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PALEY TYPE INEQUALITIES FOR

ORTHOGONAL SERIES WITH

VECTOR-VALUED COEFFICIENTS

J. GARCIA-CUERVA, K. S. KAZARIAN (Madrid) and V. I. KOLYADA(La Rioja)�

Abstract. We investigate the extension to Banach-space-valued functions of
the classical inequalities due to Paley for the Fourier coe�cients with respect to a
general orthonormal system �. This leads us to introduce the notions of Paley �-
type and �-cotype for a Banach space and some related concepts. We study the
relations between these notions of type and cotype and those previously de�ned.
We also analyze how the interpolation spaces inherit these characteristics from the
original spaces, and use them to obtain sharp coe�cient estimates for functions
taking values in Lorentz spaces.

x1. Introduction

The aim of the present paper is to study estimates for the Fourier coe�-
cients of vector-valued functions. It is part of a �eld, well developed by now,
which we can call vector-valued Fourier analysis. The origins of this �eld
lie in the work of S. Bochner [5]. In that work, along with the integration
theory for functions taking values in an arbitrary Banach space, some ques-
tions of Fourier analysis were considered. In particular, it was shown that
Plancherel theorem may fail for vector-valued functions.

Another classical result in the theory of Fourier transforms, the Haus-
dor�{Young theorem, served as the starting point for the work of J. Peetre
[18]. He considered Banach spaces B, satisfying the following property: for
a given p 2 (1; 2] and every function f : R! B such that f 2 L

p

B�Z
R

bf(�) p0
B
d�

�1=p0

5 Ap

�Z
R

f(x)p
B
dx

�1=p

;

where p0 = p=(p� 1); the conjugate exponent for p. We shall use this nota-
tion systematically, that is, if p 2 (1;1); then we shall denote its conjugate
exponent by p0. Such spaces were called spaces of Fourier type p. In the work
[18] this notion was used in a study of interpolation methods. A detailed re-
view of the results pertaining to this line of research and further historical
comments can be found in the paper [9], which we shall often refer to.
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As in the classical situation, we shall consider both the problem of esti-
mating the Fourier coe�cients of a function from estimates for the function
itself, and conversely, estimating the function from estimates for its Fourier
coe�cients. First of all we shall recall the fundamental results for scalar-
valued functions.

Let � = f'ng be an orthonormal system on an interval [a; b]; uniformly
bounded on this interval, that is, such that��'n(x)�� 5M

�
x 2 [a; b]; n 2 N)

for some constant M independent of n and x.

Theorem A. For every p 2 [1; 2]; we have:

(1) If fckg 2 l
p, then there exists a function f 2 Lp0 [a; b] such that ck are

the Fourier coe�cients of f with respect to the system � and

(1:1) kfk
Lp0 5M2=p�1

fckg lp :
(2) If f 2 Lp[a; b]; and ck are the Fourier coe�cients of f with respect

to the system �; then

(1:2)
fckg lp0 5M2=p�1kfk

Lp :

This theorem was proved by F. Hausdor� and W. H. Young for the
trigonometric system and by F. Riesz in the general case.

Inequalities (1.1) and (1.2) can be strengthened in a certain sense.

Theorem B. For 1 < p 5 2; we have:
(1) If fckg 2 l

p; then fckg is the sequence of the Fourier coe�cients with
respect to the system �; of a function f 2 L1[a; b]; such that

(1:3)

�Z
b�a

0

tp�2
�
f�(t)

�p
(t) dt

�1=p

5 ApM
2=p�1

� 1X
k=1

jckj
p

�1=p

:

(2) If f 2 Lp[a; b] and ck are the Fourier coe�cients of f with respect to
the system �; then

(1:4)

� 1X
k=1

kp�2(c�k)
p

�1=p

5 ApM
2=p�1

�Z
b

a

��f(x)�� p�1=p

:

Here f� is the non-increasing rearrangement of the function f and fc�
k
g

is the non-increasing rearrangement of the sequence fckg.
We also have a theorem dual to Theorem B, namely
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Theorem C. Let 2 5 q <1. Then:
(1) If a sequence fckg satis�es the condition

1X
k=1

kq�2(c�
k
)
q <1;

then there exists a function f 2 Lq[a; b]; such that fckg is the sequence of its
Fourier coe�cients with respect to the system � and

(1:5)

�Z
b

a

��f(x)�� q dx�1=q

5 A0qM
1�2=q

� 1X
k=1

kq�2(c�
k
)
q

�1=q

(2) If f 2 L1[a; b] and ck are the Fourier coe�cients of f with respect to
the system �; then

(1:6)

� 1X
k=1

jckj
q

�1=q

5 A0qM
1�2=q

�Z
b�a

0

tq�2
�
f�(t)

� q
dt

�1=q

:

Theorems B and C are due to Paley; for the trigonometric system they
were proved by Hardy and Littlewood. Each of these theorems implies The-
orem A as a corollary, but with additional multipliers on the right hand sides
of the inequalities (see [21, Ch. 12]).

It is natural to study similar relations in the vector-valued case. The-
orem A leads to the notions of Riesz type p and strong Riesz cotype p0

(1 < p 5 2) of a Banach space B with respect to the orthonormal system �
(these are the properties of B expressed in inequalities of the form (1.1) and
(1.2) respectively, see [9]). In order to study the possibility of strengthening
these inequalities in the sense of Hardy{Littlewood{Paley, we introduce in
the present paper the notions of type and cotype based on Theorems B and
C.

Briey, the content of the paper is as follows. In x2 we give the de�nitions
of Paley type and cotype and some simple results related to these notions.
In x3 we study the notions of Paley type and cotype for the trigonometric
system and the Walsh system. We prove that, for any of these particular
systems, if a Banach space B is of Paley type p; then it is also of Paley co-
type p0 and vice versa. It is also shown that the Rademacher system has
the best indices of Paley type and cotype among all uniformly bounded or-
thonormal systems. In x4 we show that the spaces Lp; 1 < p 5 2 are of Paley
type p and strong Paley cotype p0. This assertion is stronger than the known
Hausdor�{Young type inequalities for Lp-valued functions. The dual state-
ment is proved for the case 2 5 p <1.

In x5 we study the spaces obtained by real interpolation from the spaces
with a given Paley type (Paley cotype). Estimates for the Fourier coe�cients
of functions taking values in these spaces are obtained.
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Using the results of x5; we derive in x6 sharp coe�cient inequalities for
Lp;r-valued functions, where Lp;r is a Lorentz space. These inequalities coin-
cide with the known Hausdor�{Young type estimates only in the case r = p0.

x2. Types and cotypes of the Banach spaces

First we recall some general de�nitions (see [9] for details). Let (I; �)
be a �xed measure space; throughout this paper we will assume that the
measure � is non-atomic and �(I) = 1. Furthermore, let B be a Banach

space. If f : I ! B is a strongly measurable function, then by f�(t)
�
t 2

(0; 1)
�
we denote the non-increasing rearrangement of the function

f(x)
(x 2 I). The notation L

p;r

B
� Lp;r(B) (0 < p; r <1) stands for the Lorentz

space of all strongly measurable functions f : I ! B such that

kfk
L
p;r

B

�

�Z 1

0

�
t1=pf�(t)

� r dt
t

�1=r

<1:

We have L
p;p

B
= L

p

B
(0 < p <1).

If the sequence fbkg (bk 2 B) satis�es the condition

(2:1) lim
k!1

bk = 0;

then fb�
k
g will denote the non-increasing rearrangement of the sequence�

kbkk
	
. The Lorentz space l

p;r

B
� lp;r(B) (0 < p; r <1) is the space of all

sequences fbkg (bk 2 B) satisfying (2.1) and such that

fbkg lp;r
B

�

� 1X
k=1

kr=p�1(b�k)
r

�1=r

<1:

Here also l
p;p

B
= l

p

B
(0 < p <1).

