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PALEY TYPE INEQUALITIES FOR
ORTHOGONAL SERIES WITH
VECTOR-VALUED COEFFICIENTS

J. GARCIA-CUERVA, K. S. KAZARIAN (Madrid) and V. I. KOLYADA (La Rioja)*

Abstract. We investigate the extension to Banach-space-valued functions of
the classical inequalities due to Paley for the Fourier coefficients with respect to a
general orthonormal system ®. This leads us to introduce the notions of Paley ®-
type and ®-cotype for a Banach space and some related concepts. We study the
relations between these notions of type and cotype and those previously defined.
We also analyze how the interpolation spaces inherit these characteristics from the
original spaces, and use them to obtain sharp coefficient estimates for functions
taking values in Lorentz spaces.

61. Introduction

The aim of the present paper is to study estimates for the Fourier coeffi-
cients of vector-valued functions. It is part of a field, well developed by now,
which we can call vector-valued Fourier analysis. The origins of this field
lie in the work of S. Bochner [5]. In that work, along with the integration
theory for functions taking values in an arbitrary Banach space, some ques-
tions of Fourier analysis were considered. In particular, it was shown that
Plancherel theorem may fail for vector-valued functions.

Another classical result in the theory of Fourier transforms, the Haus-
dorff-Young theorem, served as the starting point for the work of J. Peetre
[18]. He considered Banach spaces B, satisfying the following property: for
a given p € (1,2] and every function f : R — B such that f € L,

(hrmonsae) ™ sa( [

where p’ = p/(p — 1), the conjugate exponent for p. We shall use this nota-
tion systematically, that is, if p € (1,00), then we shall denote its conjugate
exponent by p’. Such spaces were called spaces of Fourier type p. In the work
[18] this notion was used in a study of interpolation methods. A detailed re-
view of the results pertaining to this line of research and further historical
comments can be found in the paper [9], which we shall often refer to.
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As in the classical situation, we shall consider both the problem of esti-
mating the Fourier coefficients of a function from estimates for the function
itself, and conversely, estimating the function from estimates for its Fourier
coefficients. First of all we shall recall the fundamental results for scalar-
valued functions.

Let ® = {p,} be an orthonormal system on an interval [a, b], uniformly
bounded on this interval, that is, such that

‘apn(x)‘ <M (z € [a,b], n € N)

for some constant M independent of n and .

THEOREM A. For every p € [1,2], we have:

(1) If {ci} € 1P, then there exists a function f € LP'[a,b] such that c; are
the Fourier coefficients of f with respect to the system ® and

(1.1) 1f g < M2 [ {er ] -

(2) If f € LP[a,b], and ci are the Fourier coefficients of f with respect
to the system ®, then

(12) H {Ck}Hlp’ g Mz/p_IHfHLp-

This theorem was proved by F. Hausdorff and W. H. Young for the
trigonometric system and by F. Riesz in the general case.
Inequalities (1.1) and (1.2) can be strengthened in a certain sense.

THEOREM B. For 1 < p < 2, we have:
(1) If {cx} € 1P, then {cr} is the sequence of the Fourier coefficients with
respect to the system ®, of a function f € L'[a,b], such that

w o (f T () ) "< APMW—I(;O‘; ol

(2) If f € LP[a,b] and ¢k are the Fourier coefficients of f with respect to
the system ®, then

(1.4) <§kl’—2(c’,§)l’> v < APMQ/p—1</ab ‘f(l')‘p>

Here f* is the non-increasing rearrangement of the function f and {cj}
is the non-increasing rearrangement of the sequence {c}.
We also have a theorem dual to Theorem B, namely

1/p

1/p
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THEOREM C. Let 2 £ ¢ < oco. Then:
(1) If a sequence {ci} satisfies the condition

oo
S k-t < oo
k=1

then there exists a function f € L[a,b], such that {c.} is the sequence of its
Fourier coefficients with respect to the system ® and

(1.5) (/b \f@)\qdw) g A;M1—2/q(§kq—2(cz>q>

(2) If f € L'[a,b] and ci are the Fourier coefficients of f with respect to
the system @, then

(1.6) (g |ck|‘1> v < AQM”/q(/ObatH(f*(t)) 1 dt)

Theorems B and C are due to Paley; for the trigonometric system they
were proved by Hardy and Littlewood. Each of these theorems implies The-
orem A as a corollary, but with additional multipliers on the right hand sides
of the inequalities (see [21, Ch. 12]).

It is natural to study similar relations in the vector-valued case. The-
orem A leads to the notions of Riesz type p and strong Riesz cotype p’
(1 < p £2) of a Banach space B with respect to the orthonormal system ®
(these are the properties of B expressed in inequalities of the form (1.1) and
(1.2) respectively, see [9]). In order to study the possibility of strengthening
these inequalities in the sense of Hardy-Littlewood—Paley, we introduce in
the present paper the notions of type and cotype based on Theorems B and
C.

Briefly, the content of the paper is as follows. In §2 we give the definitions
of Paley type and cotype and some simple results related to these notions.
In §3 we study the notions of Paley type and cotype for the trigonometric
system and the Walsh system. We prove that, for any of these particular
systems, if a Banach space B is of Paley type p, then it is also of Paley co-
type p’ and vice versa. It is also shown that the Rademacher system has
the best indices of Paley type and cotype among all uniformly bounded or-
thonormal systems. In §4 we show that the spaces L?,1 < p < 2 are of Paley
type p and strong Paley cotype p’. This assertion is stronger than the known
Hausdorff-Young type inequalities for LP-valued functions. The dual state-
ment is proved for the case 2 < p < oc.

In §5 we study the spaces obtained by real interpolation from the spaces
with a given Paley type (Paley cotype). Estimates for the Fourier coefficients
of functions taking values in these spaces are obtained.

1/q

1/q
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Using the results of §5, we derive in §6 sharp coefficient inequalities for

LP"-valued functions, where LP'" is a Lorentz space. These inequalities coin-

cide with the known Hausdorff-Young type estimates only in the case r = p'.

