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Ž .The set Hom T m T , T is determined for any simple finite dimensionalDer T F
Lie triple system T over a field F of characteristic zero. It turns out that it
contains nontrivial elements if and only if T is related to a simple Jordan algebra.
In particular this provides a new proof of the determination by Laquer of the
invariant affine connections in the simply connected compact irreducible Rieman-
nian symmetric spaces. Q 1999 Academic Press

1. INTRODUCTION

Given a Lie group G acting smoothly and transitively on a manifold M,
Ž .the isotropy subgroup H at any point p g M so that M , GrH , the Lie

Ž .algebra g of the group G and the Lie algebra h of H h F g , the
manifold M is called a reductï e homogeneous space in case

g s h [ m >Ž .
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Ž .Ž .for a subspace m with Ad h m ; m for any h g H, which implies that
w x Ž .h , m : m and if H is connected, these are equivalent .

w xIn this situation Nomizu 19, Theorem 8.1 established a bijection
between the set of G-invariant affine connections on M and the set of
bilinear maps

a : m = m ª m

with the property that

a Ad h X , Ad h Y s Ad h a X , Y ;h g H , ;X , Y g m ,Ž . Ž . Ž . Ž .Ž .

< Ž . Žthat is, with Ad H : Aut m , a the automorphism group of the nonas-m

Ž .. < Ž .sociative algebra m , a . Again the condition Ad H : Aut m , a im-m

< Ž .plies the condition ad h : Der m , a , and they are equivalent if H ism

connected. The torsion, curvature, geodesics, holonomy, etc. of the con-
Ž .nection associated to m , a can then be expressed and studied in terms of

this nonassociative algebra.
Notice too that the set of the multiplications a : m = m ª m such that

< Ž .ad h : Der m , a is nothing else but the vector space of the homomor-m

Ž .phisms of h-modules from m m m into m: Hom m m m , m , whichR h R

is a purely algebraic object.
Thus, the problem of determining the invariant affine connections on

reductive homogeneous spaces reduces to the problem of classifying alge-
bras with a given subgroup of its automorphism group or a given subalge-
bra of its Lie algebra of derivations. The same problem has arisen in

w x w xstudying real division algebras 1 , nonunital composition algebras 2, 20 or
Ž w xin the classification of some flexible Lie-admissible algebras see 17 and

.the references therein , a subject we will come back to later on.
In some cases, the algebras that appear related to some reductive

homogeneous spaces are already known algebras. This is what happens for
6 Ž .the six- and seven-dimensional spheres, viewed as S s G rSU 3 and2

7 Ž . w xS s Spin 7 rG , where algebras related to a so-called color algebra 32
w xand the simple non-Lie Malcev algebras 4 appear.

w x Ž .In 1992, Laquer 13, 14 computed the sets Hom m m m , m associ-h R

ated with the simply connected compact irreducible Riemannian symmet-
Ž w x . Ž .ric spaces see 7 for definitions . For these spaces, the decomposition >

Ž .is a grading of g over Z s Zr2Z, m thus being a simple Lie triple2
Ž .system. Therefore the problem was to compute Hom T m T , T forS R

Ž .some Z -graded simple that is, without nontrivial homogeneous ideals2
Žfinite dimensional real Lie algebra L s S [ T S being the even part and

.T the odd one . This was done by extending scalars to the complex field
and by decomposing there the tensor product T m T as a direct sum ofC C C

Ž .irreducible modules. The vector space Hom T m T , T turned out to beS R
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Ž0 which amounts to saying that the only invariant affine connection is the
.canonical one with a few exceptions.

Our purpose in this paper is twofold:

Ž .i We will determine the set

Hom T m T , TŽ .S F

for any Z -graded simple finite dimensional Lie algebra L s S [ T over2
any arbitrary field of characteristic zero, without actually decomposing

ŽT m T when restricted to the real field, this determines the invariantF
.affine connections on the irreducible affine symmetric spaces .

Ž .ii We will relate the resulting nontrivial algebras with the simple
finite dimensional Jordan algebras.

In a sense, we can say that the Jordan algebras are responsible for the
existence of noncanonical invariant affine connections on the symmetric
spaces. The close relationship of Jordan algebras with some symmetric

Ž w x.spaces is well known see, for instance, 16, Chapter VIII . Our results
give another aspect of this relationship.

