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Abstract

We construct the Frobenius—Padé approximants of the function |z| in (—1, 1) for
the Chebyshev weight. These rational functions are linked with the Frobenius-
Padé approximants of the function +/z in (0, 1). We prove geometric convergence
of the approximants of |z| in C\ {z: R(z) = 0}.
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1. Introduction

We know that the Fourier expansion of a piecewise analytic function con-
verges slowly in the L2—norm but in general we do not have convergence in the
uniform norm. It is also well known that around the discontinuities of a function
we find the Gibbs phenomenon. To overcome these problems, many different
approaches have been developed (see, for example, [1] and references therein).
Many problems in approximation theory can be connected with the problem of
approximating the piecewise analytic function |z| on a set having the origin as
an inner point. One of the main reasons is the fact that |z| can be seen as the
prototype of a 1—Lipschitz function (see [5]). In [9] and [12] it is proved that
|z| can be approximated uniformly on [—1, 1] by rational functions of degree n
with an error O(exp(—my/n)). For polynomials of degree n the error is O(1/n).

In this paper, we study Frobenius-Padé approximation of |x| with respect
to the Chebyshev weight. We obtain an explicit formula for these rational
functions. The rate of convergence of such approximants is O(1/n%?) at zero
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and for compact subset of C\ {z € C: R(z) = 0} is O(¢") for some ¢ € (0,1)
which depends on the compact subset. This problem is related to Frobenius-
Padé approximation of /z in [0, 1] and the proof uses techniques from Padé
approximation and potential theory.

Let p be a finite positive Borel measure on the real line R and let {¢;};>0
denote the sequence of orthonormal polinomial with respecto to u. Given f €
L'(u) its Frobenius-Padé approzimant of order (n,m) with respect to u is a
rational function II,, ,, = Py m/Qn,m where P, ,, and @, ,, are polynomials
such that deg P, ., < n, deg Qnm < m, Qnm Z 0, and

/(Qn,m(x)f(x)  Pun(@))y (@) () = 0, G=0, 1, +m. (L1

It means that the Fourier expansion of Qp m(z)f(x) — Pym(x) with respect to
{j : j > 0} starts at least in the term of index n 4+ m + 1. Thus, P, ,(z) is
the Fourier partial sum of order n of @ f and

/Qn,m(x)f(x)cpj(m) du(z) =0, j=n+1,n+2,....,n+m,

which is a linear system in the coefficients of @, of m + 1 equations. Hence,
a Frobenius-Padé approximant of f always exists. In general it is not unique.
However, if the denominators of the approximants of order (n, m) are always of
degree exactly m, then the approximant of this order is unique.

In [7], it is studied Frobenius-Padé approximants for Markov functions. The
measure defining Markov functions are supported on an interval disjoint with
the support of the measure which defines the expansion in the Frobenius-Padé
approximants. This is the typical situation considered up to now (see also [3],
[4] and [8]).

We obtain the following formulas for the numerators and denominators
of Frobenius-Padé approximants of |z| with respect to the Chebyshev weight
Az e (-11).

Theorem 1.1. The denominator of the Frobenius-Padé approzimant of order
(2n+1,2m + 1) of |z| with respect to the Chebyshev weight is given by

Qoni1omi1(x) = x3Fa(—m, —n+1/2,n +m+5/2;2,3/2; 2%)

_ Z (=m);(=n+1/2);(n +m +5/2); L2+ (1.2)
2 G+ DG/, |

For the order (2n,2m) we have

Qaonom(z) = 3Fa(—m,—n+1/2,n +m+3/2;3/2,1;2%)

Y, m 3, (1)
o PG/, |




As usual, (a),, denotes the Pochhammer symbol, i.e.