62, Types and cotypes of the Banach spaces

First we recall some general definitions (see [9] for details). Let (I, u)
be a fixed measure space; throughout this paper we will assume that the
measure j is non-atomic and p(I) =1. Furthermore, let B be a Banach
space. If f : I — B is a strongly measurable function, then by f*(¢) (t €
(0,1)) we denote the non-increasing rearrangement of the function H f(:c)H
(z € I). The notation L;" = LP"(B) (0 < p,r < 00) stands for the Lorentz
space of all strongly measurable functions f : I — B such that

1 . d 1/r
e = ([ (e ) <

We have L% = L, (0 < p < o0).
If the sequence {by} (b € B) satisfies the condition

(2.1) lim by, = 0,

k—o0

then {b;} will denote the non-increasing rearrangement of the sequence
{|lbk|l}. The Lorentz space " = I1P"(B) (0 < p,r < o0) is the space of all
sequences {b;} (by € B) satisfying (2.1) and such that

oS 1/r
| {bk}ngr = (Zkr/p_l(bZ)’"> < 0.
k=1

Here also (" = 1%, (0 < p < o).
Next, let ® = {p, } be an orthonormal system (ONS) of real or complex-
valued functions on I. We shall assume that

(2.2) ‘Lpn(x)‘ S M forallz el andall n € N.

For each function f € L} set

(2.3) wlf) = [ Faiu@dn, neN.
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DEFINITION 2.1. Let 1 £ p < 2. We shall say that a Banach space B

is of Riesz ®-type p, if there exists a constant A such that for every finite
sequence {by},_, of elements by, € B

P 1/ n 1/p
(2.4) ( / du) gA(;nbkup) .

REMARK 2.2. Suppose that B is of Riesz ®-type p. Then it is easy to
see that for each sequence b = {by} € I, the series Y ;| bypy converges in

> brpr()
k=1

the norm of L’; and its sum f satisfies the inequality

Il = Allbllg, -

!
Moreover, every permutation of this series converges in L% to the same sum

DEFINITION 2.3. Let 1 £ p £ 2. A Banach space B is said to be of:
(1) Riesz ®-cotype p', if there exists a constant A such that for every

polynomial >, bpr (bx € B)
P 1/p
du) ;

(25) (kz ubkn”’)l/p’ < A( /
=1

(2) strong Riesz ®-cotype p/, if there exists a constant A such that for

every function f € L%
A /P 1/p
) sa( [l

where ¢, (f) are the Fourier coefficients of f.

> bigr(x)
k=1

(2.6) (Z [ en ()]
k=1

REMARK 2.4. These definitions are directly connected with the Riesz in-
equalities (1.1) and (1.2). For the Rademacher system the notions of type
and cotype were studied first by J. Hoffman-Jorgensen [12] and B. Maurey
[17] (see also [19]). A few years earlier J. Peetre [18] introduced the defini-
tion of Fourier type of a Banach space (in terms of the vector-valued Fourier
transform). For general ONS the notions of type and cotype were considered
in [9], where additional references and comments can be found.

Now, motivated by Theorem B, we introduce the notions of Paley type
and cotype, which express stronger properties of the Banach spaces.
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DEFINITION 2.5. Let 1 < p < 2. We say that a Banach space B is of
Paley ®-type p, if there exists a constant A such that for every finite sequence

{bk}zy (bx € B)

(27) (/ ltp—2(f*<t>)”dt) " A<kz I "

where f =>"7"_ | brpy.
Inequality (2.7) can also be written in the form

(2.8) 1 e e = Allbllp s b= {bi}i—y-
B

For the Paley type, an observation similar to Remark 2.2 also holds.

DEFINITION 2.6. Let 1 < p < 2. A Banach space B is said to be of:
(1) Paley ®-cotype p', if there exists a constant A such that for every

polynomial f ="}, bypr (by € B)
» 1/p
du) ;

n 1/p

(2.9) (Z W(b;;)p) <4 ( /
k=1 I

(2) strong Paley ®-cotype p’, if there exists a constant A such that for

every function f € L%

(210) (ik”‘z(%(f))p> " a( fisran) "

Of course, this definition can also be written in terms of Lorentz norms;
for example, inequality (2.10) takes the form

[Pl S AWy o) = {erl)}-

n
> brer
k=1

(2.11)

REMARK 2.7. For 1 < p < 2, we have (see [2, p. 217])
171 < Collfl

Thus, if a Banach space B is of Paley ®-type p, then it is also of Riesz
O-type p. Of course, the converse is not true (see §6 below).

Similarly, if the space B is of Paley ®-cotype p', then it is also of Riesz
®-cotype p'.
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We shall say that @ is a complete system in LP"(0 < p,r < 00), if all the
polynomials >}, appr with scalar coefficients form a dense set in LP".

PROPOSITION 2.8. Let 1 < p <2, and suppose that ® is a uniformly
bounded system which is complete in LP(I). Then:

(1) if a Banach space B is of Riesz ®-cotype p', then B is of strong Riesz
d-cotype p';

(2) if @ Banach space B is of Paley ®-cotype p', then B is of strong Paley
O-cotype p'.

Part (1) of this proposition was proved in [9] (Proposition 7.7); the proof
of part (2) is similar.

B* will denote the dual space of the Banach space B. We shall use the
following lemma.

LEMMA 2.9. Letr,s € (1,00) and p € (1,2]. Then the following proper-
ties are equivalent:
(1) There exists a constant A such that for every finite sequence

b= {br} (b € B)

(2.11) ‘

> bror
k

< Al
e

(2) There exists a constant A’ such that for every function g € L%l:’ the
sequence c¢(g) = {cn(g)} of its Fourier coefficients satisfies the inequality

(2.12) el pror < Allgll o
B* B*

The statement remains true if we exchange the réles of B and B*.
Setting r = p’, s = p, we obtain the following

THEOREM 2.10. Let 1 <p < 2. A Banach space B is of Riesz ®-type
p (strong Riesz ®-cotype p') if and only if its dual B* is of strong Riesz
O-cotype p' (respectively, Riesz ®-type p).

The proof of this theorem can be found in [9] (Theorem 7.8). Lemma 2.9
can be easily proved by similar standard arguments. We only have to use
the following proposition.

PROPOSITION 2.11. Let B be a Banach space and assume 1 < p,r < oo.
Then there exists a constant C,, such that for every function g € L%"

Y

(2.13) £l < Cprsp| [ (FCogte)
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where the supremum is taken over all functions g € L%’;r’ with ||g“L%,;:,, =1.

The proof of this statement also uses the standard technique. In the
scalar case, inequality (2.13) is well known (see [2, p. 221]). Using this fact
and the approximation by simple functions in L%’T, one can easily obtain
(2.13) in the vector-valued case. For p = r the proof of (2.13) can be found
in [8, p. 97].

Now set r = s =p, 1 <p <2 in Lemma 2.9. We obtain that if the space
B is of Paley ®-type p (strong Paley ®-cotype p’), then its dual B* possesses
a new property, expressed by inequalities of the form (1.6) (correspondingly,
(1.5)). Thus it is natural to introduce the following definitions.