Next, let � = f'ng be an orthonormal system (ONS) of real or complex-
valued functions on I. We shall assume that

(2:2)
��'n(x)�� 5M for all x 2 I and all n 2 N:

For each function f 2 L1
B
set

(2:3) cn(f) =

Z
I

f(x)'n(x) d�; n 2 N:
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Definition 2.1. Let 1 5 p 5 2. We shall say that a Banach space B
is of Riesz �-type p; if there exists a constant A such that for every �nite
sequence fbkg

n

k=1 of elements bk 2 B

(2:4)

 Z
I

 nX
k=1

bk'k(x)

p0 d�
!1=p0

5 A

� nX
k=1

kbkk
p

�1=p
:

Remark 2.2. Suppose that B is of Riesz �-type p. Then it is easy to
see that for each sequence b = fbkg 2 l

p

B
the series

P1

k=1 bk'k converges in

the norm of L
p0

B
and its sum f satis�es the inequality

kfk
L
p0

B

5 Akbk
l
p

B

:

Moreover, every permutation of this series converges in L
p
0

B
to the same sum

f .

Definition 2.3. Let 1 5 p 5 2. A Banach space B is said to be of:
(1) Riesz �-cotype p0, if there exists a constant A such that for every

polynomial
P

n

k=1 bk'k (bk 2 B)

(2:5)

� nX
k=1

kbkk
p
0

�1=p0

5 A

 Z
I

 nX
k=1

bk'k(x)

p d�
!1=p

;

(2) strong Riesz �-cotype p0, if there exists a constant A such that for
every function f 2 L

p

B

(2:6)

� 1X
k=1

cn(f)p0�1=p0

5 A

�Z
I

f(x)p d��1=p

;

where cn(f) are the Fourier coe�cients of f .

Remark 2.4. These de�nitions are directly connected with the Riesz in-
equalities (1.1) and (1.2). For the Rademacher system the notions of type
and cotype were studied �rst by J. Ho�man-Jorgensen [12] and B. Maurey
[17] (see also [19]). A few years earlier J. Peetre [18] introduced the de�ni-
tion of Fourier type of a Banach space (in terms of the vector-valued Fourier
transform). For general ONS the notions of type and cotype were considered
in [9], where additional references and comments can be found.

Now, motivated by Theorem B, we introduce the notions of Paley type
and cotype, which express stronger properties of the Banach spaces.
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Definition 2.5. Let 1 < p < 2. We say that a Banach space B is of
Paley �-type p; if there exists a constant A such that for every �nite sequence
fbkg

n

k=1 (bk 2 B)

(2:7)

�Z 1

0

tp�2
�
f�(t)

�
p
dt

�1=p

5 A

� nX
k=1

kbkk
p

�1=p

;

where f =
P

n

k=1 bk'k.
Inequality (2.7) can also be written in the form

(2:8) kfk
L
p0;p

B

5 Akbk
l
p

B

; b = fbkg
n

k=1:

For the Paley type, an observation similar to Remark 2.2 also holds.

Definition 2.6. Let 1 < p < 2. A Banach space B is said to be of:
(1) Paley �-cotype p0, if there exists a constant A such that for every

polynomial f =
P

n

k=1 bk'k (bk 2 B)

(2:9)

� nX
k=1

kp�2(b�k)
p

�1=p

5 A

 Z
I

 nX
k=1

bk'k

p d�
!1=p

;

(2) strong Paley �-cotype p0, if there exists a constant A such that for
every function f 2 L

p

B

(2:10)

� 1X
k=1

kp�2
�
c�
k
(f)
�p�1=p

5 A

�Z
I

jf jp d�

�1=p

:

Of course, this de�nition can also be written in terms of Lorentz norms;
for example, inequality (2.10) takes the form

(2:11)
c(f)

l
p0;p

B

5 Akfk
L
p

B

; c(f) =
�
ck(f)

	
:

Remark 2.7. For 1 < p < 2; we have (see [2, p. 217])

kfk
L
p0

B

5 Cpkfk
L
p0;p

B

:

Thus, if a Banach space B is of Paley �-type p; then it is also of Riesz
�-type p. Of course, the converse is not true (see x6 below).

Similarly, if the space B is of Paley �-cotype p0; then it is also of Riesz
�-cotype p0.
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We shall say that � is a complete system in Lp;r(0 < p; r <1), if all the
polynomials

P
n

k=1 �k'k with scalar coe�cients form a dense set in Lp;r.

Proposition 2.8. Let 1 < p < 2; and suppose that � is a uniformly
bounded system which is complete in Lp(I). Then:

(1) if a Banach space B is of Riesz �-cotype p0; then B is of strong Riesz
�-cotype p0;

(2) if a Banach space B is of Paley �-cotype p0; then B is of strong Paley
�-cotype p0.

Part (1) of this proposition was proved in [9] (Proposition 7.7); the proof
of part (2) is similar.

B� will denote the dual space of the Banach space B. We shall use the
following lemma.

Lemma 2.9. Let r; s 2 (1;1) and p 2 (1; 2]. Then the following proper-
ties are equivalent:

(1) There exists a constant A such that for every �nite sequence
b = fbkg (bk 2 B)

(2:11)

X
k

bk'k


L
p0;r

B

5 Akbk
l
p;s

B

:

(2) There exists a constant A0 such that for every function g 2 L
p;r0

B� the

sequence c(g) =
�
cn(g)

	
of its Fourier coe�cients satis�es the inequality

(2:12)
c(g)

l
p0;s0

B�

5 A0kgk
L
p;r0

B�

:

The statement remains true if we exchange the rôles of B and B�.

Setting r = p0; s = p, we obtain the following

Theorem 2.10. Let 1 < p 5 2. A Banach space B is of Riesz �-type
p (strong Riesz �-cotype p0) if and only if its dual B� is of strong Riesz
�-cotype p0 (respectively, Riesz �-type p).

The proof of this theorem can be found in [9] (Theorem 7.8). Lemma 2.9
can be easily proved by similar standard arguments. We only have to use
the following proposition.

Proposition 2.11. Let B be a Banach space and assume 1 < p; r <1.
Then there exists a constant Cp;r such that for every function g 2 L

p;r

B

(2:13) kfk
L
p;r

B

5 Cp;r sup

���� Z
I



f(x); g(x)

�
d�

����;
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where the supremum is taken over all functions g 2 L
p
0
;r
0

B� with kgk
L
p0;r0

B�

= 1.

The proof of this statement also uses the standard technique. In the
scalar case, inequality (2.13) is well known (see [2, p. 221]). Using this fact
and the approximation by simple functions in L

p;r

B
; one can easily obtain

(2.13) in the vector-valued case. For p = r the proof of (2.13) can be found
in [8, p. 97].

Now set r = s = p, 1 < p < 2 in Lemma 2.9. We obtain that if the space
B is of Paley �-type p (strong Paley �-cotype p0); then its dual B� possesses
a new property, expressed by inequalities of the form (1.6) (correspondingly,
(1.5)). Thus it is natural to introduce the following de�nitions.

Definition 2.12. Let 2 < q <1. A Banach space B is said to be of
(1) Paley �-cotype* q, if there exists a constant A such that for every

polynomial f =
P

n

k=1 bk'k (bk 2 B)

(2:14)
fbkg lq

B

5 Akfk
L
q0;q

B

;

(2) strong Paley �-cotype* q, if there exists a constant A such that for
every function f 2 L1

B
the sequence of its Fourier coe�cients satis�es the

inequality

(2:15)
c(f)

l
q

B

5 Akfk
L
q0;q

B

; c(f) =
�
ck(f)

	
:

We have the analogue of Proposition 2.8.