((Z)n —a(a+1)(a+n_2)(a+n_l)_r(§(l_)m

Theorem 1.2. The numerator of the Frobenius-Padé approximant of order
(2n+1,2m + 1) of |z| with respect to the Chebyshev weight is given by

Popi1,2mi1(x) = xBpm 3Fo(—n,—m —1/2,n+m+2;1/2,3/2; x2)

_ — (—n);(=m —1/2);(n+m+2); ,
= Brm 2 (1/2),3/2); i

7=0

m!(n+m+1)1(1/2),
VTnl(1/2)my1 T (n+m+5/2) "

where By, = For the order (2n,2m) we have

Popom(z) = Cpon 3Fo(—n, —m — 1/2,n 4+ m + 1;1/2,1/2; 2?)

_ — (=n);(—m — 1/2)j(n+m+1); o
B ”’m; JN(1/2)3 ’

m!(n+m)!(1/2),
VA (3/2)m D (ntm+3/2) "

where Cy, =

A formula for Frobenius-Padé approximants of sgn(z) with respect to the
Chebyshev weight is given in [10]. Theorems 1.1 and 1.2 are proved in Section
3. We also obtain the rate of convergence of these approximants and results of
overconvergence.

Theorem 1.3. 1. We have

. |z forR(z) >0,
heran,n(z) - { —z, fOT %(Z) < 03

uniformly on each compact subset of the mentioned region and for all
a > 0, lim, II,, ,(z) = |z| uniformly on [—a,a].
2. The rate of convergence of Il,, , is geometric in each compact subset of
C\{R(z) = 0}; for example, if K C {z: Rz > 0}, there exists ¢ = q(K) €
(0,1) such that,
lim sup sup [TL,, ,(2) — 2|*/™ < q.
n zeK
The proof of Theorem 1.3 is reduced to the study of Frobenius-Padé approx-
imants of square root function in (0, 1). Its proof requires some auxiliary results
from potential theory which are obtained in Section 4.

2. Auxiliary results

Let II,, := P, /Q,, denote a Frobenius-Padé approximant of order (n,n) of

|z| with respect to the Chebyshev weight du(x) = m/% in (—1,1). From the

definition 1.1 of Frobenius-Padé approximant we obtain the following result.




Lemma 2.1. 1. If n =2k, ok (2) = Por(2)/Qax(2) = pu(2?)/qr(2?), where

Tk = Pk/qr 18 the Frobenius-Padé approximant of order (k,k) of \/x with

respect to the measure m/%’ x € (0,1).

2. There exist 2k + 1 points z1, za, . . ., zok+1 0 (0,1) such that

ak(zj)\/Z —pr(25) =0, j=1,...,2k+ 1.

Let wop41(2) == H?iﬁl(z — z;). Of course each z; depends on k but for a

sitmple notation we does not write these dependence.
3. The polynomial qx(x) has exactly degree k and satisfies the orthogonality

relations 0
. —tdt
) —— =0, ;j=0,1,....,k—1. 2.1
| wow X <o (21)

All zeros of gy, are simple, contained in (—o0,0), and their total number
is exactly k. Let (1 < (o2 < ... < (} denote the zeros of qy.
4. The following formula holds true

0
qk(2)Vz — pr(z) = M[ hi(2)qr(z) /—zdz 22)

why(2) T—2z wopy1(x)’

where z € C\ (—00,0) and hy denotes any no null polynomial of degree
< k. In particular, if hy = qr we have

ﬂ—mwzww@/OW@Vwm

TG (2) Jooo @ — 2 Wopt1(z)

(2.3)

Of course, we have analogous formulas for odd order. For example,

Poi1(z) = ape(2?),  Qapy1(z) = zqi(a?),

where Ty, = pr/qk s the Frobenius-Padé approzimants of order (k, k) of \/x with

respect to the measure ﬂ%, x € (0,1).

Proof. From the symmetry of p and f(z) = |x| it follows the first statement
in the lemma. The second one is a direct consequence of the orthogonality
condition in the definition of Frobenius-Padé approximants.