DEFINITION 2.12. Let 2 < ¢ < co. A Banach space B is said to be of
(1) Paley ®-cotype* ¢, if there exists a constant A such that for every

polynomial f ="}, byor (by € B)

(2.14) Bk}l < AlFl .0

(2) strong Paley ®-cotype* ¢, if there exists a constant A such that for
every function f € L}? the sequence of its Fourier coefficients satisfies the
inequality

(2.15) [e() i, = AlFll g elf) = {e()}-

We have the analogue of Proposition 2.8.

PROPOSITION 2.13. Let 2 < ¢ < oo and suppose that ® is a uniformly
bounded system which is complete in Lq”q(I). If a Banach space B is of
Paley ®-cotype™ q, then B is of strong Paley ®-cotype* q.

Next, we give the following

DEFINITION 2.14. Let 2 < ¢ < co. We will say that a Banach space B
is of Paley ®-type* ¢/, if there exists a constant A such that for every finite
sequence b = {by},_, (bx € B)

210) i S Albllyo where £ = b
k=1

REMARK 2.15. If B is of Paley ®-type* ¢’ (2 < ¢ < o0), then for every

sequence b= {by}7—, € l%’q the series Y 7o, by converges in L% and its
sum f satisfies the inequality (2.16).

REMARK 2.16. For 2 < ¢ < oo we have (see [2, p. 217])
! < !
1710 < Cll I
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Thus, if a Banach space is of (strong) Paley ®-cotype* ¢, then it is also of
(strong) Riesz ®-cotype ¢. Analogously, Paley ®-type* ¢’ of a Banach space
B implies Riesz ®-type ¢’ of B.

We shall see in §4 that the property of being Paley ®-type p and that of
being Paley ®-type* p are not related to each other in the sense that none
of them is stronger than the other.

Lemma 2.9 contains the following duality theorem.

THEOREM 2.17. Let B be a Banach space and 1 < p < 2. Then:
(1) B is of Paley ®-type p if and only if B* is of strong Paley ®-cotype*
/
P
(2) B is of strong Paley ®-cotype p' if and only if B* is of Paley ®-type*
p.
We also have the following properties of type and cotype.

THEOREM 2.18. Let a Banach space B be of Riesz ®-type p, 1 <p
< 2. Then, for each 1 <r < p, B is of Paley ®-type r and Paley ®-type*
r. Moreover, for every r € (1,p) and every s > 0, there exists a constant K
such that for every finite sequence b = {by} (by € B)

(217 110 S

[ll e, where = bier.
P

THEOREM 2.19. Let a Banach space B be of strong Riesz ®-cotype p’,
1 < p < 2. Then B is of strong Paley ®-cotype v’ and strong Paley ®-cotype*
" for every r such that 1 < r < p. Moreover, for every r € (1,p) and every
s > 0 there exists a constant K, such that for each function f € L'’

(218) e

|f||L7§s, where c(f) = {cn(f)}

v S K
Iy =

Actually Theorems 2.18 and 2.19 were proved in [9] (Theorem 7.11) by
interpolation methods. It was also pointed out in [9] that these results can be
obtained directly from the corresponding estimates of the rearrangements.

63. On some concrete systems

The notions introduced in §2 are based on the theorems by Riesz and
Paley (see §1). In both theorems there is a symmetry between the sum of
an orthogonal series and the sequence of its Fourier coefficients. This sym-
metry may break down for a series with vector-valued coefficients. In other
words, ®-type p and ®-cotype p’ may represent quite different properties of
the Banach spaces (see [16], p. 72).
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We shall show that, for the trigonometric system, being of a given type
and being of the corresponding (conjugate) cotype, are equivalent properties.
The same result holds for the Walsh system.

LEMMA 3.1. Let B be a Banach space, 1 <p < 2 and1<r,s <oo. Then
the following properties are equivalent:
(i) there exists a constant A such that for every trigonometric polynomial

n
(3.1) fla)=>" bpe®™* with b={b};__, CB
k=—n
the inequality
(3.2) Il = Allbllge
holds;
(ii) there exists a constant A" such that for every polynomial f as in (3.1),
the inequality

(3.3) 1801, S ANl oo
B

holds.

PROOF. Let us fix the polynomial (3.1). The function Hf(:c)H is 1-
periodic on R. Let ¢ > 0. There exists 6 = 1/N (N > 2n and N even) such
that on every interval of length ¢ the oscillation of the function H f(ac)” is

less than €.
Set Ay = [k6, (k+1)6) (k € Z). Let

2n
g(x) = ankaAk (x) for 0Sax<1
k=0

and then consider the function g extended to the whole line R with period
1. Clearly

2n
lo@)|| =D Ibn-kllxa, (@)
k=0
and

2n
(3.4) 7= Bxa ), 0<t<1,
k=0
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where {b} is the non-increasing rearrangement of the sequence

DY

Furthermore, for every v € Z (v # 0)

1 .
cy = cl,(g) — /0 g(m —2mivx dr an k:/ —2mive dr

1— e—27r2't/6

— ef2m'm/6f(y(5),

2miv
and ¢y = co(g) = 6f(0). Therefore,

(3.5)

| sin v

levesnll = 2o a7 @D (v +iN#0. -Nj2 S v <N/2. j € 2).

Let {cj},-, and {f,j}fcvzl be the non-increasing rearrangements of the se-

quences {||c,,||}3°:_C>O and { | £(vo)] }]VVZ/Q:A}/Q respectively. Since (see (3.5))

2
||Cu||§;5Hf(V5)H, —N/2 £v < N/2,
then
(36) i <

On the other hand,

(3.7) ucmNug\ \uf I £ws)|s

H6‘||+1

(=N/2Sv<NJ/2, v+jN #0, j€Z). Let 1 <q<min(s,p). Then, by
(3.7),

1< 1
(3.8) (cp)? £ z > ()= L sup > lleml

ACZ,|Al=k o oh

6 in (k,
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Now suppose that we have the property (i). Since g is a simple function,

!
we know that its Fourier series converges to g in the norm of L;". Therefore,
by our assumption,

(3.9) gl e < All{es ] e

By using the estimate (3.8), taking also into account that ¢ < p, we have

(3.10) Hew ] e

1/s
< s

> ( i ) Y (i ) S/qNs/ps/q]

k=1 7=1 k=1

Now, applying Hélder’s inequality with exponents s/q (¢ < s) and its conju-
gate to the last sum, we get

N N

s/
(L) oS iy,

k=1 k=1

Also, by applying Hardy’s inequality to the first sum in the right hand side
of (3.10), we obtain