Proposition 2.13. Let 2 < q <1 and suppose that � is a uniformly

bounded system which is complete in Lq
0
;q(I). If a Banach space B is of

Paley �-cotype* q; then B is of strong Paley �-cotype* q.

Next, we give the following

Definition 2.14. Let 2 < q <1. We will say that a Banach space B
is of Paley �-type* q0; if there exists a constant A such that for every �nite
sequence b = fbkg

n

k=1 (bk 2 B)

(2:16) kfk
L
q

B

5 Akbk
l
q0;q

B

; where f =

nX
k=1

bk'k:

Remark 2.15. If B is of Paley �-type* q0 (2 < q <1); then for every

sequence b = fbkg
1

k=1 2 l
q
0
;q

B
the series

P1

k=1 bk'k converges in L
q

B
and its

sum f satis�es the inequality (2.16).

Remark 2.16. For 2 < q <1 we have (see [2, p. 217])

kfk
L
q0;q

B

5 Cqkfk
L
q0

B

:
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Thus, if a Banach space is of (strong) Paley �-cotype* q; then it is also of
(strong) Riesz �-cotype q. Analogously, Paley �-type* q0 of a Banach space
B implies Riesz �-type q0 of B.

We shall see in x4 that the property of being Paley �-type p and that of
being Paley �-type* p are not related to each other in the sense that none
of them is stronger than the other.

Lemma 2.9 contains the following duality theorem.

Theorem 2.17. Let B be a Banach space and 1 < p < 2. Then:
(1) B is of Paley �-type p if and only if B� is of strong Paley �-cotype*

p0;
(2) B is of strong Paley �-cotype p0 if and only if B� is of Paley �-type*

p.

We also have the following properties of type and cotype.

Theorem 2.18. Let a Banach space B be of Riesz �-type p, 1 < p
5 2. Then, for each 1 < r < p; B is of Paley �-type r and Paley �-type*
r. Moreover, for every r 2 (1; p) and every s > 0; there exists a constant K
such that for every �nite sequence b = fbkg (bk 2 B)

(2:17) kfk
L
r0;s

B

5 Kkbk
l
r;s

B

; where f =
X
k

bk'k:

Theorem 2.19. Let a Banach space B be of strong Riesz �-cotype p0,
1 < p 5 2. Then B is of strong Paley �-cotype r0 and strong Paley �-cotype*
r0 for every r such that 1 < r < p. Moreover, for every r 2 (1; p) and every
s > 0 there exists a constant K; such that for each function f 2 L

r;s

B

(2:18)
c(f)

l
r0;s

B

5 Kkfk
L
r;s

B

; where c(f) =
�
cn(f)

	
:

Actually Theorems 2.18 and 2.19 were proved in [9] (Theorem 7.11) by
interpolation methods. It was also pointed out in [9] that these results can be
obtained directly from the corresponding estimates of the rearrangements.

x3. On some concrete systems

The notions introduced in x2 are based on the theorems by Riesz and
Paley (see x1). In both theorems there is a symmetry between the sum of
an orthogonal series and the sequence of its Fourier coe�cients. This sym-
metry may break down for a series with vector-valued coe�cients. In other
words, �-type p and �-cotype p0 may represent quite di�erent properties of
the Banach spaces (see [16], p. 72).
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We shall show that, for the trigonometric system, being of a given type
and being of the corresponding (conjugate) cotype, are equivalent properties.
The same result holds for the Walsh system.

Lemma 3.1. Let B be a Banach space, 1 < p 5 2 and 1 < r; s <1. Then
the following properties are equivalent:

(i) there exists a constant A such that for every trigonometric polynomial

(3:1) f(x) =

nX
k=�n

bke
2�ikx with b � fbkg

n

k=�n � B

the inequality

(3:2) kfk
L
p0;r

B

5 Akbk
l
p;s

B

holds;
(ii) there exists a constant A0 such that for every polynomial f as in (3:1),

the inequality

(3:3) kbk
l
p0;r

B

5 A0kfk
L
p;s

B

holds.

Proof. Let us �x the polynomial (3.1). The function
f(x) is 1-

periodic on R. Let " > 0. There exists � = 1=N (N > 2n and N even) such

that on every interval of length � the oscillation of the function
f(x) is

less than ".
Set �k =

�
k�; (k + 1)�

�
(k 2 Z). Let

g(x) =

2nX
k=0

bn�k��k
(x) for 0 5 x < 1

and then consider the function g extended to the whole line R with period
1. Clearly g(x) =

2nX
k=0

kbn�kk��k
(x)

and

(3:4) g�(t) =

2nX
k=0

b�
k
��k

(t); 0 5 t < 1;

Acta Mathematica Hungarica 90, 2001



PALEY TYPE INEQUALITIES 161

where fb�
k
g2n
k=0

is the non-increasing rearrangement of the sequence�
kbjk

n

j=�n

	
.

Furthermore, for every � 2 Z (� 6= 0)

c� � c�(g) =

Z 1

0

g(x)e�2�i�x dx =

2nX
k=0

bn�k

Z
�k

e�2�i�x dx

=
1� e�2�i��

2�i�
e�2�in��f(��);

and c0 � c0(g) = �f(0). Therefore,

(3:5)

kc�+jNk =
j sin���j

�j� + jN j

f(��) (� + jN 6= 0; �N=2 5 � < N=2; j 2 Z):

Let fc�
k
g1
k=1

and ff�
k
gN
k=1

be the non-increasing rearrangements of the se-

quences
�
kc�k

	1
�=�1

and
�f(��)	N=2�1

�=�N=2
respectively. Since (see (3.5))

kc�k =
2

�
�
f(��) ; �N=2 5 � < N=2;

then

(3:6) f�k 5
�

2�
c�k (k = 1; : : : N):

On the other hand,

(3:7) kc�+jNk 5

���� �

� + jN

���� f(��) � 5 2

jjj+ 1

f(��)���
(�N=2 5 � < N=2; � + jN 6= 0, j 2 Z). Let 1 < q < min (s; p). Then, by
(3.7),

(3:8) (c�k)
q 5

1

k

kX
j=1

(c�j )
q =

1

k
sup

��Z;j�j=k

X
m2�

kcmk
q

5 Aq

�q

k

min (k;N)X
j=1

(f�j )
q; k 2 N:
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Now suppose that we have the property (i). Since g is a simple function,

we know that its Fourier series converges to g in the norm of L
p
0
;r

B
. Therefore,

by our assumption,

(3:9) kgk
L
p0;r

B

5 A
fc�g lp;s

B

:

By using the estimate (3.8), taking also into account that q < p; we have

(3:10)
fc�g lp;s

B

5 C�

"
NX
k=1

ks=p�s=q�1
� kX

j=1

(f�j )
q

�s=q

+

� NX
k=1

(f�
k
)q
�s=q

N s=p�s=q

#1=s
:

Now, applying H�older's inequality with exponents s=q (q < s) and its conju-
gate to the last sum, we get

� NX
k=1

(f�k )
q

�s=q

5 CN s=q�s=p

NX
k=1

ks=p�1(f�k )
s:

Also, by applying Hardy's inequality to the �rst sum in the right hand side
of (3.10), we obtain

(3:11)
fc�g lp;s

B

5 C�

� NX
k=1

ks=p�1(f�k )
s

�1=s

:

Denote f(x) =
PN=2�1

k=�N=2
f(k�)��k

(x). Then, by the choice of �; we have

�
�f(x) � f(x) �� 5 "; x 2 [�1=2; 1=2);

and

(3:12) f
�
(t)� " 5 f�(t) 5 f

�
(t) + "; 0 5 t < 1:

Furthermore,

(3:13) f
�
(t) =

N�1X
k=0

f�
k+1��k

(t); 0 5 t < 1:
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Thus, � NX
k=1

ks=p�1(f�
k
)s
�1=s

5 C��1=p
�Z 1

0

ts=p�1
�
f
�
(t)
� s
dt

�1=s

5 C��1=p
�Z 1

0

ts=p�1
�
f�(t) + "

