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Abstract. When the elimination of the parallax and the elimination of the perigee is applied to the
zonal problem of the artificial satellite, a one-degree of freedom Hamiltonian is obtained. The clas-
sical way to integrate this Hamiltonian is by applying the Delaunay normalization, however, changing
the time to the perturbed true anomaly and the variable to the inverse of the distance, the Hamilton
equations become a perturbed harmonic oscillator. In this paper we apply the Krylov—Bogoliubov—
Mitropolsky (KBM) method to integrate the perturbed harmonic oscillator as an alternative method to
the Delaunay normalization. This method has no problem with small eccentricities and inclinations,
and shows good numerical results in the evaluation of ephemeris of satellites.
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1. Introduction

Delaunay normalization is one of the most used methods when dealing with ana-
lytical theories of the artificial satellite. The first attempt to the main problem of
the artificial satellite was due to Brouwer (1959). Some years later, Coffey and
Deprit (1982) presented a completely analytical closed form third order solution
to the same problem. The method proposed by Coffey and Deprit for Delaunay
normalization avoids series expansion in the eccentricity by taking advantage of the
invariance of Poisson Brackets with respect to the canonical variables, and using
Whittaker’s variables instead of the explicit use of Delaunay’s variables.

The solution of Coffey and Deprit has two advantages over the Brouwer’s one.
On the one hand, their theory is valid until the third order for all range of val-
ues of the eccentricity. Singularities of small eccentricities and inclinations can be
avoided when expressing the problem by a set of regular variables such as those
defined by Deprit and Rom (1970). On the other hand, instead of using the Poin-
caré method, they applied two Lie transformations: the elimination of the parallax,
(Deprit, 1981), and the Delaunay normalization. With this scheme they reduce the
number of terms of the generators, achieving a more compact theory and the drastic
reduction in computational times required in orbit prediction. A new simplification,
the elimination of the perigee (Alfriend and Coffey, 1984), was introduced later on
to improve the previous theory.

To obtain the generating function in the method of Coffey and Deprit, it is
necessary a way to decompose a function as a direct sum of a kernel’s function
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and the image of the Lie derivative. This presents difficulties with certain kind of
functions when they are not explicitly expressed in Delaunay functions; as a matter
of fact, Coffey and Deprit pointed out in their work the appearance of groups of
terms that require individual consideration in order to obtain the generator. Part of
the integration was made using a partial data base of integrals instead of using
a general procedure, thus the extension of the method to a higher order is not
guaranteed. A detailed study of the decomposition of functions appears in the paper
of Osacar and Palacian (1994). They prove the appearance of special functions like
dilogarithmic functions in this process.

Coffey and Alfriend (1984) wrote AOPP, an analytical orbit prediction program
generator written in FORTRAN, to obtain automatically, by computer, analytical
theories of the artificial satellite including the elimination of the parallax, the elim-
ination of the perigee and Delaunay normalization. They used the Poisson Series
Processor of Dassenbrock (1983), also a FORTRAN program, and took only into
account the zonal harmonics in the Geopotential. Later on, Palacidn (1992) wrote
MALISIAS, a Mathematica package that extends the idea of AOPP.

Using the C language, more accomplished than FORTRAN or Mathematica to
handle symbolically Poisson Series, we wrote firstly PSPC (Abad and San Juan,
1993), a new Poisson Series Processor, and later ATESAT (San Juan, 1994; Abad
and San Juan, 1995; San Juan, 1996; Abad et al., 1998), a software tool for obtain-
ing automatically ephemeris from analytical simplifications. ATESAT is similar in
conception to AOPP and MALISIAS, but the use of C and the improvements in
handling Poisson Series introduced by PSPC make ATESAT a more efficient tool
than its predecessors. One substantial improvement in ATESAT is the automatic
generation of a C-code to evaluate the theories. This code gives us an easy way to
obtain ephemeris of a particular satellite from an analytical theory, and to test the
accuracy of such theory applied to a particular satellite.

The new possibilities opened by ATESAT in generating high orders of the the-
ories, suggested us the possibility of introducing an alternative to the Delaunay
normalization. In this way, inspecting the expression of the Hamiltonian function
after the elimination of the perigee, we can see a Hamiltonian with one degree of
freedom which is easily converted into a perturbed harmonic oscillator by means
of a change of variable and time. We choose the Krylov—Bogoliubov—Mitropolsky
(KBM) technique to integrate this oscillator.