N

1/s
(3.11) ey < co( i)

k=1

Denote f(x) = gz/i\}ﬂ f(k6)xa,(z). Then, by the choice of §, we have

[f@I = IF@)|[]| <& = e[-1/2,1/2),
and
(3.12) FO)—e<rO<F W+, 05t<l.
Furthermore,
No1
(3.13) feiixa, (@) 0<t<1.
k=0
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Thus,

N 1/s 1 1/s
(Xwrnr) sese( [ e (7))
k=1

0

1 1/s
< C&l/”</ ts/pl(f*(t)+s)sdt> :
0

and, by virtue of (3.11),

1 1/s
(3.14) H{@}mns§cwuﬂ(/‘#m%fﬂﬂ—%dsﬁ> |
B 0

Next (see (3.4)),

61/1,! 2n o1 . 1/r
(3.15) ol 2 S5 (3 e )
k=0

By using (3.9), (3.14) and (3.15), we obtain

1 1/s
1Bl = A'(/ () +€)Sdt> :
B 0

Hence inequality (3.3) follows at once.

Let us assume now that property (i) holds. By applying this property
to the partial sums of the Fourier series of the function ¢ and taking into
account that this series converges to ¢ in the norm of L%’ we obtain the
inequality

(3.16) H{ewH ] < Allgll g

By using (3.12), (3.13) and (3.6), we have

1 , s i, 1/r
1, < (/0 I (F ) 4 <) dt)

N

. . 1/r
(S k) e

k=1

<c

e

N ’ 1/r
6_1/1’(Zkr/p _l(c’,;)r> + <.
k=1
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On the other hand (see (3.4)),

2n

1/s
lolye < 00 ()

k=0

Thus, by using (3.16), we obtain
o r < A(lBllge + <)

This implies (3.2) and the lemma is proved. O

The exact counterpart of Lemma 3.1 is also true for the system of Walsh
functions W = {w, },—, (see [9] for the definition). For p =r = s this was
proved in [9]; the proof for the general case is similar. Thus, we have, denot-
ing T = {e*™"*}  _, (and applying also Propositions 2.8 and 2.9)

THEOREM 3.2. Let B be a Banach space, 1 <p <2, and @ =T or
& =W. Then:

(1) B is of Riesz ®-type p if and only if B is of strong Riesz ®-cotype p';

(2) B is of Paley ®-type p if and only if B is of strong Paley ®-cotype
py

(3) B is of Paley ®-type* p if and only if B is of strong Paley ®-cotype*

/

P

Part (1) of this theorem was proved in [9] (Theorems 7.13 and 7.14).
Related results for Fourier type were obtained in [1], [4], [6], [10] and [15].

Denote by R the Rademacher system of functions

rn(x) = sgnsin 2" rx (z €[0,1],n € N).

Note that Riesz R-type and Riesz R-cotype are usually called simply type
and cotype.

Applying the Kahane’s inequality (see, for example, [13]), we immedi-
ately obtain

PROPOSITION 3.3. Let B be a Banach space. Then:
(i) B is of Riesz R-type p (1 < p < 2) if and only if B is of Paley R-type
p;
(ii) B is of Riesz R-cotype q (2 < q < o0) if and only if B is of Paley
R-cotype* q;
(iii) if B is of Paley R-type* p, then B is of Paley R-type p (1 < p < 2);
(iv) if B is of Paley R-cotype q, then B is of Paley R-cotype® q (2 < ¢
< 00).

In §4 this proposition will be complemented by counterexamples which
show that the statements (iii) and (iv) cannot be reversed.
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It is known that if B is of Fourier type p (1 < p < 2), then B is of type
p and cotype p’ (see [1], [9], [10], [14]). We have a more general statement.
Let (I,u) be a measure space (u(I) =1).

THEOREM 3.4. Let B be a Banach space and let ® be a uniformly
bounded orthonormal system on I. Then:

(i) if B is of Riesz ®-type p (1 < p £ 2), it follows that B is of Riesz
R-type p;

(ii) if B is of Riesz ®-cotype q (2 £ q < 00), it follows that B is of Riesz
R-cotype q.

This theorem was proved in [9]; the proof made use of the contraction
principle. Similarly we obtain the following theorem.

THEOREM 3.5. Let B be a Banach space and let ® be a uniformly
bounded orthonormal system on I. Then:

(i) if B is of Paley ®-type* p (1 < p £ 2), it follows that B is of Paley
R-type* p;

(ii) if B is of Paley ®-cotype q (2 < q < 00), it follows that B is of Paley
R-cotype q.

Of course, Paley ®-type p implies Paley R-type p, and Paley ®-cotype* ¢
implies Paley R-cotype* ¢. This follows from Theorem 3.4 and Proposition
3.3.

64. Types and cotypes of LP-spaces

Let (I,u) be a non-atomic measure space (u(l) =1) and ® be an or-
thonormal system on I satisfying the condition (2.2). It is known that the
space LP(Q,v) (where 1 < p < oo and (2,v) is an arbitrary measure space)
is of Riesz ®-type min (p,p’) and in the general case this result cannot be
improved (see [9]). Now we will prove some stronger assertions.

THEOREM 4.1. Let 2 < g < oo and B = L1Q,v). Then B is of strong
Paley ®-cotype™ q and Paley ®-type* ¢'.

PROOF. Let f be a simple function of the form
N
j=1

where d; € B and E; C I are mutually disjoint p-measurable sets with
w(E;) =1/N(j =1,...,N). Since the space (I, ) is non-atomic, the set

of all functions of the form (4.1) is dense in Lg’q.
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We have

(4.2) S e =3 / |ex() ()] “du(y).
k=1 k=179

Next, by inequality (1.6), for every y € Q
'] 1

(43) >l < a2 [ e (gy() e,
k=1

where f(£) is the non-increasing rearrangement of the function
fo@) = f@)(y) = Y dily)xm(x)  (z € y € Qs fixed).

Let {Ej(y)};v:l be the non-increasing rearrangement of the sequence

{dj(y)} j.\;l. Then

- j=1J
BO=S T A=),

Jj=1

and the integral on the right-hand side of (4.3) does not exceed
N p—

(4.4) NN 972 (d(y) “.
j=1

Now let {ny,...,ny} be the permutation of the indices {1,..., N} such that
|dn;|l = dj (j =1,...,N). By the Hardy-Littlewood theorem (see [2, p. 44]),
for every y € Q2

N B N
(4.5) D G ()T £ DG dny ()]

Thus, we obtain (see (4.2)-(4.5))

[eS) N
> lalhl)* < 4Vt 37 o [ [, ()] dvto)
k=1 j=1 Q
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N
= ANTTIMITEY "R (),
j=1

But
N N
[f@)] =D ldjlixg (x) and  f5(€) = dixa, ().
j=1 j=1
Thus,

o0 1
Yo llen]” < A;M“/O 2 (£4(€)) de
k=1

and therefore B is of strong Paley ®-cotype® ¢. Similarly we obtain that B
is of Paley ®-type* ¢/. O

Using Theorem 2.17, we obtain

THEOREM 4.2. Let 1 <p <2 and B =LP(Q,v). Then B is of Paley
O-type p and strong Paley ®-cotype p'.