�
s
dt

�1=s

;

and, by virtue of (3.11),

(3:14)
fc�g lp;s

B

5 C�1=p
0

�Z 1

0

ts=p�1
�
f�(t) + "

�
s
dt

�1=s

:

Next (see (3.4)),

(3:15) kgk
L
p0;r

B

=
�1=p

0

2

� 2nX
k=0

(k + 1)r=p
0�1(b�

k
)r
�1=r

:

By using (3.9), (3.14) and (3.15), we obtain

kbk
l
p0;r

B

5 A0
�Z 1

0

ts=p�1
�
f�(t) + "

� s
dt

�1=s

:

Hence inequality (3.3) follows at once.
Let us assume now that property (ii) holds. By applying this property

to the partial sums of the Fourier series of the function g and taking into
account that this series converges to g in the norm of L

p;s

B
; we obtain the

inequality

(3:16)
fc�g

l
p0;r

B

5 A0kgk
L
p;s

B

:

By using (3.12), (3.13) and (3.6), we have

kfk
L
p0;r

B

5

�Z 1

0

tr=p
0�1
�
f
�
(t) + "

� r
dt

�1=r

5 C

"
�1=p

0

� NX
k=1

kr=p
0�1(f�

k
)
r

�1=r
+ "

#

5 C 0

"
��1=p

� NX
k=1

kr=p
0�1(c�

k
)r
�1=r

+ "

#
:
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On the other hand (see (3.4)),

kgk
L
p;s

B

5 C�1=p
� 2nX

k=0

ks=p�1(b�
k
)s
�1=s

:

Thus, by using (3.16), we obtain

kfk
L
p0;r

B

5 A
�
kbk

l
p;s

B

+ "
�
:

This implies (3.2) and the lemma is proved. �

The exact counterpart of Lemma 3.1 is also true for the system of Walsh
functions W = fwng

1

n=0 (see [9] for the de�nition). For p = r = s this was
proved in [9]; the proof for the general case is similar. Thus, we have, denot-
ing T = fe2�inxg

n2Z (and applying also Propositions 2.8 and 2.9)

Theorem 3.2. Let B be a Banach space, 1 < p 5 2, and � = T or
� =W . Then:

(1) B is of Riesz �-type p if and only if B is of strong Riesz �-cotype p0;
(2) B is of Paley �-type p if and only if B is of strong Paley �-cotype

p0;
(3) B is of Paley �-type* p if and only if B is of strong Paley �-cotype*

p0.

Part (1) of this theorem was proved in [9] (Theorems 7.13 and 7.14).
Related results for Fourier type were obtained in [1], [4], [6], [10] and [15].

Denote by R the Rademacher system of functions

rn(x) = sgn sin 2n�x
�
x 2 [0; 1]; n 2 N

�
:

Note that Riesz R-type and Riesz R-cotype are usually called simply type
and cotype.

Applying the Kahane's inequality (see, for example, [13]), we immedi-
ately obtain

Proposition 3.3. Let B be a Banach space. Then:
(i) B is of Riesz R-type p (1 < p < 2) if and only if B is of Paley R-type

p;
(ii) B is of Riesz R-cotype q (2 < q <1) if and only if B is of Paley

R-cotype* q;
(iii) if B is of Paley R-type* p; then B is of Paley R-type p (1 < p < 2);
(iv) if B is of Paley R-cotype q; then B is of Paley R-cotype* q (2 < q

<1).

In x4 this proposition will be complemented by counterexamples which
show that the statements (iii) and (iv) cannot be reversed.
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It is known that if B is of Fourier type p (1 < p < 2); then B is of type
p and cotype p0 (see [1], [9], [10], [14]). We have a more general statement.

Let (I; �) be a measure space (�(I) = 1).

Theorem 3.4. Let B be a Banach space and let � be a uniformly
bounded orthonormal system on I. Then:

(i) if B is of Riesz �-type p (1 < p 5 2); it follows that B is of Riesz
R-type p;

(ii) if B is of Riesz �-cotype q (2 5 q <1); it follows that B is of Riesz
R-cotype q.

This theorem was proved in [9]; the proof made use of the contraction
principle. Similarly we obtain the following theorem.

Theorem 3.5. Let B be a Banach space and let � be a uniformly
bounded orthonormal system on I. Then:

(i) if B is of Paley �-type* p (1 < p 5 2); it follows that B is of Paley
R-type* p;

(ii) if B is of Paley �-cotype q (2 5 q <1); it follows that B is of Paley
R-cotype q.

Of course, Paley �-type p implies Paley R-type p; and Paley �-cotype* q
implies Paley R-cotype* q. This follows from Theorem 3.4 and Proposition
3.3.

x4. Types and cotypes of Lp-spaces

Let (I; �) be a non-atomic measure space (�(I) = 1) and � be an or-
thonormal system on I satisfying the condition (2.2). It is known that the
space Lp(
; �) (where 1 < p <1 and (
; �) is an arbitrary measure space)
is of Riesz �-type min (p; p0) and in the general case this result cannot be
improved (see [9]). Now we will prove some stronger assertions.

Theorem 4.1. Let 2 < q <1 and B = Lq(
; �). Then B is of strong
Paley �-cotype* q and Paley �-type* q0.

Proof. Let f be a simple function of the form

(4:1) f(x) =

NX
j=1

dj�Ej
(x);

where dj 2 B and Ej � I are mutually disjoint �-measurable sets with
�(Ej) = 1=N(j = 1; : : : ; N). Since the space (I; �) is non-atomic, the set

of all functions of the form (4.1) is dense in L
q0;q

B
.
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We have

(4:2)

1X
k=1

ck(f) q = 1X
k=1

Z



��ck(f)(y)�� qd�(y):
Next, by inequality (1.6), for every y 2 


(4:3)

1X
k=1

��ck(f)(y)�� q 5 AqM
q�2

Z 1

0

�q�2
�
f�
y
(�)
� q
d�;

where f�y (�) is the non-increasing rearrangement of the function

fy(x) = f(x)(y) =

NX
j=1

dj(y)�Ej
(x) (x 2 I; y 2 
 is �xed):

Let
�
dj(y)

	
N

j=1
be the non-increasing rearrangement of the sequence�

dj(y)
	N
j=1

. Then

f�y (�) =

NX
j=1

dj(y)��j
(�); �j =

�
j � 1

N
;
j

N

�
;

and the integral on the right-hand side of (4.3) does not exceed

(4:4) N1�q
NX
j=1

jq�2
�
dj(y)

� q
:

Now let fn1; : : : ; nNg be the permutation of the indices f1; : : : ;Ng such that
kdnjk = d�

j
(j = 1; : : : ;N). By the Hardy{Littlewood theorem (see [2, p. 44]),

for every y 2 


(4:5)

NX
j=1

jq�2
�
dj(y)

� q
5

NX
j=1

jq�2
��dnj (y)�� q:

Thus, we obtain (see (4.2){(4.5))

1X
k=1

ck(f) q 5 AqN
1�qM q�2

NX
j=1

jq�2
Z



��dnj (y)�� q d�(y)
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= AqN
1�qM q�2

NX
j=1

jq�2(d�
j
)
q:

But f(x) =

NX
j=1

kdjk�Ej
(x) and f�(�) =

NX
j=1

d�j��j
(�):

Thus,
1X
k=1

ck(f)q 5 A0qM
q�2

Z 1

0

�q�2
�
f�(�)

� q
d�

and therefore B is of strong Paley �-cotype* q. Similarly we obtain that B
is of Paley �-type* q0. �

Using Theorem 2.17, we obtain

Theorem 4.2. Let 1 < p < 2 and B = Lp(
; �). Then B is of Paley
�-type p and strong Paley �-cotype p0.