Krylov and Bogoliubov (1947) developed a method to obtain the solution of the
equation ii + w?*u = €F(u, it; €) to any order. This technique was amplified and
justified by Bogoliubov and Mitropolsky (1961). The method was firstly applied
by Calvo (1971) to the main problem of the satellite and by Caballero (1975) to
a model including the J,, J3, J4 harmonics; in both cases after an application of
the Von—Zeipel method to eliminate 6. Later on Sein—Echaluce (1986) applied the
KBM method to the integration of radial intermediaries in the satellite theory. We
present here a different formulation than the original method better adapted to the
symbolic computation.
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The method proposed here, that has been included as an option in ATESAT,
can be applied to the zonal problem. Eventually, applying the elimination of the
parallax and the perigee and taking as new variable the inverse of the distance
1/r and the true anomaly as a new time, we end up with an equation ready to be
applied to the KBM method. We illustrate the method by obtaining a second order
closed theory of the main problem of the satellite; however, ATESAT is capable
to obtain theories of any order by choosing any model of zonal problem. In fact,
the numerical results showed in the last section of this paper have been obtained
by using the ephemeris programs generated by ATESAT after integrating the main
problem until third and fourth order.

2. Elimination of the Parallax and Perigee

The Hamiltonian of the main problem when expressed in Whittaker’s or polar-
nodal variables (r, 8, v, R, ®, N) is (see Deprit, 1981, for details)

H ="Ho+ €Hy,
where
1 ®?
o = LR+ L),
2 r2 r

H =& (5>2 Py(sin i sin 0),
ro\r
and the small parameter € = J,.

Here, we are only considering the main problem of the satellite theory, but the
results can be extended to any zonal problem.

The first step of this theory is to apply the elimination of the parallax. This elim-
ination reduces the complexity of the later calculations when going up to higher
orders. Besides, the elimination of the parallax algorithm permits to compute the
expression in closed form of the eccentricity and therefore, to obtain theories of
general purpose, valid for any kind of elliptic eccentricity (see Deprit (1981), for
further details).

After the parallax elimination, the Hamiltonian has the expression

1/, @\ un ©>/a\(1 3 .
H:§<R +r_2)_7+6r_2 ; E—ZSIHI +

0 (a\'[ 5 3., 3,
+—— (=) [->-3C*- 5%+ (1)

(2 T 150\ o (2075, 1055\
g ' 16 16 ! 16 64 64 ‘1

where C = ecos g and § = esing.
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The elimination of the perigee (Alfriend and Coffey, 1984) is applied to remove
the argument of the perigee g from the perturbation. This elimination is not a
normalization in the sense that the transformed Hamiltonian does not belong to
the kernel of the Lie derivative L, associated with H,, but it reduces by one the
number of degrees of freedom.

Finally, after the two previous transformations, the second order Hamiltonian
becomes

1 ®\ u O /a\' /1 3
H— R2 i T d P
2( " ) F (p) (2 48“”>+

+62 2 (a\* B i - P anti)
—| == —— sin“i — — sin
2|2 \p 8 e !

+®2a423 3., 15 )
— | - — — —sin“i ——sin"i | |.
2\p) "\8 3 64
Substituting 1, p by their values in function of polar—nodal variables
TR T
ror? 02’ w’
we find
1 (2 ’ M 021
H = 5(R +r—2)——+ MiT5+
e 021 0.3 1 041 2,2 R?

where /\/lf{ J represent the coefficients of R'/r/ at order n, and they are functions
of the constants «, 1 and the momenta ®, N. In particular

2,2
o 1 3
M2 = a (— - — sin2i> ,

e \2 4

4,4

M? = Ol@lz (——+3sm l—%sm“l)
MY? = a4®;:3 (% - —sm i— ;—;sm41>

MO = 0548,1;2( % —s1n l—l-é—iSIH l)
M>? = a;,1:2< % —sm l+gsm41)
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3. Radial Distance and Radial Velocity as a Perturbed Harmonic Oscillator