The values of the types and cotypes in Theorems 4.1 and 4.2 are sharp.
This follows from the corresponding statements for the Riesz types and co-
types (see [9]).

Now we will obtain some negative results. First of all we consider the
following general construction.

LEMMA 4.3. Suppose that there are given:

(1) some numbers p,r,q,s € (1,00);

(2) a positive decreasing sequence {np} with n1 =1, N > Nkt1,
limy, o0 Mk = 03

(3) a positive increasing sequence {ay} such that { ax(n; — nkH)l/p} de-
creases;

(4) an orthonormal system ¥ = {1} on [0,1] with ‘zpn(m)‘ =1 almost
everywhere (n € N).

Furthermore, let bi(y) = arxa, (y), Ak = (k+1, mk), and

o0

(4.6) Fz,y) = bi(y) ().
k=1
Then
oo 1/s
(4.7) (RS P Ap,,n(Z k11 (ag| Ak VP) > 7
k=1
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and for almost all x € [0,1]

0o 1/1‘
(4.8) | F e, )] o = Ap,r(zak(mi/” - nZi’ﬁ)) :

k=1

ProoF. We have
1/r
el = (2) " arldul?, keN.

Since this sequence decreases, we get (4.7).
Next, for every y € Ay, and almost all @ € [0,1] | F(z,y)| = ar. As {ar}
increases, we get

[eS) 1/r
| F ()| o = (Za; /mc tr/p—ldt>

k=1 Mk+1
P\ (< r/p _ r/p Y
:(;> (Z k(. _”k+1)> : O
k=1

PROPOSITION 4.4. The space B = LP[0,1] (1 < p < 2) is not of Paley
O-type* p for any uniformly bounded ONS ®.

PROOF. Let a; = (Ink + 1)*7, n, = (Ink + 1)~ (k € N). Then the se-

quence ay (g — Nes1) /P ~ [k(lnk + 1)] ~MP decreases. Let us apply Lemma
4.3 with ¢ =r =p, s =p' and ¥ = R. In our case the series (4.7) is

(4.9) Z L
=1

klnk+1p/” 2—p

i.e. convergent, while the series (4.8)

4.10
(4.10) ;klnkwtl -

diverges. Let fn(x) = > 5, beri(z). It is easy to see that for every x € [0, 1]
i [ fa(@) p = | £z,

n—oo

(see (4.6)). But the right hand side is infinite for almost all = € [0,1] (see
(4.8) and (4.10)). Therefore,

lim Hf”HLP' = 00,
n—oo B
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while
H {bk}Z:lH L g A;; < o0
B
(see (4.7) and (4.9)). Thus, LP? is not of Paley R-type* p. Applying Theorem
3.5, we complete the proof. O

As above, we denote by T the trigonometric system, and by W the Walsh
system.

PROPOSITION 4.5. The space LP[0,1] (1 <p<2) is not of Paley
O-cotype* p' neither for ® =T nor for ® =W.

This is an immediate consequence of the Proposition 4.4 and Theorem
3.2 (see also Proposition 2.13).

PROPOSITION 4.6. The space B = L9]0,1] (2 < ¢ < 00) is not of Paley
D-cotype q for any uniformly bounded ONS P.

Proor. We use Lemma 4.3, setting s=¢, p=r=gq, a=
EY9(nk 4+ 1) g =1/k (k € N) and ¥ = R. The series (4.7) assumes

the form
— k(lnk +1)

On the other hand, the series (4.8)

Zklnk—l—l

k=1
converges.

Let fo(x) = p_; beri(x). Then

H {bk}}z:lHl}gq’ — 00 as N — 0o,

and the sequence {||fn||L%o} is bounded. It follows that B does not have
Paley R-cotype ¢. It remains to apply Theorem 3.5. O

Using Theorem 3.2, we also get

PROPOSITION 4.7. The space B = L1]0,1] (2 < ¢ < 00) is not of Paley
O-type ¢' for neither ® =T nor ® = W.

From Theorems 4.1 and 4.2 and Propositions 4.4 and 4.6 we deduce the
following complement to Proposition 3.3.
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COROLLARY 4.8. For every uniformly bounded ONS @,
(1) Paley ®-type p (1 < p < 2) does not imply Paley R-type™* p;
(2) strong Paley ®-cotype® q (2 < q¢ < 00) does not imply Paley R-cotype

Besides, we obtain the following general statement.

COROLLARY 4.9. Let @ =T or ® =W. Then:

(1) A Banach space may be of Paley ®-type p (1 <p < 2), but not of
Paley ®-type* p, and vice versa;

(2) A Banach space may be of Paley ®-cotype q (2 < ¢ < 00), but not of
Paley ®-cotype™ q, and vice versa.

65. Interpolation of Paley type spaces

Let {By, B1} be an interpolation couple of Banach spaces. If 0 < 0§ < 1
and 1 < r < oo, then we shall denote by (By, Bi1)g,» = Bs, the interpolation
space obtained by the real interpolation method. Also, we shall denote by
[By, Bi]gp = By the interpolation space obtained by the complex interpolation
method. See [3] and [20].

It was proved by J. Peetre [18] that if B; are of Fourier types
pi €[1,2] (1 =0,1)and 1/p = (1 —0)/po+0/p1, then By , and By both are of
Fourier type p. Furthermore, H. Konig [14] showed that for every p < r < p/,
the space By, is of Fourier type p (see also [9]).

Note that the complex interpolation of spaces with given Fourier types
has also been considered in the work of M. Cwikel and Y. Sagher [7].

In this section we shall study the behaviour under interpolation of the
Paley types with respect to general ONS. As applications of these theorems,
we shall obtain sharp coefficient estimates for functions with values in the
Lorentz space LP".

Sometimes we will use the notation LP"(B) instead of L}".