Ž .Actually, our determination of the sets Hom T m T , T over alge-S F

braically closed fields will be very quick, using information on the Z -graded2
simple Lie algebras that is contained in the Dynkin diagrams associated

w xwith the corresponding Lie triple systems T by Faulkner 5 , with no need
wof a case-by-case decomposition of T m T. Our approach is inspired by 6,F

x w x w xTheorem 1 . This allows us to simplify some of the results in 13 and 14 .
From the point of view of nonassociative algebras, a central role in what

Ž .follows is played by the multiplication defined on the set J of generic0
trace zero elements in a Jordan algebra J, given by projecting the product

Ž Ž . .in J onto J see ) in 3.2 . This procedure is not new; for example, when0
applied to Cayley]Dickson algebras it gives all the central simple non-Lie
Malcev algebras; it appears too in the construction of the pseudo-octonion

Ž w x .algebras see 17 and the references therein .

2. LIE TRIPLE SYSTEMS

In this section, some facts concerning simple Lie triple systems and the
Dynkin diagrams attached to them will be recalled.
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2.1

A Lie triple system is a vector space T , over a ground field F, equipped
w xwith a trilinear product xyz satisfying

w xxxy s 0

w x w x w xxyz q yzx q zxy s 0

w x w xthe map xy y : T ª T , z ¬ xyz is a derivation of T

²w x :for any x, y, z g T. If S s span xy y : x, y g T , S is a Lie subalgebra
Ž . Ž Ž ..of the Lie algebra gl T actually of Der T ; the Z -graded Lie algebra2

ŽL s S [ T where the multiplication is given by the multiplication in S
Ž . Ž .even part as a subalgebra of gl T , the natural action of S on T and
w x w x .t , t s t t y for any t , t g T is called the standard imbedding of T.1 2 1 2 1 2
Thus any Lie triple system is nothing else but the odd part of a Z -graded2

w x ww x xLie algebra with product xyz s x, y , z . The Lie triple system is simple
Žif and only if its standard imbedding is graded simple for these facts see

w x.15 .

2.2

Now assume that T is a simple Lie triple system over the field F and let
� Ž . w x wŽ . x w Ž . x w Ž .xG s a g End T : a xyz s a x yz s x a y z s xy a z ; x, y, z gF

4 w xT be its centroid. G is a field extension of F and, for any x, ygT , xyy
Ž .g End T ; therefore the standard imbedding L is a G-algebra. More-G

over, the centroid L of L is a commutative Z -graded algebra: L s L [2 0
� 4 �L , with L s a g L : aS : S, aT : T and L s a g L : aS : T , aT1 0 1

4 Ž: S , with any nonzero homogeneous element being invertible by the
.graded simplicity of L , and it easily follows that L s G. There are two0

possibilities:

Ž .2.2 a If there is an element 0 / u g L , then L s Gu, so that1 1
w x 2 w xL s G u , with 0 / u s l g G, T s uS, and L s G u m S. In this caseG

S is a central simple Lie algebra over G and T s uS is the adjoint module
for S; so we will refer to this case as T being of adjoint type. For any

wŽ .Ž .Ž .x 2Ž ww x x. Ž ww x x.x, y, z g S, ux uy uz s u u x, y , z s l u x, y , z ; so T is iso-
� 4 ww x xmorphic to the Lie triple system S under the product xyz s l x, y , z .

Notice that if u2 g G2, then l can be taken to be 1.
Ž . Ž .2.2 b L s G. Then L is a simple algebra ungraded : otherwise for

Ž . Ž .any proper ideal I of L, by graded simplicity S l I [ T l I s 0 and
Ž . Ž . Žp I [ p I s L where p and p denote the projections on S and TS T S T

. Ž . Ž .respectively ; therefore S l I s T l I s 0 and p I s S, p I s T.S T
Hence for any s g S there is a unique t g T with s q t g I, and also fors s



BENITO, DRAPER, AND ELDUQUE238

any t g T there is a unique, s g S with s q t g I. Then the odd mapt t
given by s ¬ t and t ¬ s is easily checked to be an odd element in thes t
centroid of L, a contradiction with L s G.

Therefore in this case, for any extension field KrG, K m L is a simpleG

Ž .algebra and Z -graded .2

From now on all the algebras and systems considered will be assumed to
be finite dimensional.