Taking into account the expression of the Hamiltonian (3), the Hamilton equations

dr oH dR oH

dt — 9R A or’
o _oH 4O _,

dr 00’ dr ’

dv oM N _

dr ON’ dr ’

show us that the momenta ®, N are constants, and the problem is transformed
into computing two quadratures to obtain 6, v and solving the first two differential
equations

dr e’ 22 R
52R+2_!<2M2 r_2>’ 4)

dR  ©* 4 0a 1
E = r—3—r—2+6(2/\/l1 r—)+

+ < om0 L el el | 2M2’2R—2 (5)
2! 23 24 25 23

Using the algorithm of series inversion given in the appendix, with the Equa-
tion (4), we obtain the expression of R in function of r and dr/dt in the form

dr €2 2, 1 dr
R=—+4—-—2M7*"=—). 6
dt+2!< 2r2dt) ©)

This algorithm is particularly useful for higher orders, where powers of R greater
than one appear in the expression (4).
Differentiating again (4), we have

dr d (dr dR €*_ ,,(1dR _Rdr
—=— (= )=— 4+ 2M [ =— —2=—, 7
dr2 — dr <dt> a b <r2 d dt) ™

and eventually, substituting (5) and (6) into (7) we obtain the second order differ-
ential equation

&r > u 021 e 021 03 1 041
E = r_3_7’_2+6<2M1 7’_3>+E|:2M2 r—3+3./\/l2 r—4+4./\/l2 r_5

02 w 1 /dr\*
2,2 2,2 2,2
+ 2M2 _,»5 — 2M2 _r4 — 2M2 _r3 (_t> j| . (8)
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Finally, we will change the variables r, dr/dt and the time ¢ by two new vari-

ables u, v and a new time s defined by

1 ,ds du
u=-+2, r ®
r

ds _ _du 9
a0 'Ta ©)

where we call

B =0 (10)

These equations together with the differential relations

?1_;:_(9”’ %:—@2@—5)2%, (11)
transform (8) into the equation of a perturbed harmonic oscillator
d*u 0,0 L0y | € 1400 1,0 | 24-2,0
2 +u = (K7 +uky™) + E[’Cz’ +ully” +ut KT+
+ 1’100 4+ 2K + w7, (12)

where K/ represent the coefficients of u’v/ at order n, given by

0,2
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1 - ®4 ’
0,2
Lo — _2M1'
1 - @2 ’
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2 e4 2 e4 e
20 _ _4MM§’2 B 3MY? B 12uMy*
2 ®2 2 e+
4 M0*
3.0 2,2 2
,CZ = _2M2 - Fa
K02 2MM§’2
2 @2 ’

Ky = 2M37. (13)
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4. Krylov-Bogoliubov-Mitropolsky Method

The Krylov-Bogoliubov-Mitropolski (KBM) method obtains asymptotic approx-
imations for the general weakly nonlinear second order equation

d%u ’

F%—wu:F(M,U;G), (14)
where
. du
Cdr’

€ is a small parameter and F can be expanded as a power series of € in the form

v

n

€
F(u,v;e) =€f(u,v;€) = Z an,o(u, v), Foolu,v)=0. (15)

n=0

When € = 0, the solution of (14) can be written as # = § cos ¥ with a constant
amplitude § and a uniformly rotating phase angle ¥ = wt + V. To determine
an approximate solution to (14) for € different from zero, Krylov and Bogoliubov
(1947), developed a technique, improved and justified later by Bogoliubov and
Mitropolski (1961). They assumed an asymptotic expansion of the solution in the
form

u=8cosy + Y %un((S, =Y %un((S, W), up=dcosy,  (16)

n>1 n>=0

where each u,,(§, V) is a 2w -periodic function of i, and § assumed to vary with
time according to

ds €" €"
= D A =) —A), Ag=0,

dr !
n>1 n=0
dv, e e
— = —B,(8) = Y —B,(5), By=o. 17
= w+;n! ) ;n! 4), Bi=w (17)

From here on, we will make use of a generalization of the Cauchy formula

€ € 1!
o) c N ¢ B )] (k)
|| E i!ai —E T E aja;...a;’ . (18)

n=1 \i>0 i>0 j1+j2+~~~+jk]1'J2 e Jke

Differentiating (16) with respect to time, we have

du €" du, | dé €" du, | dy
bl DI i Zn!aw KT

n=0 n=0
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where substituting (17) and applying (18), we find
U—Zﬂv(s v, (s w)—Z”—! A2 g2 )
_n>0n!” e S _iﬂ_:ni!j! ' 38 Yoy )