The values of the types and cotypes in Theorems 4.1 and 4.2 are sharp.
This follows from the corresponding statements for the Riesz types and co-
types (see [9]).

Now we will obtain some negative results. First of all we consider the
following general construction.

Lemma 4.3. Suppose that there are given:
(1) some numbers p; r; q; s 2 (1;1);
(2) a positive decreasing sequence f�kg with �1 = 1, �k > �k+1;

limk!1 �k = 0;

(3) a positive increasing sequence fakg such that
�
ak(�k � �k+1)

1=p
	

de-
creases;

(4) an orthonormal system 	 = f ng on [0; 1] with
�� n(x)�� = 1 almost

everywhere (n 2 N).
Furthermore, let bk(y) = ak��k

(y), �k = (�k+1; �k]; and

(4:6) F (x; y) =

1X
k=1

bk(y) k(x):

Then

(4:7)
fbkg lq;s(Lp;r)

= Ap;r

� 1X
k=1

ks=q�1
�
akj�kj

1=p
� s�1=s

;
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and for almost all x 2 [0; 1]

(4:8)
F (x; �)

Lp;r
= Ap;r

� 1X
k=1

ar
k

�
�
r=p

k
� �

r=p

k+1

��1=r

:

Proof. We have

kbkkLp;r =
�p
r

�1=r
akj�kj

1=p; k 2 N:

Since this sequence decreases, we get (4.7).

Next, for every y 2 �k and almost all x 2 [0; 1]
��F (x; y)�� = ak. As fakg

increases, we get

F (x; �)
Lp;r

=

� 1X
k=1

ar
k

Z
�k

�k+1

tr=p�1 dt

�1=r

=
�p
r

�1=r � 1X
k=1

ar
k

�
�
r=p

k
� �

r=p

k+1

��1=r

: �

Proposition 4.4. The space B = Lp[0; 1] (1 < p < 2) is not of Paley
�-type* p for any uniformly bounded ONS �.

Proof. Let ak = (ln k + 1)
1=p

, �k = (ln k + 1)
�1

(k 2 N). Then the se-

quence ak(�k � �k+1)
1=p �

�
k(ln k+ 1)

��1=p
decreases. Let us apply Lemma

4.3 with q = r = p, s = p0 and 	 = R. In our case the series (4.7) is

(4:9)

1X
k=1

1

k(ln k + 1)p
0=p

<
1

2� p
;

i.e. convergent, while the series (4.8)

(4:10)

1X
k=1

1

k(ln k + 1)
=1

diverges. Let fn(x) =
P

n

k=1 bkrk(x). It is easy to see that for every x 2 [0; 1]

lim
n!1

fn(x)B =
F (x; �)

B

(see (4.6)). But the right hand side is in�nite for almost all x 2 [0; 1] (see
(4.8) and (4.10)). Therefore,

lim
n!1

fn
L
p0

B

=1;
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while fbkgnk=1 lp;p0
B

5 A0p <1

(see (4.7) and (4.9)). Thus, Lp is not of Paley R-type* p. Applying Theorem
3.5, we complete the proof. �

As above, we denote by T the trigonometric system, and byW the Walsh
system.

Proposition 4.5. The space Lp[0; 1] (1 < p < 2) is not of Paley
�-cotype* p0 neither for � = T nor for � =W .

This is an immediate consequence of the Proposition 4.4 and Theorem
3.2 (see also Proposition 2.13).

Proposition 4.6. The space B = Lq[0; 1] (2 < q <1) is not of Paley
�-cotype q for any uniformly bounded ONS �.

Proof. We use Lemma 4.3, setting s = q0; p = r = q; ak =

k1=q(ln k + 1)�1=q
0

; �k = 1=k (k 2N) and 	 = R. The series (4.7) assumes
the form

1X
k=1

1

k(ln k + 1)
=1:

On the other hand, the series (4.8)

1X
k=1

1

k(ln k + 1)q�1

converges.
Let fn(x) =

P
n

k=1 bkrk(x). Thenfbkgnk=1 lq;q0
B

!1 as n!1;

and the sequence
�
kfnkL1

B

	
is bounded. It follows that B does not have

Paley R-cotype q. It remains to apply Theorem 3.5. �

Using Theorem 3.2, we also get

Proposition 4.7. The space B = Lq[0; 1] (2 < q <1) is not of Paley
�-type q0 for neither � = T nor � =W .

From Theorems 4.1 and 4.2 and Propositions 4.4 and 4.6 we deduce the
following complement to Proposition 3.3.
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Corollary 4.8. For every uniformly bounded ONS �,
(1) Paley �-type p (1 < p < 2) does not imply Paley R-type* p;
(2) strong Paley �-cotype* q (2 < q <1) does not imply Paley R-cotype

q.

Besides, we obtain the following general statement.

Corollary 4.9. Let � = T or � =W . Then:
(1) A Banach space may be of Paley �-type p (1 < p < 2); but not of

Paley �-type* p; and vice versa;
(2) A Banach space may be of Paley �-cotype q (2 < q <1), but not of

Paley �-cotype* q; and vice versa.

x5. Interpolation of Paley type spaces

Let fB0; B1g be an interpolation couple of Banach spaces. If 0 < � < 1
and 1 5 r <1, then we shall denote by (B0; B1)�;r � B�;r the interpolation
space obtained by the real interpolation method. Also, we shall denote by
[B0;B1]� � B� the interpolation space obtained by the complex interpolation
method. See [3] and [20].

It was proved by J. Peetre [18] that if Bi are of Fourier types
pi 2 [1; 2] (i = 0; 1) and 1=p = (1� �)=p0+ �=p1; then B�;p and B� both are of
Fourier type p. Furthermore, H. K�onig [14] showed that for every p 5 r 5 p0;
the space B�;r is of Fourier type p (see also [9]).

Note that the complex interpolation of spaces with given Fourier types
has also been considered in the work of M. Cwikel and Y. Sagher [7].

In this section we shall study the behaviour under interpolation of the
Paley types with respect to general ONS. As applications of these theorems,
we shall obtain sharp coe�cient estimates for functions with values in the
Lorentz space Lp;r.

Sometimes we will use the notation Lp;r(B) instead of L
p;r

B
.

Lemma 5.1 [14]. Let 1 < p0; p1 5 2, 0 < � < 1, 1=p = (1� �)=p0 + �=p1
and p 5 r 5 p0. Then, for any interpolation couple of Banach spaces
fB0; B1g; we have the following continuous embedding maps

(5:1) Lp(B�;r) ,!
�
Lp0(B0); L

p1(B1)
�
�;r
;

(5:2)
�
Lp0

0(B0); L
p0
1(B1)

�
�;r

,! Lp0(B�;r);

(5:3) lp(B�;r) ,!
�
lp0(B0); l

p1(B1)
�
�;r
;

(5:4)
�
lp
0

0(B0); l
p0
1(B1)

�
�;r

,! lp
0

(B�;r):
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Let � = f'ng be a uniformly bounded orthonormal system of functions

on a space I with a non-atomic measure �
�
�(I) = 1

�
.