Let C be a positively oriented Jordan curve in C\ (—o0,0]. Since

(Qk(z)\[_pk(z))/w%-i-l(z)

is an analytic function in C\ (—o0, 0], by Cauchy’s Theorem we have

OZ/C‘MZde:/CszdZ_/CWZW

w2k+1(2) w2k+1(2’) w2k+1(2’)

:/c Qk(z)\/gzjdz7

wap41(2)



for j = 0,1,...,k. We see that py(2)27 /war11(2) has a zero of order at least 2
at infinity for such values of j, and is analytic outside C'. Hence, we have

/ LAONE Adz = 0.
c

wap1(2)

If we deform C to the boundary of an annulus slit along the negative real axis
and let its inner radius tends to 0 and its outer radius tends to oo, then the
integral above converges to (2.1).

Observe that wag41 is a polynomial whose zeros lies in (0,1) and has con-
stant sign in (—o0,0]. From the orthogonality relation (2.1) it follows rather
immediately that deg(qx) = k, and that all its zeros are simple and contained
in (—o00,0) (see [13], Chapter III).

By Cauchy’s integral formula, for all z in the bounded region limited by C
we deduce

hi(2)(qr(2)vVz —pe(2)) _ 1 /hk(t)(qk(t)\/f—pk(t)) dt
C

w2k+1(z) o w2k+1(t) t—z

and for all hy polynomial of degree < k. Letting again curves C' deform to
(—00,0] as before yields (2.2). We note that the integral in (2.2) exists for all
z € C\ (—00,0) and is a continuous function. Further, we note that the factor
2i arises from the analytic continuation of /2 to (—o0,0) from both sides. O

Remark 2.2. The poles and the zeros of the Frobenius-Padé approximants of
|x| are located in $(z) = 0 and they are strictly interlace.
For the rational approximant m; = pi/qx given in Lemma 2.1 we have the

following properties.

Lemma 2.3. 1. We have

pe(z) _ Aj

k(
w(z) o 2—G

me(z) = + Ay, (2.4)

Moreover, the following inequalities hold
0<m(0) <mp(l) <1, Ar>0, and X; <0, j=1,...,k (2.5)

2. The zeros of \/z —m(z) in C\ (—o0,0] are precisely 2k+1 points in (0,1).
3. The polynomial py, has exactly k zeros, n1,ns, ..., Nk, which alternate with
{Cj}, .€.

—0 <G <M << . < o1 <nMp—1 <C(p<m<O.
4. The derivative
wlij)(z) has the same sign as (ﬁ)(j) in (0,00), j>0.

Therefore, Ty is strictly increasing in [0, 00).



Proof. The formula (2.4) follows immediately because of the zeros of g are
simple. Setting hy(z) = qk_—(z) in (2.2), we obtain

z

ax ()

V7 —m(z) = w2k+1(z)/ k() /zda

w‘ikf(?%(z) —eo T2 wakpa(T)
J

Multiplying this identity by (z — ¢;), taking limit z — (;, and by the partial
fraction decomposition of 7, we have

Because wag41 is @ monic polynomial of degree odd whose zeros lie in (0, 1) and
¢j <0, we get

A <0, j=1,...,n.

If \/z — m(2) had more than 2n 4 1 zeros in (0,1), by employing the same line
of reasoning as in the proof of (2.1), we conclude that g, = 0; moreover,

o [ BT g [ D VI Lo g 40

—oo T — 2 Wak41(2) —oo [T = 2[? wopt1 ()

0, for z > 0.

/0 q,%(:z:) v —xdx -
oo & — Z Wapt1(T)

Hence, the zeros of \/z — 71 (z) in C\ (—0o0, 0] are precisely 2k + 1 points in (0, 1).
Setting z = 0 in (2.3), it follows that

wan11(0) /O () -

—m0) =) v Ui (@)

dx < 0= m,(0) > 0.

This, along with

s
lim 7 (z) = lim Z I 1 A | = Foo,

z—><ji z—>Cji

allows us to conclude that m (or equivalently py) has a simple zero in ((x,0)
and in each interval ((j_1,¢;). Also,

k
T (0) = Ay H @7
j=1">1

so we get A > 0.
Of course, the ith derivative of m; according to the formula (2.4) equals

m(2) = (-1)']

k
Jj=

Aj
< (2= G)"



which has the same sign as (,/z)).