In particular, vg = —wd sin Y.
Differentiating again v with respect to time, we can write

Cu e n! dA; duy
az T = Zﬁ Uit ) mw( @ a5

n=0 i+j+k=n
+ AdB auk—{—AA 82uk+BB 32uk+2AB 32uk
ds oy I 82 Ty asoy )|

(20)

Considering the values of ug, Ay, By, and inspecting in (20) all the terms with
i, j or k equal to n, we find the following non-zero terms:

82uk 821/{0
I = n, ] = 0, k=0— 2A B aw 2AnBOW = —26()An sin w,
9%u 92
i=n, j=0, k—O—>BB]aw§ :BnBoa‘Z;):—a)Bancosi//,
. . 32Mk 3 uop
i=0, j=n k=0— BB— e = ByB nawz = —wB, 6 cos Y,
02 0%u, 0%u,
i=0, j=0, k=n-— BBj—=% = ByBy—=t = 0 —2.
2 2 2

Thus, we may write

d’u ) €/ ,0%u, )
d—z—i-a)u = Zﬁ(a) 297 + o u, —
n=0

—2wA, sin — 2wB,8 cos ¥ + w) @1)

with

n! dA; Buk dB; duy
y = — (A =L A, —d 27k
v 2 i!j!k!< ® 90 Na oy T

i+j+k=n

i,j,k#n

+AA82 +BBaz A Bk Oy 22)
7982 Ty 798 ayr
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The expression (21) represents the left-hand side of (14) in terms of §, . The
right-hand side can be obtained by expanding in power series of € the function
F(u, v; €) in the form

Flu,v;e) =) %Fo > %u > %v =Y. ;Fo,n, (23)

n=0 n=0 n=0 n=0

Where FO,n = FO,n(um ul’ et un—l’ U()’ vl’ AR vn—l)-
Equating each order of the right-hand sides of Equations (21) and (23), for each
n > 1 yields

’ 9%u, .
W Uy,
a2

= 2wA, siny +2wB,5cosy + U,, U, = Fy, — wy, (24)

where U, depends only on A, B,, u,, p<n — 1.
Let us suppose now a 2m-periodic function f (/). It will admit a Fourier series
expansion in the form

@) =colf)+ Y ¢j(f)cos jy +s5;(f)sin j¥. (25)
jz1

Substituting u,, U, in (24) by their Fourier expansions and equating term by term
we obtain

_Sl(Un) _Cl(Un)

A, = , B, = , (26)
2w 2wd
and the coefficients of the expansion of u, in the form
co(Up) ¢;(Uy)
ColUn) = —3—, cjluy) = pEITY
sj(Un) .
(u,) = ——2, >2. 27

Note that the coefficients ¢ (u,,), s; (1, ) remain undetermined and can be chosen
to be equal to zero. The last expressions give u,, A,, B, from U, and permit to
obtain the Fourier series expansion of U, and continue to the next order.

To complete the method we need to obtain the initial constants § (%), ¥ (p) from
the values u(#), v(#p). In order to do that we invert the Equations (16) and (19) by
using the algorithm given in the appendix.

To apply the algorithm in our problem, we will take into account that uy =
dcos Y, v9g = —wdsiny and the functions u,, v, are Fourier expansions of the
angular variable v. Then, defining C, S by means of the expressions

C =§cosy, S = —wdsiny, (28)
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we may write

VwrC? + §? " Cw
=) cosYy = ———,
w /w2 C?2 + S2
S
sinyy = —————, (29)
Vw?C? + §?
and using the definitions of the Chebyshev polynomials
cosnyr = T,(cos ), sinny = sinyr U,_;(cos ), (30)
we have
Vo= Tl
cosny = T, (——),
Vw?rC? + §?
) Cw
sinny = U,_1( ). 3D
VwrC? + §? : Va?C? + §?
Applying these relation to the Equations (16) and (17) we finally obtain
€" €"
u=C+Z;un(C, s), v=S+van(C, S). (32)

n=0 n>=0

Eventually, the inversion algorithm, given in the appendix, permits to obtain
explicitly C, S in terms of u, v, and consequently §, V.