Theorem 5.2. Let fB0;B1g be an interpolation couple of Banach spaces
such that Bi is of Paley �-type pi (i = 0; 1; 1 < p0 5 p1 < 2). Suppose that
0 < � < 1, 1=p = (1� �)=p0 + �=p1 and p 5 r 5 p0. Then there exists a con-
stant A such that for every �nite sequence b = fbkg

n

k=1 (bk 2 B � B�;r)

(5:5) kfk
L
p0;r

B

5 Akbk
l
p

B

; where f =

nX
k=1

bk'k:

Proof. If r = p0 then (5.5) follows from the embeddings (5.2) and (5.3).
Let r < p0. Moreover, suppose �rst that

(5:6) r < p=(p1 � 1):

Using the L-method (see [18, p. 29]), we choose a representation b = b0(t)

+ b1(t), 0 < t <1, bi(t) =
�
bi
k
(t)
	
n

k=1
, b

(i)

k
(t) 2 Bi (i = 0; 1); so that

(5:7) kbkr(lp0 (B0);lp1 (B1))�;r

= C1

Z
1

0

h
t��

�b0(t)p0
lp0(B0)

+ t
b1(t)p1

lp1 (B1)

�ir=pdt
t
;

where � = �p=p1 and C1 is a positive constant depending on the given pa-
rameters but independent of b. Denote

f it (x) =

nX
k=1

bik(t)'k(x) (i = 0; 1):

Then f(x) = f0t (x) + f1t (x), 0 < t <1. Using again the L-method, we have,
for each � > 0 and each x 2 I:

f(x)r
B
5 C

Z 1

0

�
t��

�f0�t(x)p0B0 + t
f1�t(x)p1B1�

�r=p
dt

t

5 C 0max

�
��r=p

Z 1

0

�
t��
f0t (x)p0B0�r=pdtt ; �(��1)r=pZ 1

0

�
t1��

f1t (x)p1B1� r=pdtt
�
� C 0max

�
��r=pJ0(x); �

(��1)r=pJ1(x)
�
:
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Thus, with an appropriate choice of �; we have

(5:8)
f(x) r

B
5 C

�
J0(x)

�1���
J1(x)

�
�
:

Next, since the space (I; �) is non-atomic,

(5:9) K � kfkr
L
p0;r

B

5

Z 1

0

�r=p
0�2 d�

Z
�

0

�
f�(u)

�
r
du

=

Z 1

0

�r=p
0�2 d�

Z
E�

f(x)r
B
d�;

where E� � I is some measurable set with �(E�) = � (see [2, p. 46]).
Let si = rpi=p; then si = pi (i = 0; 1). It is easy to see that p = (1�

�)p0 + �p1; and therefore

r

p0
=
s0

p00
(1� �) +

s1

p01
�:

By using (5.9), (5.8) and H�older's inequality, we obtain

K 5 C

Z 1

0

�r=p
0�2

�Z
E�

J0(x) d�

�1���Z
E�

J1(x) d�

��

d� 5 CK
1��
0 K

�

1 ;

where

Ki =

Z 1

0

�si=p
0

i
�2 d�

Z
E�

Ji(x) d�; i = 0; 1:

In view of (5.6), si < p0
i
; besides, si = pi. Thus, by applying Fubini theorem

and taking into account that Bi is of Paley �-type pi; we get, for every t > 0Z 1

0

�si=p
0

i
�2 d�

Z
E�

f it (x) siBi

d� 5

Z 1

0

�si=p
0

i
�2 d�

Z
�

0

�
(f it )

�(u)
� si du

5 Ckf itk
si

L
p
0

i
;si(Bi)

5 C 0kf itk
si

L
p
0

i
;p
i(Bi)

5 C 00
bi(t) si

lpi(Bi)
; i = 0; 1:

Hence,

K0 5 C

Z 1

0

�
t��
b0(t)p0

lp0 (B0)

�r=p dt
t

and

K1 5 C

Z 1

0

�
t1��

b1(t)p1
lp1 (B1)

�r=p dt
t
:
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By using (5.7), we have

K 5 CK
1��
0 K

�

1 5 C(K0 +K1) 5 C 0kbkr(lp0 (B0);lp1 (B1))�;r :

Then, by applying (5.3), we obtain the inequality (5.5).
We have proved (5.5) assuming that (5.6) holds. Now we will show that

the general case can be reduced to the one considered above with the help
of the reiteration theorem.

Since r < p0, then

1

p
=

1

p0
� �

�
1

p0
�

1

p1

�
>

1

1 + p=r
:

Therefore we can choose � < �1 < 1; so that

(5:10)
1

p1
�

1

p0
� �1

�
1

p0
�

1

p1

�
>

1

1 + p=r
:

We also choose an arbitrary 0 < �0 < � and set

1

p0
=

1� �0

p0
+
�0

p1
:

We have p0 < p < p1. Now choose  such that

1

p
=

1� 

p0
+


p1
:

It is easy to see that � = (1� )�0 + �1.

Let Bi = (B0;B1)�i;pi (i = 0; 1). Then, as it has been already proved, Bi

is of Paley �-type pi. By the reiteration theorem (see [3]),

(5:11) (B0; B1)�;r = (B0; B1);r:

But now we have the same case as above; namely, r < p=(p1 � 1) (see (5.10)).
Thus,

kfk
Lp0;r(B;r)

5 Akbk
lp(B;r)

:

Using (5.11), we obtain (5.5). �

Corollary 5.3. Let Bi be of Paley �-type pi (i = 0;1; 1 < p0 5 p1 < 2);
0 < � < 1 and 1=p = (1� �)=p0+ �=p1. Then the space (B0; B1)�;p is of Paley

�-type p.
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Theorem 5.4. Let (B0;B1) be an interpolation couple of Banach spaces
such that Bi are of strong Paley �-cotype p0

i
(i = 0; 1; 1 < p0 5 p1 < 2). Sup-

pose that 0 < � < 1; 1=p = (1��)=p0+�=p1 and p 5 r 5 p0. Then there exists
a constant A such that for every f 2 L

p

B
(B = B�;r)

(5:12)

�cn(f)	

l
p0;r

B

5 Akfk
L
p

B

:

The proof is the same as that of Theorem 5.2.

Corollary 5.5. Let Bi be of strong Paley �-cotype p0
i
(i = 0; 1; 1 < p0;

p1 < 2); 0 < � < 1 and 1=p = (1� �)=p0 + �=p1. Then the space (B0; B1)�;p
is of strong Paley �-cotype p0.

Theorem 5.6. Let fB0;B1g be an interpolation couple of Banach spaces
such that Bi is of Paley �-type* pi (i = 0; 1; 1 < p0 5 p1 < 2). Suppose that
0 < � < 1; 1=p = (1� �)=p0 + �=p1 and p 5 r 5 p0. Then there exists a con-
stant A such that for every �nite sequence b = fbkg

n

k=1; bk 2 B � B�;r;

(5:13) kfk
L
p0

B

5 Akbk
l
p;r

B

; where f =

nX
k=1

bk'k:

Proof. If r = p, then (5.13) follows from (5.2) and (5.3). Let r > p.
Denote qi = p0

i
(i = 0; 1); q = p0. First suppose that

(5:14) r > q=(q1 � 1):

Let � = � q

q1
. Then q = (1� �)q0 + �q1. Using the L-method, for each

k = 1; : : : ; n; we choose a representation

bk = b
0

k(t) + b
1

k(t)
�
0 < t <1; b

i

k(t) 2 Bi

�
so that

(5:15) kbkkB = C1

�Z 1

0

h
t��

�b0k(t) q0B0 + t
b1k(t) q1B1

�ir=q dt
t

�1=r

;

where C1 is a constant which depends on the given parameters but not on
bk.