Observe that \/z — 7, (z) is negative at zero and alternate the sign at 2k + 1
points 21 < 23 < ... < 2op+1 < 1. So /z — mk(z) > 0 for z € (29841,1) and
ﬂ'k(l) < 1.

O

Remark 2.4. In Figure 1 we have showed the error function of the Frobenius-

Padé approximants of order (1,1) of /z for the measure m/%, z € (0,1), in

the interval (0, 2), respectively.
015f
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Figure 1: Error function \/z — 71 in the interval (0, 2).

Now we consider the function

E=m(z) 1—27Y2m(2)
Ni(2) = Vz+m(z) 14 2712m(2)]

It is equivalent to

z€C\ (=00,0], k>1.

Ni(2)

wk(z) = \/g (1 — 2m

) , VzeC\ (—o0,0]. (2.6)
Lemma 2.5. Each function Ny, k € N, is analytic in C\ (—o0,0] and has zeros
precisely at z1,2a,...,206+1. The sequence { Ny} is uniformly bounded on each
compact subset of C\ (—o0,0] and

|Nk(x £40)| =1, x € (—o0,0],

where Ni(x +10) is the limit of Ng(2) as z — x with S(2) > 0 or $(z) < 0,
respectively. Moreover, the sequence {my} is uniformly bounded on each compact

subset of C\ (—o0,0].

Proof. The zeros of \/z — mi(z) in C\ (—o00,0] are z1, 23, ..., 22511 which lies
in (0,1) and the poles of \/z + m(z) are the zeros of g, which lies in (—o0,0).
Thus, the zeros of Ni in C\ (—o0,0] are 21, 22, . . ., Z2k+1-



We know that all coefficients A;, j = 1,2,...,k, in the partial fraction rep-
resentation (2.4) have identical signs, thus the value 7 (z) runs through the
extended real line R when z is moved along the interval ({;,(;+1) with ¢; and
(j+1 two adjacent poles. Also, we have that

z—lglilzoNk( z) = —1, L horglﬂ Ni(z) =1. (2.7)

Therefore, from the definition of the function N, the bijectivity of the mapping
7(z) = $7%, and for z € R, arg(¢) = £Z, i.e. R(¢) =0

o
(—x|
C+al|

it follows that arg(Ni(z)) grows exactly by 2 if z is moved from ¢; to (j4+1 on
R_ +0. Correspondingly, arg(Ny(z)) grows by 27 if z is moved in the opposite
direction from (;11 to ¢; on the other bank R_ +0 of R_. Because of (2.7) the
same conclusions hold for the intervals (—oo, (1) +i0U(—o0, (1) —10, ((¢x, 0) —10)
and ((0, Cx) +i0).

Thus arg(Ng(2)) grows by 27(2k + 1) if z moves once around the boundary
of the domain C\ (—o0,0]. This boundary consists of the two branches R_ + 0
and R_ + ¢0 of (—o0,0]. We know that Ny has exactly 2k + 1 simple zeros in
C\ (—00,0]. These are the zeros of the polynomial wog11. Since the growth
of arg(Ny(z)) along the boundary of C\ (—o00,0] is 27(2k + 1), it follows from
the argument principle that the function Ny (z) has no poles in C\ (—oo, 0] and
given a compact set K C C\ (—o0, 0] there exists a constant ¢ < 1 such that

|INk(2)| <gq, z€K.