5. Time Variation of r and R

Applying the method seen in the previous Section 4 to the differential Equation (12)
we obtain, until second order, the following solution

u = 8cos f + ek +

€? 1
+5 [{2/6?’%}’0 + K50 4 552 (lcg’z + IC§’°>} +

1 1
+ 882 (IC(Z)’2 — IC%’()) cos2f — 583 (IC;*O — IC;*Q) cos 3f:| , (33)

1
v = —§8sin f —{-GESSinKi’O—I-
+ i l(g (,Cm)z +21ch0) 4+ 153 <]C1’2 + 3IC3’0> sin f +
21 [ |4 ! ) s\ ?

120 0.2\ 3 3430 1.2 o
+ 38 (IC2 K, >sm2f+325 (IC2 K, )sm3f , (34)
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where the variation of § and f with respect to the time s is given by means of the
differential equations

ds

— =0, 35
P (35)
df _

ds nf

SR o) SN SR T ) G o e
. (36
s Tt Ty (36)

The Equation (35) shows us that § has a constant value n; is also a constant

since the values of K,/ are constants. However, we will not integrate Equation (36)
to obtain the relation between f and s, instead of that, we will obtain in the next
section a generalized Kepler equation. This equation will give a direct relation
between f and ¢.

Changing to the variables C, S, defined in (28), the Equations (33) and (34)
become

u = C+eIC°°+—[( IC°°IC1°+IC°°)+—( IC°2+IC2°)

21 3
3 (IC02+2IC20)+3—2(IC12 ICS’O) 32'2S (Klz ICS’O)],
= s () ) B )
. 53_C2'2 <211C30 _ SICl 2) -5 (9IC3O —|—7IC1 2)] (37)

This equation can be inverted by using the algorithm given in the previous
section

Scos f = u—elC?’0+;—2!|: <2ICOOIC10 Koo)_%(,@z IC%,O)_

v? 0,2 2,0 uw 1,2 3,0 3uv? 1,2 3,0
= (r2 +2/cz’)—§(/c2* —K30) + - (k7 - K )]

32
. U’C}’O e v 1,0\2 1,0 2uv . 00 0,2
—dsinf = v+e > +5|:Z<<3]C1 ) +2’C2)+T(IC2 —IC2>+
3
3,0 1,2 v 3,0 1,2
o (21/C sK) >+§(9IC2 + 7K )] (38)

The initial values of § and f can be obtained by means of (38).
Using the Equations (9), (11) and (6), we may write

% —u—B, R=—0Ov+— [2M§ 2 (u — ) @v] (39)
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and eventually, substituting (33) and (34) in the previous equalities, and applying
the formula (18) of the product of power series, we obtain

pne . LoMe .
R = —sin f — el —ssin
o SinJ — €K O sin f +

€2 0 (k9 amp?
o[ (5 2

3lc3,0 ICI,Q 2,2
_ ( 2 + 2 + M2 83@ Sinf +

8 8 2

100 2,0 2. 22| 20
+{3(}C2 K55 ) p/\/l2 3°® sin2 f +
3 1 .
+ {i (/c;’z - K§’°> _ 5/\452} 5% sin3 f] , (40)
and
1 1
L IHecosf ooy
r p
+i 200K+ K00+ f <IC0’2 + ICZ’O) +
X 1 M 2 7 2 2
82 33
+ 3 <IC(2)’2 - IC%’O> cos2f + %) <IC5’2 - ICS’O) cos 3f:| , (41)

where we used the generalized semi-latus rectum, eccentricity and semi-mayor
axis, defined by the expressions

1 3 p
p:— e = — a —=

B B T—e”

(42)

To obtain r we will make use of the iterative formula

-
= n— — . iCn—i, 43
co @ C a();(l)ac 43)

that gives the terms of the inverse power series

Z < 1
—C, = —————.
n! n e

n=0 —a,
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Applying this formula to Equation (41) we obtain
B P, p2K}°
1+ecos f (1 +ecos f)?
e { 2p3 (K02