2.3

w x Ž w x.Lister showed in 15, Theorem 4.5 see also 5, Proposition 1 that,
given any simple Lie triple system T over an algebraically closed field of
characteristic zero with standard imbedding L s S [ T , either

Ž .2.3 i S is semisimple and T is an irreducible self-dual S-module
Ž .this is always the situation for the adjoint type cases or

Ž . w x2.3 ii S s Fz [ S, S , where z is a nonzero central element of S
w xand S, S is semisimple, and T s T [ T , where T and T are irre-1 2 1 2

ducible dual S-modules, so that z acts as a nonzero scalar on T and as its1
negative on T . This is the situation that occurs after complexifying the2
simple Lie triple systems associated to the hermitian symmetric spaces.

2.4

w xFaulkner 5 associated a diagram with any such simple Lie triple system,
w xstarting with the Dynkin diagram of the semisimple Lie algebra S, S and

adding ‘‘marked’’ nodes representing the lowest weight of the representa-
w xtion of S, S on each irreducible summand of T. These diagrams thus

contain the information on the structure of S and of T as an S-module
Ž .which is enough to determine L . The resulting diagrams are exactly the

Ž1. Ž2. Žaffine diagrams X and X which are equipped with some numericalN N
labels in the nodes representing the linear dependence of the roots and

w x.weights involved; see 12, Chap. 4 with one or two marked nodes. More
precisely, the diagrams that appear are exactly:

Ž . Ž1. Ž2.4 I The diagrams X with a node labeled by 1 marked by theN
symmetry of these diagrams, in this case it does not matter which is the

.marked node }these correspond to the adjoint types.
Ž . Ž1.2.4 II The diagrams X with two nodes labeled by 1N

Ž .marked}these correspond to case 2.3 ii above. Here the same diagram
may give different possibilities according to which two nodes are marked.
The same comment applies to the next cases.
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Ž . Ž1.2.4 III The diagrams X with a node labeled by 2 marked}in thisN
Žcase the highest weight l of T as an S-module which is the negative of

.the lowest weight since T is self-dual is not in the root lattice, which
Žis equivalent to 0 not being a weight of the representation of S on T see

w x.8, Exercise 21.3 .

Ž . Ž2. Ž Ž . .2.4 IV The diagrams X so X is A N G 2 , D , or E withN N N 6N
a node labeled by 1 marked}in this case 0 is a weight of the representa-
tion of S on T. This implies that there are roots which are weights and,
therefore, at least the short roots of every simple ideal of S are weights
Žnotice that the action of S on T is faithful, so that, for any simple ideal I

.of S and any 0 / ¨ g T in the zero weight space, I¨ / 0 .

Ž . Ž .In case 2.4 I L s S [ T is isomorphic as ungraded algebra to the
direct sum of two copies of the simple algebra of type X . In theN

Ž .remaining cases L is a simple ungraded Lie algebra of type X andN
w x Žthe semisimple Lie algebra S, S which is the whole S if only one marked

.node appears is the semisimple Lie algebra associated with the finite
Dynkin diagram obtained by removing the marked nodes.

Remark. Faulkner obtained these diagrams just for the Dynkin dia-
w xgram of S, S plus the lowest weights of the irreducible subrepresentations

w xof S, S on T. V. Kac had previously arrived at the same situation in his
research on automorphisms of finite order in semisimple Lie algebras over

Ž wan algebraically closed field of characteristic zero see 10; 11; 12, Chap-
x.ter 8; 7, Chap. X , since a Z -graded Lie algebra is just a Lie algebra with2

Ž .an automorphism of order 2 characteristic not 2 .

2.5

Among the simple Lie triple systems, the ones obtained from Jordan
algebras will be of particular interest to us. Given any simple Jordan

w xalgebra J of degree n G 3 with generic trace t 9, Chap. VI and multipli-
cation x( y over a field of characteristic zero, its set of trace zero elements

� Ž . 4J s x g J : t x s 0 becomes a simple Lie triple system under the0
w x Ž . Ž . Žtrilinear multiplication xyz s y( z ( x y y( z( x the associator of y,

.z, and x .
w x w xSince xy y s R , R , where R ¨ s u(¨ s ¨ (u, it follows thatx y u

w xin this case S s R , R s Der J is the Lie algebra of derivations ofJ J

the Jordan algebra J and the standard imbedding is L s Der J [ J (0
Der J [ R , which is the derived subalgebra of the Lie multiplicationJ0

w xalgebra of J 9, Theorem 8.3 .
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Over an algebraically closed field F of characteristic zero there are the
following possibilities for the simple Jordan algebras of degree n G 3:

Ž . Ž .q2.5 i J s Mat F is the algebra of n = n matrices over F undern
1 Ž . Ž .the product x( y s xy q yx . In this case J s sl n, F is a simple Lie02

triple system of adjoint type since Der J s ad J , so that the associated0
diagram is

Ž .2.5 ii J is the algebra of symmetric n = n matrices over F: J s
Ž Ž . . Ž .H Mat F , t t the transposition . In this case Der J is isomorphic to then

Ž w x.set of skew-symmetric matrices see 9, Theorem 6.9 and the Lie algebra
Ž .L s Der J [ J is isomorphic to sl n, F . The associated diagram is0

Ž .2.5 iii J is the algebra of symmetric 2n = 2n matrices with respect
to the standard symplectic involution. Again in this case Der J is isomor-

wphic to the skew-symmetric matrices with respect to this involution 9,
x Ž .Theorem 6.9 , L is isomorphic to sl 2 l, F , and the associated diagram is
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Ž .2.5 iv J is the exceptional simple Jordan algebra, whose derivation
w xalgebra is the Lie algebra of type F 9, Sect. 9.11 . The associated diagram4

is then

3. ALGEBRAICALLY CLOSED FIELDS

ŽWe intend to determine in this section the vector space Hom T mS F
.T , T for any simple Lie triple system T with standard imbedding L s S

[ T , over an algebraically closed field F of characteristic zero, an assump-
tion we will keep throughout the section.

3.1

ŽIn case T s T [ T is a sum of two irreducible S-modules diagrams1 2
Ž .. Ž . <2.4 II , the center of S is one-dimensional: Z S s Fz, with ad z s 1,T1

<ad z s y1. Therefore T m T is the sum of the eigenspaces 2, 0, y2 forT F2

Ž .ad z, which forces Hom T m T , T s 0.S F

3.2

Ž . Ž .In case T is of adjoint type, then Hom T m T , T ( Hom S m S, SS F S F
Ž .and there is a distinguished skew-symmetric element in this latter space:

Ž .the Lie multiplication in S. So at least dim Hom T m T , T G 1. Actu-S F
w xally, by 6, Theorem 1 and Corollary 2

2 if S is of type A n G 2Ž .ndim Hom T m T , T sŽ .S F ½ 1 otherwise.

On the other hand, if T s J is the triple system associated with a0
simple Jordan algebra of degree n G 3 with multiplication x( y, then

Ž . ŽS s Der J and we obtain a nonzero symmetric element of Hom T mS F
.T , T by means of

J m J ª J0 F 0 0

)Ž .1
x m y ¬ x ? y s x( y y t x( y 1Ž .

n
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Ž .the projection of the element x( y onto J . Notice that if the degree0
Ž .qwere 2, this would be zero. Besides, if J s Mat F , then the triplen

Ž .system J is both of adjoint type A and of ‘‘Jordan type.’’0 ny1
Ž Ž .. Ž .Therefore, for the adjoint type diagrams 2.4 I , Hom T m T , T isS F

Ž .spanned by the ‘‘Lie bracket in S’’ for types other than A n G 2 and byn
Ž . Ž .the ‘‘Lie bracket in S’’ and the ‘‘Jordan product ) ’’ for types A n G 2 .n

3.3

Ž .The situation for the simple Lie triple systems with diagrams 2.4 III can
Ž wbe settled immediately with the following lemma inspired by 6, Theo-

x.rem 1 :

LEMMA. Let S be a semisimple Lie algebra, H a Cartan subalgebra of S,
V an irreducible self-dual module with highest weight l relatï e to H, and ¨l

and ¨ nonzero weight ¨ectors for l and yl. For any root a of S relatï e toyl

H let S be the corresponding root space. If V is the weight 0-space in V,a 0
then the linear map

� 4f : Hom V m V , V ª ¨ g V : S ¨ s 0 ;a H lŽ .S F 0 a

w ¬ w ¨ m ¨Ž .l yl

is well defined and one-to-one.