)

From this inequality and (2.6) follows immediately that the sequence {7y} is
normal in C\ (—o0,0]. O

3. Proof of Theorems 1.1 and 1.2

In this section we prove the formulas for the Frobenius-Padé approximants
of || with respect to the Chebyshev weight. Let us only give details in the case
of odd indexes because the other is similar. To avoid many indexes let us set

Pyt = Popi1,2m+1 and Qam41 := Qont1,2m+1-

Proof of Theorem 1.1. Let Tk(x) =coskl, z =cosf, k=0,1,.... We have

Toit1(x)
22k k+1)! g 25+1 , 3.1
ol = 2( ““) D(k+j+2)0(k—j+32) (3

since

1
%f_1x2k+1|x|T2j+1(x)\/1df7 4
s

/2
5 = / cos® 26 cos(27 + 1) do
[ Taj 4] 0

2 (k + M%<H1 j=01,.... (32)

Pk+j+3)T(k—j+3)

oo



According to the definition of Qami1(z) = Y pegaxaz®**1 and (3.1) it should
be satisfied
i k+1)'(%)(k+1
D(k+i+3)(k—i+32)

=0, 1=n+1,n+2,....,n+m.
k=

Since
Tk+i+ g) =(0G+5/2) (i +5/2), T(k—i+ g) =(3/2 —10),I'(3/2 — 1),
we have

- (k+ D5) (o)
> (i +5/2)x(3/2 — i)

=0, i=n+1n+2,...,n+m.
k=0

A solution to this system is

(—m)(—n+1/2)p(n +m+ 5/2)
(kD1 /2) 111

In fact, the Saalschiitz formula (see [2, Theorem 2.2.6])

A =

Zm: Jk(a)k (D) _ (c=a)m(c—b)m (3.3)

k:O 1—|—a—|—b—c— m)k!  (O)m(c—a—b)n

fora=m+n+5/2,b=-n+1/2,c=5/2+ 1, yields

S B+ D3+ <~ Cm)e(n+m+5/2)k(—n+1/2);
2 o (i+5/2)k(3/2 =)k 2 (1 +5/2)K(3/2 — i)ik!

k=0 k=0 (34)
Ci=m—n)p(i+n+2)y,
O (5/24 D) mi—m—1/2),,’

which is obviously zero for i =n+1,n+2,...,n+ m.

Proof of Theorem 1.2. According to the definition of Py,,41, (1.2) and (3.1), we
have

Proa(a) =33 Emn /2Dt m £ 5/ D o

ET(k+j+2)0(k—j+3)
Since

D(k+j+5/2) = +5/2)kl'(j +5/2),
Dk —j+3/2) = (=j+3/2k(=j+ 1/2)(=j = 1/2)(=j = 3/2)L(1 = (j + 5/2)),

™

L(z)[(1-2)= , sin(g + j)m = (—1),

sin(mx)



we get

Z j n—|—1/2) (n+m+5/2)Taj11(x)
— k' )( (DG

By Pfaff-Saalschiitz formula (3.3)

1
P2n+1 ;

Zm: (—n+1/2kn+m+5/2k _ (n—j+Dm(-j-—m-—n—1)n
~ ]+5/2) (—j +3/2)k (=3 +3/2)m(—j —m —3/2)m

and since (see [2, Definition 2.5.1 and p. 101] or [13, p. 62])
Tojir(x) = (1) (2) + Do Fy (=4, j +1;3/2;2%),

we obtain

_ 2 N~ (L mg e men)w(n = g+ Do Fi(—),5 +133/22%)
Ponia @) = 20 3 TG + 3G 32— i

Now we use

m(m+m-+2);(n+m+1)!

(—j—m—-—n—1)p=(-1" (n+2);(n+1)!

b

i m+n)l(—n j
(n—j+ 1) = ((_n_)m(m)'
(=5 +3/2)m (1/2)m41(1/2);

T (mm—1/2);(1/2 - j)’

P o (1 45/2)5(5/2)m
(=3 = m = 3/2)n = (1R,

. o (n+m)!(n+m+1)!
then with A, ,, = A DL/ 2) et (5/2)m

n+m+2);(—n)j(=m—3);(=j+3);(3); 2 F1 (=34, 5 + 15 3;2%)
(=7 +1/2)(G +3/2)(n+2);(—n —m);(1/2);(m + 5/2),