21| (1 +ecos )3 B
_ P’ 2UCO0KCI0 4 f00 f <IC0’2 4 ICZ’O) n
(14 ecos f)? b 2 T\ 2
8* 83
+ 3 (ICg’z - IC%’()) cos2f + o <IC%’2 - ICS’()) cos 3fH . (44)

6. Integration of the Rest of the Variables

Taking into account the relation

d ddfds © d

- = = —n;—,
dt  dfdsdr r27df
the Hamilton equations corresponding to the variables 8, v become

do r2 OH dv r2 oH
np— =0, 2T 45)
if ~ ©90 df ~ ©@aN

and computing the partial derivative of H with respect to the momenta in (3), we
obtain

do 0,2 €’ 2,2 0,2 031 0.4 1

nrgp = 1HeMeit g MR + Mg, + My~ + My )
dv €? 1 1

np— = eMyi + = ( MPIR> + MY + MR-+ MY ), (46)
df 2! r r

where

1AMy S Y

My = ——" MY = ——2.
Ol‘l @ a@ Nn @ aN

Eventually, substituting R, 1/r by their expressions (40) and (41) in terms of f
and integrating (46), we have

2 0,3 0,4 2 0,4
€ M M A
np@—Tp) = f+eMUf+ 5 [(M%% + p"z + p;’z +— CLEE
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$202 M%2 26 M%4
——=) 1+ 8M%§+—p02 sin f x

82 9,4 82®2 2,2
X ( Me, _ M, sin2f |,

4 4

0,3 0,4 0,4
Mea | Mis | My

2
nw—T,) = eM%f+ % {(M?\;ﬁ +

p p? 2
5202 M3, 26 M35
+72 N2 ) fy 8M%§+7N2 sin f x
p
SMy; 8202 My,
X ( 4N2— 1 N2 ) sin2f |, 47)

where Ty, T, are the value of 8, v when f = 0.

7. Generalized Kepler Equation

The variation of the generalized true anomaly with respect to the time will be
obtained after considering the definition of s given by (9) from which we have

ny@dt =r*df. (48)
Substituting (44) into (48) we have
ny®dr = prdf —€ 2p3]€?’0 df + i —6])4(’61)’0)2 _
f (1+ecos f)? (14+ecos f)3 2! | (1 +ecos f)*

2p3

"~ (1 + ecos )3
+ ﬁ (ICO’Z - IC2’0) cos2f + ﬁ (ICI’2 - IC3’0> cos 3fH df.
6 2 2 3 2 2 :
(49)

We apply, now, a change identical to the transformation from the true anomaly to
the eccentric anomaly in the non-perturbed two body problem

82
f(2rhomto s ka4 (102 4 13 ) +

JI = sinE E—
cos f=Y_—CME Gnp= B2 (50)
1—ecosE 1 —ecosE

in which f and E represent now the generalized anomalies. From that change we
easily obtain

/1 — 2
P 4 —ecosE), df = ¢
1+ ecos f

= ——dF. 51
1—ecosE S
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This change of variable is usually used in orbital mechanics to transform integrals
with powers of (1 + ecos f) in the denominator into terms with powers of (1 —
e cos E) in the numerator: in this way we will be able to integrate these expressions.
In our problem, the appearance of factors cosnf, sinnf in the numerator of the
perturbation terms produces that even after applying the change, some terms will
still have powers of (1 — e cos E) in the denominator.

A practical way to avoid this formal complication consists in applying firstly
the change from f to w defined by

w—1
w=1+ecosf, cos f = .
e
Using the property (30) we obtain
w—1 ) ) w—1
cosnf =T, —— ), sinnf =sin fU,_ | — ], (52)
e e

that permit to express every term of (49) by positive or negative powers of w,
multiplied or not by sin f. Then, to integrate (49) is sufficient to consider the
following integrals:

/(1 +ecos f)'df, n=0,
/w”df =
n—zn—I/(l —ecosE)"VdE, n <0,

/sinf(l%—ecosf)”df, n=0,

1
/sinfw"df: ——In(l4+ecosf), n=-1,
e

,7—2”—2/sinE(1 —ecos E)™"2dE, n<—1, (53

In particular, after multiplying by n? / p?, for the second order we have

df 3ya,—3 S
F—FEnW —+577

X (WSdf+W;1%+W‘ ﬂﬂ/\/‘ —f+W‘4wf>, (54)

ndt = n’

where n = n s \/p/a® is the generalized mean motion, and
W1—3 — _2pk00,

W = 4p <IC3O Ké’z)’
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W2—1 _ 3 IC;Q—ICS’O - ICZO IC(2),2 ’
3

i,

W% = g (K ) 5 (687 ) + i (2 - 3).

