘1 / zmer0i=1 gy (/ tl/ql_la(t)dt>

k=0 0 B=1(2/2)

Further, using the Holder inequality and (3.31), we get

B71(2) B71(2) 1/62
/ e lo)dt < ¢ / /=g ()0 gt
A=1(2/2) 0

Thus, by Fubini’s theorem and (3.22)

oo B (=)
c/ bl dz/ tel/ql_la(t)el dt
0 0

- c/oo 101/ 01 g(4)% dt/oo Zme0l gy
0 6(1) (3.32)

d /OO th/a=le () p(t) 0 at
0

J1

IN

o0
= ¢ [ e,
0
The same reasonings give that

o0 d (o)

J2 < C/ Z[T1(1—%1)_E]91 _Z tel/quﬁ(t)elax(t)el dt
0 7 JB(2)
oo B(t)

— C/ t91/q1—1ﬁ(t)elsx(t)01 dt/ Z[’r‘1(1—%1)—6]91—1 dZ

0 0

C// tel/ql—1X(t)015(t)r1(1—x1)01 dt .
0
By (3.22) the last integral is the same as one on the right-hand side of (3.32). Therefore, we have that

J < c/ootel/‘h—lx(t)”l@lo—(t)“—%l)“’l dt.
0
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Now we apply Holder inequality with the exponents u = s1/(32161) and v’ = s1/(s1 — 5167 ). Observe that

0 1
(1—30)0u' = s, <1—Sl>u’ = s<—r).
q1  p1u p n

Thus, we obtain, using (3.15) and (3.23):

P1,51

00 (1—3r1)/s
J1/01 <ec (/ ts(l/p—r/n)—la(t)s dt) ”D;Hf”%l
0

1—3c;

T il |7/ e
< | 1Tl 715 (R I
j=1
Since
IS
="M
we obtain the inequality (3.1). The theorem is proved. U

Remark 3.2 First we recall the definition of the Besov space in the direction of the coordinate axis x; (see
[13, Ch. 4]).

Leta > 0,1 < p,# < ocoand1 < j < n. Define the space By, .(R") as the class of all functions
f € LP(R™) for which

e 0 dh 1/6
., = U+ ([ e asos,) ) < o (3.33)

for any integer r > «. Of course, the right-hand side in (3.33) depends on 7, but every choice of the integer r > «
leads to equivalent norms [13, Ch. 4].

Now observe that the conditions of Theorem 3.1 do not imply the belongness of the function f to some
L”(R™). However, if we assume in addition that f € LP°(R™) for some py > 1 and that g; > po, then by
Corollary 2.5 we get f € L%1(R"). Thus, with these additional conditions Theorem 3.1 implies that f €
B, (R™) and

q;5,05:7

”fHBZj,gj;j <c l|f|po + Z HDZkam-,skl .

k=1

Remark 3.3 It is important to emphasize that the values of the parameters ), found in the Theorem 3.1 are
sharp. To verify this statement we shall consider the following simple example.
Assume thatn =2,r; =ro = 1,1 < pj,p2 < oo and s; = py, s = p2. Furthermore, suppose that

1 1\ !
p52<—+—) < 2.
D1 D2

Then
Lol
pi p 2
Let g1 > p; be such that
1 1 1
o p 2
As in Theorem 3.1, set
oy = 1/p1—1/q L= o lzl_}fl_i_ﬂ

01 D 1
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Let 0 < € < 61; define the following numbers

Y 2/p—1 5= 2/p—1
1+2(1/p1—1/p)’ 1+2(1/p2—1/p)’
1 91 1 01

b= pll+20/p—1/p)) 6 —c" T pall+2(1/pa—1/p) 61—

Further, denote for (z,y) € [-1,1]?

e J e v
eolx,y) = lea(log—> +|y|5(10g—> -

|| [yl

Set

D = {(:z:,y) € [_171]2 : (,00($,y) < 1}
and
[po(z, )]~ =1, if (x,y) €D,

f($,y) = fa(xay) = {07 if (I,y)¢D

Carrying out routine calculations, one can show that the function f has the following properties:
(i) feL”(R?) forany 1 <v < 2p/(2—p);

i g 1 2 ﬁ 2 (T2 .
(ii) o erLp (R ), 3y e Lp (R ),

N ol b1 dh
(m)/o eatms], | 5 = e

This implies that the values of §j, in Theorem 3.1 cannot be reduced.
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