Proof. Since V is self-dual, yl is the lowest weight of V and ¨ m ¨l yl

Ž .generates V m V. Hence any w g Hom V m V, V is determined byF S F
Ž .w ¨ m ¨ g V . But, for any root a orthogonal to the weight l and anyl yl 0

Ž . Ž .x g S , x ¨ s 0 s x ¨ , so x ¨ m ¨ s 0 and x w ¨ m ¨ s 0.a a a l a yl a l yl a l yl

Ž .As a direct consequence, Hom T m T , T s 0 for the simple LieS F
Ž .triple systems with diagrams 2.4 III , for which 0 is not a weight of the

representation of S on T.

3.4

From the paragraphs above, only the simple Lie triple systems with
Ž .diagrams 2.4 IV remain to be studied. According to Lemma 3.3, we will try

� 4to bound the dimension of t g T : S t s 0 ;a H l for a triple system T0 a

which is an irreducible S-module of highest weight l.

LEMMA. Let T be a simple Lie triple system which is an irreducible
w xmodule for S s TT] . Let H be a Cartan subalgebra of the semisimple Lie

algebra S, F the associated root system, D a base of F, and L the set of
weights of T relatï e to H. For any B / D9 : D, let S be the subalgebra of SD9

generated by the root spaces S , a g D9 j y D9, let T be the sum of thea D9

weight spaces T for m g L l ZD9, and let L s S [ T .m D9 D9 D9
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Then L is a graded subalgebra of L s S [ T that decomposes asD9

w xL s Z [ L , L ,D9 D9 D9 D9

� 4 w xwhere Z s ¨ g T : S ¨ s 0 ;a g D9 j y D9 is its center and L , LD9 0 a D9 D9

Ž .is semisimple hence a direct sum of graded simple algebras .
In particular, the codimension in T of Z equals the dimension of the zero0 D9

w x Ž w x.weight space in S , T the odd part of L , L .D9 D9 D9 D9

Ž w x.Proof. Since S s Ý Fh q Ý S the h ’s as in 8, p. 37 ,D9 a g D9 a b g F l ZD9 b a

S is a semisimple subalgebra of S with Cartan subalgebra H s H l SD9 D9 D9

s Ý Fh . Besides, D9 is a base of the root system of S : F l ZD9.a g D9 a D9

Moreover, L is clearly a graded subalgebra of L. By complete reducibil-D9

w xity T s Z [ S , T , and if 0 / W is an irreducible S -module inD9 D9 D9 D9 D9

w xS ,T , its highest weight belongs to ZD9, so that 0 is a weight in WD9 D9

w x w x w x8, Exercise 21.3 . Now, for any 0 / w g T l W, Z , w : T , T s 0,0 D9 0 0
Ž .since H q T is a Cartan subalgebra hence abelian of the semisimple Lie0

Žw x w .x.algebra L s S [ T 15, Lemma 4.12 or 12, Lemma 8.1.b . Since W is
w xirreducible, it follows that Z , W s 0, so that Z is precisely the centerD9 D9

of L . Besides, any abelian ideal of L is easily shown to be contained inD9 D9

w xZ , so that L , L is semisimple, as required.D9 D9 D9

3.5

Let T be a simple Lie triple system, let L s S [ T be its standard
imbedding, and assume that T is an irreducible S-module. As before, we
take H a Cartan subalgebra of S, so that the sum of H and the zero
weight space T of T is a Cartan subalgebra of L. Let F be the root0
system of S and L the set of weights of T with respect to H. A look at the
marked diagrams shows that:

Ž .3.5 i If S is simple of type A and 0 is a weight of T , then1
dim T s 1.0

Actually, either T is of adjoint type or the diagram is the one associated
Ž2. Ž .with A ; so L ( sl 3 and dim T s rank L y rank S s 2 y 1 s 1.2 0

Ž .3.5 ii If S is simple of type A and 0 is a weight, then T is of2
adjoint type and dim T s 2.0

Ž . Ž .3.5 iii If S is simple of type B l G 2 and F : L then dim T s l.l 0

In fact F : L if and only if the difference between the highest weight
and the longest root is a sum of positive roots. In this case either T is
of adjoint type or its diagram is obtained from AŽ2., hence the result2 l
Ž .2 l y l s l .
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Ž .3.5 iv There is no simple Lie triple system where S is a direct sum
of two simple ideals and all nonzero weights are roots; because for such S,
T is a tensor product of an irreducible module for the first ideal times an
irreducible module for the second, and the maximal weight cannot be a
root.