LEMMA 5.1 [14]. Let 1 <po,p1 £2,0<0<1,1/p=(1—-0)/po+0/p1
and p <r <9p'. Then, for any interpolation couple of Banach spaces

{By, B}, we have the following continuous embedding maps

(5.1) L"(Bo,) — (L"(Bo), L™ (B1)) 4
(5.2) (LP3(By), LP1(B1)) o, = L¥ (By,,),
(53) P(By,) — (I"(Bo), 1" (B1)) 4,
(5.4) (I70(Bo), 1" (B1)) 5, = I” (By,r)-
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Let ® = {p,} be a uniformly bounded orthonormal system of functions
on a space I with a non-atomic measure u (,u(I) = 1) .

THEOREM 5.2. Let { By, B1} be an interpolation couple of Banach spaces
such that Bj is of Paley ®-type p; (i =0,1; 1 < py < p1 < 2). Suppose that
0<0<1,1/p=(1-0)/po+0/p1 and p <r < p'. Then there exists a con-
stant A such that for every finite sequence b= {by},_, (b € B = By,)

(5.5) Il e = Allblg s where  f = > brer

PRrOOF. If r = p’ then (5.5) follows from the embeddings (5.2) and (5.3).
Let » < p’. Moreover, suppose first that

(5.6) r<p/(p1—1).

Using the L-method (see [18, p. 29]), We choose a representation b = b0(t)
+b1(t), 0 <t < oo, b'(t) = {bi(t) }k > b, (t) € Bi (i =0,1), so that

(5.7) 10l {2eo (Bo) 121 (B1)).0

r/pdt
201/0 [t U(Hbo ‘lpo(BO +tHb1 ‘lpl(B1))] 7’

where 1 = 6p/p; and C] is a positive constant depending on the given pa-
rameters but independent of b. Denote

=Y b)) (i=0,1).
k=1

Then f(z) = f2(z) + f(x), 0 < t < co. Using again the L-method, we have,
for each A > 0 and each x € I:

r/p dt

sl s [ el el i sl

< C' max {/\’7’"/” / ()| 2 \PO)T/P‘? A(=Dr/p
0

/0 (1 n”ft ‘ )T/pit] = C' max [)\’"’/PJO(JC),)\(’7—1)7‘/PJ1(1:)].
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Thus, with an appropriate choice of A, we have

(5.8) ()] < (o) ™" (Ju(x)) "

Next, since the space (I, ;) is non-atomic,

IR ¢ .
(5.9 K=l < [ e e [ (7)) du

1
— r/p'—2 r
/0 €2 ge /Eg nolen

where E¢ C I is some measurable set with p(E¢) = (see [2, p. 46]).
Let s; = rp;/p; then s; 2 p; (i =0,1). It is easy to see that p = (1 —
n)po + np1, and therefore

/

1
1—n)+ .
o d=mt

T S0 s
v
0 1

By using (5.9), (5.8) and Holder’s inequality, we obtain

1 1-nm Ui
K<cC / g’“/P’2( / Jo(x) dp> ( / Jl(m)du> d¢ < CK; K],
0 E¢ E¢

where

1
Kl:/ ¢Pi=2qe | Ji(x)dp, i=0,1.
0 B

In view of (5.6), s; < pl; besides, s; 2 p;. Thus, by applying Fubini theorem
and taking into account that B; is of Paley ®-type p;, we get, for every ¢t > 0

1
5i/pi—2 (
/Of df/Eg | i)

' 1 o 3 i\ 54
nns [ e rag [ () du

Si

gy 1= 0,1

Hence,
Ky < C/OOO (O o)) T/p%
and
K, < C/OOO G ROl " %.
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By using (5.7), we have

K§C&ﬁ%ﬁ§a%+KQ§OWWWMW%MW
Then, by applying (5.3), we obtain the inequality (5.5).

We have proved (5.5) assuming that (5.6) holds. Now we will show that
the general case can be reduced to the one considered above with the help
of the reiteration theorem.

Since r < p/, then

11 (1 1) 1
S ——— ) > ———.
P Do Po D1 L+p/r

Therefore we can choose # < 0; < 1, so that

1 11 1
(5.10) = (== s —
71 Do Po D1 1+p/r

We also choose an arbitrary 0 < 6y < 6 and set

1 1-6 6
_ 0, %

Do Do D1

We have py < p < p;. Now choose v such that

1 1-—
_lov o
p Po P1

It is easy to see that = (1 — )y + 701. B
Let B; = (Bo, B1)g; 5, (i = 0,1). Then, as it has been already proved, B;
is of Paley ®-type p;. By the reiteration theorem (see [3]),

(5.11) (Bo, B1),, = (Bo, B1), -

But now we have the same case as above; namely, r < p/(p; — 1) (see (5.10)).
Thus,

1l @, ) < A, .
Using (5.11), we obtain (5.5). O

COROLLARY 5.3. Let B; be of Paley ®-type p; (i =0,1; 1 < pg < p1 < 2),
0<0<landl/p=(1-0)/po+0/p1. Then the space (Bo,B1)gy,, is of Paley

D-type p.
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THEOREM 5.4. Let (By, B1) be an interpolation couple of Banach spaces
such that B; are of strong Paley ®-cotype pl (i =0,1; 1 < py < p1 < 2). Sup-
pose that0 < 0 < 1,1/p=(1—0)/po+0/p1 andp < r < p'. Then there exists
a constant A such that for every f € LY, (B = By,)

(5.12) el Hl e = ANy,

The proof is the same as that of Theorem 5.2.

COROLLARY 5.5. Let B; be of strong Paley ®-cotype p} (i =0,1; 1 < po,
p1<2),0<60<1andl/p=(1-0)/po+6/pi. Then the space (Bo,B1),,
is of strong Paley ®-cotype p'.

THEOREM 5.6. Let { By, B1} be an interpolation couple of Banach spaces
such that B; is of Paley ®-type* p; (i =0,1; 1 < pg < p1 < 2). Suppose that
0<0<1,1/p=(1-0)/po+0/p1 and p <r < p'. Then there exists a con-
stant A such that for every finite sequence b= {by};_,, bp € B = By,

(5.13) 1Az = Allbllgr,  where f = kz:bm%-
=1

PrOOF. If r = p, then (5.13) follows from (5.2) and (5.3). Let r > p.
Denote ¢; = p} (i =0,1), ¢ = p. First suppose that