9 n
P2n+1(x) == ;I’An,m Z (
j=0

Changing the order of summation

ZZ“H*’” Zm Zawﬂ

7=03=0

with ()4 = (z +1);(2); and

38 2 3 (i d)lititl); | (L2625 1),

sVt T @

10



we have

n

_ 4w i (=n)i(n + m+2);(=1/2 — m);
Pena(@) = %A"*m ;(—4;{2) (—n —m)i(n+2);(m+5/2); W,

where

n—i

— 22—1— (—n+1i);j(n+m+2+14);(—m—1/2+1),;(3/2+ 1),
W= Z n—m—H) (n+24+1i),;(m+5/24+1);(1/2+1);
B (—1)”F(n+z+2)F(—i+ 1/2)T'(m+i+5/2)L'(m + 1)(—n — m);
T(2i + 2)T(—n + 1/2)T(n+ m+5/2)0(n+m + 1)

In the second identity above for W we have used the Dougall formula (see [2,
formula (2.2.10)]),

sFy(a,a/2+1,-b,—c,—d;a/2,a+b+1,a+c+1l,a+d+1;1)
~Tla+b+ DIl (a+c+ 1) (a+d+1)(a+b+c+d+1)
S Ta+Dl(a+b+ec+Dl(a+b+d+ D (a+c+d+1)

with
a=2i4+1,-b=n+m+i+2, —c=1/2—n+1i, —d=—-m+1i.

Simplifying (—n — m); and using that T'(n + m + 1) = (n +m)!, (n + 2); =
T (n+2+4) _ T(m+5/2+i) . _ T1(1/2) . _
T (M +5/2)i = S5m0 T(—i+1/2) = b7, F2i+2) =

(3/2):4%! and (5/2)m, (1;;%?72772)), the proof is finished. O

By Stirling’s asymptotic formula is straightforward the following results.

Corollary 3.1. Let o, denote the leading coefficient of q,,. We have

1 _ 3V3
2 b

lim o,
n
and as n — o0,

20732 n odd,
0 (0) = 7, (0) ~ { \/1; —-3/2

7= , M even.

Moreover, all the coefficients of q,, have n—th root asymptotic behavior uniformly
on the index; it means that if o, denotes the coefficient of 27 in g, (z), then
sup; limsup,, loj n|Y/™ < 00 and this also holds for the coefficients of py,.

Corollary 3.2.

lim sup |Qn(2)[z] — Pu(2)] = 0.
n z€[—1,1]

11



Proof. Again we only give details in the case of odd indexes. According to the
definition of Frobenius-Padé approximants

Qon1(@)[2] = Ponir (@) = D fuzjraTojia (@),

j>2n+1
where
1 1 TQ i+1 (l’) dx
fozi =1 [ Qua(@lol = Pava(w) 2
AR I S NN P V=2

/ Q |x|T2J+1( ) dx
2n+1
T2 4111 VI — 22

By (1.2), (3.2), and (3.4), we have, for a constant o which is independent of n
and 7,

Froiel = a (J—2n)n(j+n+2), 1
P G4 5/2)a(G - n = 1/2), TG+ 5/2)T(3/2 - )
Since
G—n-D(+2n+l)
(G+n+3/2)(G-3/2)
0 (G—2n)pn(j+n+2),  (j—n—-1)(j+2n+1)
(7 +5/2)a(i —n—1/2)  (+n+3/2)(j-3/2)
GG 8 )
(2= (5/2)2)(2 = (7/2)?) - (72 = (n+1/2)%) ~
1 _ (1)
P(j+5/2T3/2—j)  T(1/2)2(+1/2)(j +3/2)
These relations immediately imply the corollary. O

Remark 3.3. By Corollary 3.2 and since ¢,,(0) = 1, there exists

hyn € span{l,z, %2 .. . 2" z"t1/%}
such that
lim sup |22 — h,(z)] =0
n=0 £e[0,1]
and

1
/ (321/2 —hp(z))2? du(z) =0, §=0,...,2n,
0

1/2

An analogous conclusion holds changing z'/? by any power z¥/2 with k even.