Furthermore, we have

kbkr
lp;r(B) =

nX
k=1

kr=p�1(b�
k
)r =

nX
k=1

�
r=p�1

k
kbkk

r

B
;
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where f�kg
n

k=1 is some rearrangement of the indices f1; : : : ; ng. Denote

bi
k
(t) = b

i

k
(t�

�

k
); 0 < t <1; i = 0; 1;

where  = q0 � q1. Then

(5:16) bk = b0
k
(t) + b1

k
(t); 0 < t <1;

and (see (5.15))

kbkkB = C1

�Z
1

0

h
t��

�b0
k
(�



k
t)
q0
B0

+ t
b1

k
(�



k
t)
q1
B1

�ir=q dt
t

�1=r

:

Thus,

kbkr
lp;r(B) = C

� nX
k=1

�
r=p�1

k

Z 1

0

�
t��
b0k(�k t) q0B0�r=q dtt

+

nX
k=1

�
r=p�1

k

Z 1

0

�
t1��

b1
k(�



k
t)
 q1
B1

�r=q dt
t

�

= C

Z 1

0

z��r=q
� nX
k=1

�
r=p�1+�r=q

k

b0k(z) q0r=qB0

+zr=q
nX

k=1

�
r=p�1+(��1)r=q

k

b1
k
(z)
 q1r=q
B1

�
dz

z
:

Denote si = qir=q (i = 0; 1); then si 5 qi. Next,

r

p
+
�r

q
=
s0

q00
;

r

p
+
(� � 1)r

q
=
s1

q01
:

It follows from (5.14) that si > q0
i
(i = 0; 1). By the Hardy{Littlewood in-

equality (see [3, p. 44]), for every z > 0 and i = 0; 1

(5:17)

nX
k=1

�
si=q

0

i
�1

k

bik(z) siBi

=

nX
k=1

ksi=q
0

i
�1
��
bi(z)

��
k

� si
;

where bi(z) =
�
bi
k
(z)
	n

k=1
and

�
(bi(z))�

k

	n
k=1

is the non-increasing rearrange-

ment of the sequence
�bi

k
(z)

Bi

	n

k=1
(for a �xed z).
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The sum on the right hand side of (5.17) equalsbi(z) si
l
q
0

i
;s
i(Bi)

= C
bi(x) si

l
q
0

i
;q
i (Bi)

(si 5 qi; C is a positive constant). Thus, we obtain that

(5:18)

kbkr
lp;r(B) = C

Z 1

0

"
z��
�b0(z) q0

l
q
0

0
;q0 (B0)

+ z
b1(z) q1

l
q
0

1
;q1 (B1)

�#r=q
dz

z
:

Next, let

f iz(x) =

nX
k=1

bik(z)'k(x) (i = 0; 1):

Then

(5:19) f(x) = f0z (x) + f1z (x); 0 < z <1:

Since Bi is of Paley �-type* pi = q0
i
; we have

(5:20) kf izkLqi (Bi)
5 C

bi(z)
l
q
0

i
;qi (Bi)

(0 < z <1):

Using (5.18){(5.20) and applying the L-method we get

kbkr
lp;r(B) = C

Z 1

0

�
z��
�
kf0z k

q0

Lq0 (B0)
+ zkf1z k

q1

Lq1 (B1)

�� r=q dz
z

= C 0kfkr(Lq0 (B0);L
q1 (B1))�;r

(C 0 > 0):

Taking into account the embedding (5.2), we obtain (5.13) under the addi-
tional condition (5.14). The general case reduces to this one by using the
reiteration theorem exactly as in the proof of Theorem 5.2. �

Corollary 5.7. Let Bi be of Paley �-type* pi (i = 0; 1; 1 < p0;
p1 < 2); 0 < � < 1 and 1=p = (1� �)=p0 + �=p1. Then the space (B0; B1)�;p0
is of Paley �-type* p.

Theorem 5.8. Let fB0;B1g be an interpolation couple of Banach spaces
such that Bi is of strong Paley �-cotype* qi (i = 0; 1; 2 < q1 5 q0 <1). Sup-
pose that 0 < � < 1; 1=q = (1� �)=q0+ �=q1 and q

0 5 r 5 q. Then there exists

a constant A such that for every function f 2 L
q0;r

B
(B � B�;r).

(5:21)
�cn(f)	

l
q

B

5 Akfk
L
q0;r

B

:
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Proof. It su�ces to prove the theorem in the case when f is a simple
function. Moreover, since the space (I; �) is non-atomic, we may assume

that f is a function of the form f =
P

N

k=1 ak�Ek
; where ak 2 B and Ek � I

are mutually disjoint measurable sets with �(Ek) =
1
N

(k = 1; : : : ; N).

If r = q0; then (5:21) follows from (5.1) and (5.4). Let r > q0. First we
suppose that the condition (5.14) holds.

Let � = � q

q1
. Using the L-method, we choose for each k = 1; : : : ; N the

representation

ak = a0
k
(t) + a1

k
(t)

�
0 < t <1; ai

k
(t) 2 Bi

�
so that

(5:22)

kakkB = C1

�Z 1

0

h
t��

�a0
k
(t)
 q0
B0

+ t
a1

k
(t)
 q1
B1

�ir=q dt
t

�1=r

(C1 > 0):

Furthermore, we have (p � q0 < r)

kfkr
Lp;r(B) =

p

r
N�r=p

NX
k=1

kr=p�1(a�k)
r
=
p

r
N�r=p

NX
k=1

�
r=p�1

k
kakk

r

B
;

where f�kg
N

k=1 is some rearrangement of the indices f1; : : : ; Ng.

Let ai
k
= ai

k
(t�

�

k
N), 0 < t <1, i = 0; 1, where  = q0 � q1. Setting

si = qir=q; we obtain (see the proof of Theorem 5.6)

kfkr
Lp;r(B) = C

Z 1

0

z��r=q
�
N�s0=q

0

0

NX
k=1

�
s0=q

0

0
�1

k

a0
k
(z)
 s0
B0

+zr=qN�s1=q
0

1

NX
k=1

�
s1=q

0

1�1

k

a1
k(z)

 s1
B1

�
dz

z
:

Let f iz =
P

N

k=1 a
i

k
(z)�Ek

; then f = f0z + f
1
z (0 < z <1). As q0

i
< si 5 qi (see

(5.14)), we have

N�si=q
0

i

NX
k=1

�
si=q

0

i
�1

k

ai
k
(z)
 si
Bi

=
q0
i

si
kf izk

si

L
q
0

i
;si(Bi)

= Ckf izk
si

L
q
0

i
;qi (Bi)

:
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Thus, we obtain

kfkr
Lp;r(B) = C

Z 1

0

"
z��
�
kf0z k

q0

L
q
0

0
;q0 (B0)

+ zkf1z k
q1

L
q
0

1
;q1 (B1)

�#r=q
dz

z
:

Now we can complete the proof as in Theorem 5.6. �

Corollary 5.9. Let Bi be of strong Paley �-cotype* qi (i = 0; 1;
2 < q0; q1 <1); 0 < � < 1 and 1=q = (1� �)=q0 + �=q1. Then the space
(B0; B1)�;q is of strong Paley �-cotype* q.

x6 Estimates of coe�cients for functions

with values in Lorentz spaces

Let (I; �) be a non-atomic measure space, �(I) = 1; and let � be a
uniformly bounded orthonormal system on I. We shall consider series
of functions belonging to the system � with coe�cients from the Lorentz
space Lp;r � Lp;r(
; �), where (
; �) is a measure space. It is known that
Lp;r (1 < p; r <1) is of Fourier type exactly min (p; p0; r; r0) (see [11] and
[14]). This result was obtained by interpolation. Namely, we have for

1 < p0 < p1 <1, 0 < � < 1, 1
p
= 1��

p0
+ �

p1
and 1 5 r <1

(6:1) Lp;r = (Lp0 ; Lp1)
�;r

(see [20]).
Using Theorems 4.2, 5.2 and 5.4, we have the following result.