W3 = %(/c” 1 0) (ZIC?’OIC}’O—IC%O)

+% <IC20 ICO 2) 23; ( ICZO ]Cg,z) i 1366’;2 <IC§’O _ ICé’2>,

2
Wit = 6p? (K7°) .
Finally, integrating (54), we obtain

2+ eHW;? p 2e Wy

sin £+
202 n?

nit—T) = E—esinE+e|:

-3

621
+

, sinZE} 5 [ WY+ (PWy !+ W

24 W 24 32HW
+( +e%) o) +( + 3e”) 2 E—
2n? 2nt

DV, 3(d 4 AW,
—e(WZ_Z—i- 22 + ( +€4)W2 sin E x
n n

2903 290)—4 3yp)—4
eW, 3e W, , eW, " .
X < P + ppe sin2F — T2 sin3E |, (55)
where T represents the value of ¢t when f = E = 0.

Note that for orders greater than one, terms in f and E appear mixed in the
generalized Kepler equation.

8. Numerical Tests

In the graphics 1 and 2, we compare the integrals obtained by applying the KBM—
method to the Hamiltonian (2) until third order (Figure 1) and fourth order (Fig-
ure 2) versus the numerical integration of (2) when using a Runge-Kutta method
of 8th order and 13 stages. The programs of evaluation of ephemeris from the
analytical theory are written automatically by ATESAT.
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Figure 1. Analytical theory of order 3 versus numerical integration.
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Figure 2. Analytical theory of order 4 versus numerical integration.

The graphics show the variations of the position in tangent, normal and binormal
direction of a satellite with the following initial conditions:

ap = 7834.999 kms, eo = 0.0009999, ip = 55°.

In Figure 3 we show a comparison between a third order theory in which the
Delaunay normalization has been used instead of the KBM versus the same nu-
merical method. The same initial conditions have been used. The KBM method
presents, in this particular case, with a very small eccentricity, better numerical
results. More details about the differences between Delaunay normalization and
KBM-method are showed by San—Juan (1998).
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Figure 3. Analytical theory of order 3 (Delaunay normalization instead KBM method) versus
numerical integration.
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Appendix: Inversion of Series by Using Non-canonical Lie Transformations

DEFINITION. We call non-canonical Lie transformation of generator W to the
solution

p: (y,€) > x(y,e): R" xR —- R" (56)
of the ordinary differential equation

d n
S =W =Y SW,n®, x(.0) =v. (57)

de n=0
To apply a Lie transformation (57) to the function

F(xi€) = ) —F,0(x), (58)

|
n=0
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we will use the Lie triangle

n!
Fop=Fuipi+ Y W(VXFZ-,,)_I W) (59)

i+j=n

that gives an iterative way to obtain the terms Fy , of the transformed function

PFY: ) =FX(Y. ) ) = Y =Fo, (). (60)

n=>0

Applying the transformation to the function F(x, €) = x, we obtain the explicit
solution
611
X=) =@, %)=y, 61)

n=0

of the non-canonical Lie transformation (57).

PROPOSITION. The inverse of a non-canonical Lie transformation (57) whose
explicit expression is given by (61) is a non-canonical Lie transformation whose
generator V(y; €) is given, order by order, by the expressions

Vi =—xy,
n—1
n
Vil = —Xg1 — Y <l.)<vyx,~ Vig), n=l. (62)
i=0

This result may be applied to obtain the expression

y=>_ %yn(x), Yo(X) =X, (63)

n=0

of the inverse of the series (61).

A detailed description of the properties and applications of these transforma-
tions can be found in Kamel (1970), Henrard (1970) and Deprit (1969). In Deprit
(1979) we find the proof of the proposition.

References

Abad, A. and San Juan, J. F.:1993, PSPC: A Poisson series processor coded in C, Dynamics and
Astrometry of Natural and Artificial Celestial Bodies, Poznan, Poland, pp. 383-389.