Remark 3.4. The hypergeometric functions Q2,41,2m+1 and Qap 2, are con-
tigous (see [2, p. 94]). The same conclusion holds for Popt1,2m+1 and Py, om.
A five-term recurrence relation for Frobenius-Padé approximats is proved in
[14].
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4. Proof of Theorem 1.3

Let m,, be the Frobenius-Padé approximant of order (n,n) of \/x with respect

to the measure p with du = m/% or du = W%, x € (0,1). By Lemma 2.1

the proof of Theorem 1.3 is equivalent to prove the corresponding convergence
of {m, }nen to v/z. If we check this convergence uniformly on compact subset
of (0, 1], since /z is continuous in [0,1], and m,(z) is a nondecreasing positive
function of z € [0, 1], it holds lim,, m,, = /= uniformly on [0, 1]. Therefore, it is
enough to prove the following result.

Theorem 4.1. For every compact subset of C\ (—o0,0] there exists a constant
q € (0,1) such that

lim sup sup |m,(z) — \/E|1/" <q.
n zeK
In the proof of Theorem 4.1 we use some results from potential theory. We
associate with apolynomial P of degree n the normalized counting measure for

its zeros 1
vp = — 1)
p=— > A,
¢:P(¢)=0

where d¢ is the Dirac measure concentrated at ¢ and each zero is counted ac-
cording to its multiplicity. The convergence of a sequence of measure will be
understood in the sense of weak-* topology. For a positive Borel measure 3 in
C its logarithmic potential is defined by

V(B,2) = / log |- — t] dB(t),

where we assume that log |z — ¢| € L*(3) or the function log |2 — t| is bounded
from above in the support of 5.

Lemma 4.2. Let g,(2) := *log|q.(2)|. The sequence {gn} of harmonic func-

—n

tions in C\ (—o0, 0] is uniformly bounded on each compact subset of C\ (—o0,0].
Thus, for each sequence of indexes A C N there is a subsequence ' C A such
that {gn(z) : n € A’} converges uniformly on each compact subset of C\ (—o0, 0]
and the following limit exists

li =: 0. 4.1

o Van =20 (4.1)
Moreover, the probability measure o is supported in [—o00,0], its logarithmic
potential is a convex strictly decreasing function with V(o,z) < 0, t € (0, 00),
and lim;_,o_ V(o,z) <0 exists.

Proof. Let K C C\ (—0,0] be a compact set. Since the zeros of g, are in
(—00,0) and according to Corollary 3.1, we have

1
gn(z) > - log ¢, +logd(K, (—00,0]) > b,

13



1 Llogqn(1), for |2z| <1,
0a(2) < o gu(l2]) < <B
Llog|z[ + Llog gy (1), in other case

for all z € K, where b, B are real numbers which depend on the compact K
and d(K, (—00,0]) := inf.cx ze(—o0,0 |2 — #|. Therefore, the sequence {g,} is
a bounded harmonic sequence in C\ (—o0, 0], and any sequence {g, }nea have
a subsequence {gn}nen, A’ C A, that converges uniformly on each compact
subset of C\ (—o0, 0]. Hence

Jim, | fa,

exists for all f € C(C\ (—00,0]), so {vg, tnea’ converges. Let o be its limit.

Observe that g,(0) = 0 and from Corollary 3.1 limg,(1) > 0, gn(2) <
Llog |z|+gn(1) for |z| > 1. As g,(z) is a concave monotone function z € [0, ),
there are not points z1,z2 € (0,00) with V(o,21) = 0 or V(o,21) = V(0,22),
because the uniform limit of concave function is a concave function.