(5.14) r>q/(qg —1).
Let n = qul. Then ¢ = (1—17)g +ng1. Using the L-method, for each
k=1,...,n, we choose a representation

be =Dbo(t) +0p(t) (0 <t< oo, B(t) € By)
so that

oo ) _ rfadt\ "
(5.15) IIkaBEQ(/O [t*n(HbZ(t)Hg)o+t\|bi(t)quBl)} ‘%) )

where (' is a constant which depends on the given parameters but not on
by
Furthermore, we have

r - r/p—1/p%x\T - r/p—1 r
1Bl 5y = S EPL B0 =3 P el
k=1 k=1
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where {0y };_, is some rearrangement of the indices {1,...,n}. Denote
bi(t) =D(toy”),  0<t<oo, i=0,1,

where v = ¢y — ¢q1. Then

(5.16) b, = b2(t) +bi(t), 0 <t< oo,

and (see (5.15))

= rfa dt\ "
il 2 5 ([ [rrisReoton, = dikiogol )] 4

Thus,

||b||;p,r(3) 2 C{Za;/p_l /000 [t—nubg qu]r/th
k=1
Z r/p— 1/ tl ngl H ]r/th:|
k=
=C /000 Lnr/q [i U;/p—l-wnr/qH bo H qor/q

k=1
- dz
+r/4 Z U;/p—lﬂ(n—l)r/q H bl H ar/q
Denote s; = ¢;r/q (i = 0,1); then s; < ¢;. Next,
roam s r a=br s
P ¢ @ P q a4

It follows from (5.14) that s; > ¢/ (i =0,1). By the Hardy—Littlewood in-
equality (see [3, p. 44]), for every z > 0 and i = 0,1

(5.17) Z o T 2 YR (B ) )
k=1

where b'(z) = { b}.(2)} Z:l and { (b(2));} Z:l is the non-increasing rearrange-
ment of the sequence { H b}c(z)H Bi}Z:1 (for a fixed z).
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The sum on the right hand side of (5.17) equals

(IOIp

2 Clv@ll

1905 (B;) 199 (B;)
(si £ qi; C is a positive constant). Thus, we obtain that

(5.18)

0o T dz
¥l 2 € [ [ (I \mm3+4w‘mmﬁﬁl‘?

Next, let

Then

(5.19) fle) = f2(x) + f2(2), 0<z< o0
Since B; is of Paley ®-type* p; = ¢}, we have

(5.20) 1200y S I s,y (0 < 2 < 00).

Using (5.18)—(5.20) and applying the L-method we get

r o0 r dZ
W0y 2 € [ [0 oy + 21820 )] " 2

2 CI“f“EL‘IO(BO),qu(B1))9,,, (C’ > 0).

Taking into account the embedding (5.2), we obtain (5.13) under the addi-
tional condition (5.14). The general case reduces to this one by using the
reiteration theorem exactly as in the proof of Theorem 5.2. O

COROLLARY 5.7. Let B; be of Paley ®-type* p; (i=0,1; 1< po,
p1<2),0<0<1land1l/p=(1-0)/po+0/p1. Then the space (Boy, By)sp
is of Paley ®-type* p.

THEOREM 5.8. Let { By, B1} be an interpolation couple of Banach spaces
such that B; is of strong Paley ®-cotype* q; (i =0,1; 2 < 1 < qo < 00). Sup-
pose that 0 < 0 <1,1/q=(1-0)/q0+0/q1 and ¢ < r < q. Then there exists
a constant A such that for every function f € LY (B = By,).

(5.21) [{ealH)} quB = Allfll -
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PROOF. It suffices to prove the theorem in the case when f is a simple
function. Moreover, since the space (I, ) is non-atomic, we may assume
that f is a function of the form f = Efc\;l L XEy Where ap € Band Ey, C I
are mutually disjoint measurable sets with p(Ex) = + (k=1,...,N).

If r = ¢/, then (5.21) follows from (5.1) and (5.4). Let r > ¢'. First we
suppose that the condition (5.14) holds.

Let n = 0%. Using the L-method, we choose for each £k =1,..., N the

representation
ar =ap(t) +a,(t) (0<t< oo, @t) € B)

so that

(5.22)

o0 g dt\Y"
||ak||Bzca(/0 (R, +aol,)] q;) (C1>0).

Furthermore, we have (p = ¢’ <)

N N
r Dar—r r/p— *A\T P r/p—1 r
1y 2 EN 703 R0 ag) = 2N 3 0

r
k=1 k=1

where {ak}g | is some rearrangement of the indices {1,..., N}.
Let aj, = aj(to, "N7), 0 <t < oo, i =0,1, where v = ¢y —¢1. Setting
si = qir/q, we obtain (see the proof of Theorem 5.6)

N
[ee]
r — — ! o—1
iy 2 € [ z"’"/q[N so/th 3 20/ g9 )| 2
k=1

N
ey S o) £
k=1

Let f! = Egil al (2)xp,; then f=fO+ f1(0<z < 0). Asql <s; < g (see
(5.14)), we have

N

N-sild, Zazi/qiflu a(2)]

k=1

i q
5z L

Lq 284 B) —C“f ||Lq qz )
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Thus, we obtain

o r/q m
||f||2PaT(B) 2 C/O [ _TI(“f ||Lq0 90 “f ||Lq (B, ))] 7

Now we can complete the proof as in Theorem 5.6. O

COROLLARY 5.9. Let B; be of strong Paley ®-cotype* ¢; (i =0,1;
2<qo,n <00), 0<0<1 and 1/g=(1—-0)/q0+6/q1. Then the space
(Bo, B1)g,q is of strong Paley ®-cotype™ q.

66 Estimates of coefficients for functions
with values in Lorentz spaces

Let (I,u) be a non-atomic measure space, () =1, and let ® be a
uniformly bounded orthonormal system on I. We shall consider series
of functions belonging to the system ® with coefficients from the Lorentz
space LP" = LP"(Q,v), where (Q,v) is a measure space. It is known that
LP" (1 < p,r < o0) is of Fourier type exactly min (p,p’,r,r") (see [11] and
[14]). This result was obtained by interpolation. Namely, we have for
1<p0<p1<oo,0<t9<1,%zlp;f+l%and1§r<oo

(6.1) P = (I, 1Y),

(see [20]).
Using Theorems 4.2, 5.2 and 5.4, we have the following result.