Abad, A. and San Juan, J. F.:1995, ATESAT: software tool for obtaining automatically eph-
emeris from analytical simplifications”. Conseil de L’Europe. Cahiers du Centre Européen de
Géodynamique et de Séismologie. Edited by A. Elipe and P. Paquet. Luxembourg. 10, pp 93-98.

Abad, A., Elipe, A., Palacidn, J. and San Juan, J. F.: 1998, ‘ATESAT: A symbolic processor for
artificial satellite theory’, Math. Comp. Simulation 45, 497-510.



296 A.ABAD ET AL.

Alfriend, K. T. and Coffey, S. L.: 1984, ‘Elimination of the perigee in satellite problem’, Celest.
Mech. & Dyn. Astr. 32, 163-172.

Bogoliubov, N. N. and Mitropolsky, Y. A.: 1961, Asymptotic Method in the Theory of Nonlinear
Oscillations, Gordon and Breach, New York.

Brouwer, D.: 1959, ‘Solution of the problem of artificial satellite theory without drag’, The Astr. J.
64, 378-397.

Caballero, J. A.: 1975, Movimiento de un satélite artificial bajo la accion gravitatoria terresre. Teoria
de segundo orden en variables de Hill, Ph.D. thesis, University of Zaragoza.

Calvo, M.: 1971, Aplicacion del método de promedios al estudio de | movimiento de satélites
artificiales, Ph.D. thesis, University of Zaragoza.

Coffey, S. L. and Deprit, A.: 1982, ‘“Third order solution to the main problem in satellite theory’, J.
Guidance, Control and Dyn. 5(4), 366-371.

Coffey, S. L. and Alfriend, K. T.: 1984, ‘An analytical orbit prediction program generator’, J.
Guidance, Control and Dyn. 7, 575-581.

Dassenbrock R. R.: 1983, A FORTRAN-Based Program for Computer Algebraic Manipulation,
Naval Research Laboratory Report 8611.

Deprit, A.: 1969, ‘Canonical transformations depending on a small parameter’, Celest. Mech. & Dyn.
Astr. 1, 12-30.

Deprit, A and Rom, A.: 1970, ‘The main problem of artificial satellite theory for small and moderate
eccentricities’, Celest. Mech. & Dyn. Astr. 2, 166-206.

Deprit, A.: 1979, ‘Note on Lagrange’s inversion formula’, Celest. Mech. & Dyn. Astr. 20, 325-327.

Deprit, A.: 1981, ‘The elimination of the parallax in satellite theory’, Celest. Mech. & Dyn. Astr. 24,
111-153.

Henrard, J.: 1970, ‘On a perturbation theory using Lie transform’, Celest. Mech. & Dyn. Astr. 3,
107-120.

Kamel, A. A.: 1970, ‘Perturbation methods in the theory of nonlinear oscillations’, Celest. Mech. &
Dyn. Astr. 3, 90-106.

Krylov, N. and Bogoliubov, N. N.: 1947, Introduction to Nonlinear Mechanics, Princeton University
Press, Princeton N.Y.

Osacar, C. and Palacidn, J.: 1994, Decomposition of functions for elliptic orbits’, Celest. Mech. &
Dyn. Astr. 60, 207-223.

Palacian, J.: 1992, Teoria del satélite artificial: Armonicos teserales y su relegacion mediante
simplificaciones algebraicas, Ph.D. thesis, University of Zaragoza.

San Juan, J. F.:1994, ATESAT: Automatization of theories and ephemeris in the artificial satellite
problem, Report no. CT/TI/MS/MN/94-250. CNES, Toulouse (Francia).

San Juan, J. F.:1996, Manipulacion algebraica de series de Poisson. Aplicacion a la teoria del satélite
artificial, Ph.D. thesis, University of Zaragoza.

San Juan, J.E.: 1998, ATESAT: review and improvements. Study of a family of analytical models of
the artificial satellite generated by ATESAT and their numerical validation versus PSIMU and
MSLIB. Report no. DGA/T/TI/MS/MN/97-258. CNES, Toulouse (France).

Sein-Echaluce, M.:1986, Estudio comparativo de intermediarios radiales y su aplicacion a la teoria
del satélite artificial zonal, Ph.D. thesis, University of Zaragoza.