O
- " i) ()
gi(z) (=) “dx
I,(z):= ———, z€C\ (—00,0).
()= [ D \(~00.0)
By Lemma 2.1 we have I,,(z) > 0 for z € [0, 00),
Won+1(2) 1, (2
w@VE-p(e) = 2R eey (w0 ()
and L (@)
I, (x) dz
n 7 =0, j=0,1,...,2n. 4.3
/0 Wo +1($)SC qn(x) T J n ( )

Lemma 4.3. Given any sequence of indexes A C N, there exists a subsequence
A C A such that the following limit exists

7Per/r\l/ Vipgnir =: W. (4.4)

The measure w is a probability measure supported on [0,1]. There exists a con-
stant I € R such that

o1
Jim, —log |[In(2)] = 1, (4.5)
uniformly on each compact subset of C\ (—o0, 0].

Proof. Because {vy,,,, : n € A} is a sequence of probability measures supported
on [0,1] (see Lemma 2.1), the statement (4.4) follows at once from Banach-
Aloglou’s theorem. This is equivalent to

lierill V(Vwgpirs2) = V(w, 2), (4.6)
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uniformly on compact subset of C\ [0,1]. We run through n € A’ and let
20 € (0,00) be fixed, then

L(2) = / Crox 1 gi(@)(-a)Pde
" - oo T—Z x*zou}gn_‘_l(x)\/]_*x’

so for each compact set K C C\ (—o0,0], there exist positive constants b, B
such that

bl In(20)| < [In(2)] < BlIn(20)], 2z € K.

Further,
|40 (2)PIVz = (2)] = |w2n+1(2)]1n(2)]
[wan+1(2)] [wan+1(2)|[1n(2)]
= |I(2)| < ==, Wz—m(2)] =
RO R N PR BTE
so there exist I € [—00,00) such that (4.5) holds. Since /z is a branch of a
multiple-valued function, the value I = —oo is rejected because in such case

from (4.6) and Lemma 4.2 taking subsequence if necessary we have
Tim, vz = (2)]/" =0,

uniformly on compact subset of C\ (—oo, 1] which is impossible (see [6]).

O
Proof of Theorem 4.1. Let e,(2) := qn(2)v/z — pn(2), 2 € C\ (—00,0]. Then
Vz—mn(z) = ang According to Corollary 3.2 for each compact subset K of
(0,1] we have

lim sup sup e, (2)[/" < 1
n zeK
and by Lemma 4.2
lim inf in}f{ lgn ()] > 1,
n z€E

then theorem follows for compact subset of (0, 1].

Now let us prove that lim, m,(2) = /z uniformly on compact subset of
C\ (—00,0]. By Lemma 2.5 {7, }nen is a normal family in C\ (—o0,0], thus
by Montel’s theorem it is enough to prove that each convergent subsequence of
{mn tnen converges to /z. This fact happens in (0, 1] according to the first para-
graph of this proof. The uniqueness principle for analytic function completes
our aim.

Let K be a compact subset of C\ (—o0, 0]. Let A denote a sequence of indexes
such that such that

lim sup |7, (2) — vz|Y/"™ = limsup sup |7, (z) — vz|/".

neA ;e i n zeK
By Lemmas 4.2 and 4.3 there exists a subsequence A’ C A such that (4.1), (4.4)
and (4.5) hold. Then according to (2.3) and lim, 7,(z) = v/z in C\ (—o00,0],
we obtain

1
- lier}\l’ - log |m,(2) — V2| = V(w,2) = V(v,2) + 1 >0, (4.7)
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uniformly on compact subset of C\ (—oo, 0]. Therefore, the function V(w, z) —
V(v,2) + 1, z € C\ (—00,0], is a nonnegative superharmonic function in C\
(=00, 0] which is greater than 0 in (0, 1]. By the minimum principle for super-
harmonic function (see [11, Theorem 0.5.2])

V(w,2) =V(v,2)+I>0, zeC\ (—o0,0]
and for each compact subset K C C\ (—o0, 0] we get

Izréi%(V(w, z2)—=V(v,z)+1)>0. (4.8)

Combining (4.7) and (4.8) the proof is completed.
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