Theorem 6.1. Let B = Lp;r(
; �) (1 < p < 2; p 5 r 5 p0) and � be an
arbitrary uniformly bounded ONS on I. Then there exists a constant A such
that

(1) for every �nite sequence b = fbkg
n

k=1; bk 2 B;

(6:2) kfk
L
p0;r

B

5 Akbk
l
p

B

where f =

nX
k=1

bk'k;

(2) for every function f 2 L
p

B

(6:3)
c(f)

l
p0;r

B

5 Akfk
L
p

B

where c(f) =
�
cn(f)

	
:

Corollary 6.2. The space Lp;p0 (1 < p < 2) is of Riesz �-type p and
strong Riesz �-cotype p0 for any uniformly bounded ONS �.
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It was proved in [9] that the space Lp;r (1 < p < 2) is of Riesz �-type
p and strong Riesz �-cotype p0 for any uniformly bounded ONS � and any
p 5 r 5 p0. If p < r < p0; then inequality (6.2) expresses a property which is
weaker than being of Paley �-type p but stronger than being of Riesz �-type
p. The inequality (6.3) has a similar \intermediate" character. Of course,
these inequalities are sharp with respect to p (it follows already from the fact
that Lp;r is not of Fourier type greater than p [11], [14]). We shall prove that
inequalities (6.2) and (6.3) are also sharp in a stronger sense | with respect
to the second Lorentz index.

Let 
 be the interval [0; 1] with Lebesgue measure.

Proposition 6.3. Let B = Lp;r[0; 1] (1 < p < 2; p 5 r 5 p0). The fol-
lowing assertions hold:

(1) Let � = f'ng be an arbitrary ONS on [0; 1] such that
��'n(x)�� = 1

a.e. If s > p, then there exists a sequence fbkg 2 l
p;s

B
such that for almost all

x 2 [0; 1]  nX
k=1

bk'k(x)

B
= �n;

where limn!1 �n =1.
(2) If s > p and � > 1, then there exists a sequence of trigonometric poly-

nomials

(6:4) Tk(x) =

nkX
n=�nk

b(k)n e2�inx

such that kTkkLp;s

B

5 1 (k = 1; 2; : : :); but

lim
k!1

fb(k)n g
nk

n=�nk


l
p0;�

B

=1:

Proof. (1) We use Lemma 4.3, setting

q = p; ak = (ln k + 1)1=p; �k =
1

lnk + 1
(k 2 N):

Let bk(y) = ak��k
(y), �k = (�k+1; �k], y 2 [0; 1], and

fn(x) =

nX
k=1

bk'k(x):

The series (4.7)
1X
k=1

k�1(ln k + 1)�s=p
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converges, while the series (4.8)

1X
k=1

�
k(ln k + 1)

��1
diverges. Next, we have

��fn(x)(y)�� = nX
k=1

ak��k
(y) for any x 2 [0; 1]:

As in the proof of Proposition 4.4, we obtain that
fn(x)B = �n !1; for

almost all x, while the sequence
�fbkgnk=1	 l

p;s

B

g is bounded. This implies

(1). Statement (2) follows from statement (1) and Lemma 3.1. �

Thus, it is impossible to replace the norms on the right hand sides of (6.2)
and (6.3) by weaker Lorentz norms, even if we simultaneously take weaker
norms on the left hand sides.

Now we shall show that it is also impossible to improve (6.2) and (6.3)
by means of strengthening the norms on the left hand side, even if at the
same time we strengthen the norms on the right hand side.

Proposition 6.4. Let B = Lp;r[0; 1] (1 < p < 2; p 5 r 5 p0). Then:
(1) If 0 < s < r; then there exists a function f 2 L1

B
such that the par-

tial sums Sn(x) =
P

n

k=�n cke
2�ikx have uniformly bounded B-norms but the

sequence fckg does not belong to the space l
p0;s

B
.

(2) If 0 < s < r and � > 1, then there exists a sequence of trigonometric
polynomials (6:4) such thatfb(k)n g

nk

n=�nk


l
p;�

B

5 1; but lim
k!1

kTkk
L
p0;s

B

=1:

Proof. (1) Let

(6:5) g(z) =

1X
n=1

an cos 2�nz; an = n�1=p
0
�
ln(n+ 1)

��1=s
:

De�ne the function f : [0; 1]! B by the relation

f(x)(y) = g(x+ y); x; y 2 [0; 1]:

Its Fourier coe�cients are

cn(y) =

Z 1

0

f(x)(y)e�2�inx dx =
1

2
ane

2�iny (n = 1);

Acta Mathematica Hungarica 90, 2001



PALEY TYPE INEQUALITIES 181

c�n =
1

2
ane

�2�iny (n = 1):

Thus, kcnkB = 1
2

�
p

q

�1=r
ajnj. Since fang 62 l

p
0
;s; then fcng 62 l

p
0
;s

B
.

Next, for any �xed x 2 [0; 1] the non-increasing rearrangement is�
f(x)

��
(t) = g�(t); 0 5 t 5 1:

But g(z) �
�
z1=p ln1=s(1=z)

��1
; z ! 0 (see [19, p. 187]). Thus, g 2 Lp;r; and

for all x 2 [0; 1] f(x)
Lp;r

= kgk
Lp;r :

Let

Sn(x) =

nX
k=�n

cke
2�ikx; �n(z) =

nX
k=1

ak cos 2�kz:

Then

Sn(x)(y) = �n(x+ y) and
�
Sn(x)

��
(t) = ��n(t) (0 5 t 5 1)

for any x 2 [0; 1]. But (see [21])

���n(z)�� 5 C

z1=p ln1=s(1=z)

�
0 < z 5

1

2
; n 2 N

�
:

Thus,
Sn(x)Lp;r

= k�nkLp;r 5 C 0 for any x 2 [0; 1] and any n 2 N. This

proves the statement (1). The statement (2) follows from (1) and Lemma
3.1. �

Furthermore, by using Theorems 4.1, 5.6 and 5.8, and taking into account
(6.1), we obtain the following result.

Theorem 6.5. Let B = Lq;r(
; �) (2 < q <1; q0 5 r 5 q) and � be an
arbitrary uniformly bounded ONS on I. Then there exists a constant A such
that

(1) for every �nite sequence b = fbkg
n

k=1; bk 2 B

(6:6) kfk
L
q

B

5 Akbk
l
q0;r

B

; where f =

nX
k=1

bk'k;

(2) for every function f 2 L
q
0
;r

B

(6:7)
c(f)

l
q

B

5 Akfk
L
q0;r

B

; where c(f) =
�
cn(f)

	
:
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Corollary 6.6. The space Lq;q
0

(2 < q <1) is of Riesz �-type q0 and
strong Riesz �-cotype q for any uniformly bounded ONS �.

Theorem 6.5 is dual to Theorem 6.1; it is sharp in the same sense (see
Propositions 6.3 and 6.4). We can use here Lemma 2.9. Indeed, if (
; �) is
a non-atomic measure space, then the dual to Lp;r(
; �) may be identi�ed

with the space Lp
0
;r
0

(
; �) (see [2, p. 221]).
Finally we consider the space Lp;r for the case when r does not lie be-

tween p and p0. It is known (see [11] and [14]) that in this case Lp;r is of
Fourier type min (r; r0) (and no better).

Theorem 6.7. Let B = Lp;r (1 < p <1; p 6= 2; r > 1) and � be an ar-
bitrary uniformly bounded ONS on I. Then

(1) if r < min (p; p0), then B is of Paley �-type r and strong Paley
�-cotype r0 and

(2) if r > max(p; p0); then B is of Paley �-type* r0 and strong Paley �-
cotype* r.

Proof. Let 1 < p < 2, r < p (in the other cases the proof is similar). Let
us choose the numbers p0; p1 2 (r;2) so that p0 < p < p1. Furthermore, de�ne
� from the equation 1=p = (1� �)=p0 + �=p1. Then (Lp0 ; Lp1)

�;r
= Lp;r (see

(6.1)). It follows from Theorems 4.2, 2.18 and 2.19 that the spaces Bi = Lpi

(i = 0; 1) both are of Paley �-type r and strong Paley �-cotype r0. It only
remains to apply Corollaries 5.3 and 5.5. �
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