THEOREM 6.1. Let B=LP"(Q,v) (1<p<2,p<r <) and ® be an
arbitrary uniformly bounded ONS on I. Then there exists a constant A such
that

(1) for every finite sequence b = {by};_,, bx € B,

(6.2) 1l - = Allbll, - where  f = > ek

(2) for every function f € LY
(6.3) HC(f)Hl;;,r < Alfllgy  where e(f) = {ea(f)}-

COROLLARY 6.2. The space LPP' (1 < p < 2) is of Riesz ®-type p and
strong Riesz ®-cotype p' for any uniformly bounded ONS ®.
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It was proved in [9] that the space LP" (1 < p < 2) is of Riesz ®-type
p and strong Riesz ®-cotype p’ for any uniformly bounded ONS @ and any
pSr<p. Ifp<r<yp, then inequality (6.2) expresses a property which is
weaker than being of Paley ®-type p but stronger than being of Riesz ®-type
p. The inequality (6.3) has a similar “intermediate” character. Of course,
these inequalities are sharp with respect to p (it follows already from the fact
that LP" is not of Fourier type greater than p [11], [14]). We shall prove that
inequalities (6.2) and (6.3) are also sharp in a stronger sense — with respect
to the second Lorentz index.

Let Q be the interval [0, 1] with Lebesgue measure.

PROPOSITION 6.3. Let B=LP"[0,1] (1<p<2,p<r<p). The fol-
lowing assertions hold:

(1) Let ® = {p,} be an arbitrary ONS on [0,1] such that |, (x)| =1
a.e. If s> p, then there exists a sequence {b} € l'3° such that for almost all
x €10,1]

I wak g = A

where lim,,—.o Ay, = 00.
(2) If s> p and o > 1, then there exists a sequence of trigonometric poly-
nomials

ny
(6.4) Ti(x) = > bife?mine
n=—ny
such that ||Tk||L%,s <1 (k=1,2,...), but
hm H {b(k)}n__nkHl%r,a = 00.
PROOF. (1) We use Lemma 4.3, setting

= 1 Ve = N).
¢=p, ar=(nk+1) M= T (k e N)

Let bk(y) = A XAy (y)a Ak = (nk+17nk]7 /NS [07 1]7 and

¥) =Y brpr(x)
k=1

The series (4.7)

S Tk Ik +1) —s/p
k=1

Acta Mathematica Hungarica 90, 2001



180 J. GARCIA-CUERVA, K. S. KAZARIAN and V. I. KOLYADA

converges, while the series (4.8)

i (k(uk+1)) 7

k=1

diverges. Next, we have
| f(@)(y)] = arxa,(y) forany =€ 0,1].
k=1

As in the proof of Proposition 4.4, we obtain that H fn(m)H 5 = An — o0, for

almost all x, while the sequence { | {or}ren || }lp,s} is bounded. This implies
B

(1). Statement (2) follows from statement (1) and Lemma 3.1. O

Thus, it is impossible to replace the norms on the right hand sides of (6.2)
and (6.3) by weaker Lorentz norms, even if we simultaneously take weaker
norms on the left hand sides.

Now we shall show that it is also impossible to improve (6.2) and (6.3)
by means of strengthening the norms on the left hand side, even if at the
same time we strengthen the norms on the right hand side.

PROPOSITION 6.4. Let B=LP"[0,1] (1 <p<2,p<r <p). Then:

(1) If 0 <s <, then there exists a function f € LY such that the par-
tial sums Sy (x) =Y p__, cke?™ ke have uniformly bounded B-norms but the
sequence {ci} does not belong to the space l%l’s.

(2) If 0 < s <r and o > 1, then there exists a sequence of trigonometric
polynomials (6.4) such that

k) "k .
O e £10 but lim ITill e = oo
PrOOF. (1) Let
69 o= S mmeosrmne, an = n W (1)
n=1

Define the function f : [0,1] — B by the relation

f@)(y) =g(xz+y), =z,ye€l0,1]

Its Fourier coefficients are
! omi 1 omi
) = [ F@@)eH = S0 (02 1),
0
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Cop = =Qpe 2™ (n 2 1).

Thus, |le,]l 5 = %(%) l/raw. Since {a,} € ?*, then {c,} & l’]’;’s.

Next, for any fixed « € [0,1] the non-increasing rearrangement is

(f@) () =g"(t), 0St<1.
But g(z) ~ (/7 lnl/s(l/z)) o0 (see [19, p. 187]). Thus, g € LP", and
for all x € [0, 1]

£ @) e = N9l Lorr-
Let

n n
Sp(x) = Z etk g (2) = Z ag, cos 2wk z.
k=—n k=1

Then
S(@)(y) = oul(z +y) and (Sa(2))"(t) =on(t) (0St<1)
for any = € [0,1]. But (see [21])

S (o<zg1, nEN).
2P Int/5(1/2) 2

Thus, || S,(2)|| ... = llonller £ C' for any = € [0,1] and any n € N. This
proves the statement (1). The statement (2) follows from (1) and Lemma
3.1. |

()] <

Furthermore, by using Theorems 4.1, 5.6 and 5.8, and taking into account
(6.1), we obtain the following result.

THEOREM 6.5. Let B=L%"(Q,v) (2<g<o0,¢ <r<q) and @ be an
arbitrary uniformly bounded ONS on I. Then there exists a constant A such
that

(1) for every finite sequence b = {by},_,, by € B

(6.6) 1711y, < Al where [ =3 b
k=1

(2) for every function f € L%"
(6.7) HC(f>quB < A||f||L31g',T7 where c(f) = {Cn(f>}.
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COROLLARY 6.6. The space L9 (2 < ¢ < o0) is of Riesz ®-type ¢ and
strong Riesz ®-cotype q for any uniformly bounded ONS ®.

Theorem 6.5 is dual to Theorem 6.1; it is sharp in the same sense (see
Propositions 6.3 and 6.4). We can use here Lemma 2.9. Indeed, if (£2,v) is
a non-atomic measure space, then the dual to LP"(Q,r) may be identified
with the space LP""' (Q,v) (see [2, p. 221]).

Finally we consider the space LP" for the case when r does not lie be-
tween p and p’. It is known (see [11] and [14]) that in this case LP" is of
Fourier type min (r,7') (and no better).

THEOREM 6.7. Let B=LP" (1 <p<oo,p#2,7>1)and ® be an ar-
bitrary uniformly bounded ONS on I. Then

(1) of r <min(p,p’), then B is of Paley ®-type r and strong Paley
d-cotype v’ and

(2) if » > max(p,p’), then B is of Paley ®-type* r' and strong Paley ®-
cotype™ r.

PROOF. Let 1 < p < 2, r < p (in the other cases the proof is similar). Let
us choose the numbers pg, p1 € (r,2) so that pg < p < p1. Furthermore, define
0 from the equation 1/p = (1 —6)/po + 0/p1. Then (LP°,LF1), = LP" (see
(6.1)). It follows from Theorems 4.2, 2.18 and 2.19 that the spaces B; = LP
(1 =0,1) both are of Paley ®-type r and strong Paley ®-cotype r'. It only
remains to apply Corollaries 5.3 and 5.5. O
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