Ž . Ž . � 4 � 43.5 v If S is simple of type C l G 2 and L s short roots j 0 ,l
then dim T s l y 1. This is because the only possibilities are given by the0

Ž2. Ž . Ž2. Ž .affine diagrams A l G 3 and D for l s 2 .2 ly1 3

Ž . Ž .3.5 vi If S is simple of type D l G 3 with D s A and 0 is al 3 3
Žweight, then dim T s l y 1 the only possibility is given by the affine0

Ž2. .diagrams A .2 ly1

3.6

With this in mind we can tackle the problem of bounding the dimension
of

l � 4T s t g T : S t s 0 ;a H l0 0 a

Ž . Ž .l being the highest weight for the triple systems with diagrams in 2.4 IV .
In each case we will find a subset D9 of the base D such that all the roots
in D9 are orthogonal to l, so that T l : Z and Lemma 3.4 will apply.0 D9

v
Ž2. ŽA . Here dim T s 1 and we already know that dim Hom T m2 0 S F

. Ž . Ž .T , T G 1 by 3.2 and 2.5 ii ; hence dim Hom T m T , T s dim T s 1.S F 0

v
Ž2. Ž .A l G 22 l

� 4Here all the roots are weights. With D9 s a , . . . , a , S is simple of2 l D9

Ž . Ž . Ž . Ž .type B if l G 3 or A if l s 2. From 3.5 iii l G 3 or 3.5 i l s 2 andly1 1
Lemma 3.4 it follows that codim Z s l y 1; so, since dim T s 2 l y l s l,D9 0

l Ž .it follows that dim T F1 and we already know that dim Hom Tm T , T0 S F
Ž Ž .. Ž .G 1 in this case 2.5 ii , so that again dim Hom T m T , T s 1.S F
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v
Ž2. Ž .A l G 3 marked as2 ly1

Here the nonzero weights are the short roots. We take D9 s
� 4 Ž . w xa , a , . . . , a if l G 4; then because of 3.5 iv L , L is the sum of two1 3 l D9 D9

Ž . Ž .graded simple ideals and by 3.5 i and 3.5 v codim Z s 1 q l y 3 s l yD9
l Ž . � 4 Ž2; so dim T F 1 dim T s l y 1 . Also, if l s 3 we take D9 s a since0 0 1

. Ž .a is not a weight and then S is of type A and by 3.5 i codim Z s 1l D9 1 D9

and dim T l F 1.0
Ž .Again by 2.5 we get that dim Hom T m T , T s 1 in this case.S F

v
Ž2. Ž .A l G 3 marked as2 ly1

� 4Here dim T s 2 l y 1 y l s l y 1. If l s 3 we take D9 s a , and by0 3
Ž . l3.5 i codim Z s 1; so dim T F 1. Also, for l ) 3 we take D9 sD9 0

� 4 Ž . Ž .a , . . . , a and by 3.5 vi codim Z s l y 1 y 1 s l y 2; so again2 l D9
l Ž .dim T F 1. Now by 2.5 we get dim Hom T m T , T s 1.0 S F

v
Ž2. Ž .D l G 2 marked at one endlq1
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Since dim T s rank D y rank B s 1, the short roots are weights0 lq1 l
� 4 Ž .and it is enough to take D9 s a and apply 3.5 i to conclude thatl

Ž .Hom T m T , T s 0.S F

v
Ž2. Ž .D l G 2 marked in the middlelq1

Ž .Here L is simple of type D D s A and S is a sum of two simplelq1 3 3
Ž .ideals of type B and B , respectively, with r, s G 1 B s A and r q s s l.r s 1 1

Ž . ŽHence dim T s 1. If r s s s 1 we conclude by 2.5 ii that dim Hom T0 S
. � 4m T , T s 1. If, for instance, r ) 1 we can take D9 s a and concludeF r
Ž . Ž .from 3.5 i that Hom T m T , T s 0.S F

v
Ž2.E marked as6

� 4 ŽThen S is of type F , so that dim T s 2. With D9 s a a is a short4 0 3 3
. Ž . Ž .root and hence a weight we get codim Z s 1 by 3.5 i ; so by 2.5 iv weD9

Ž .get dim Hom T m T , T s 1.S F

v
Ž2.Finally, E marked as6

� 4 Ž .With D9 s a , a and because of 3.5 ii we get codim Z s 2 s1 2 D9

Ž .dim T ; so Hom T m T , T s 0.0 S F

3.7

Ž . lAs a conclusion we get that in all cases dim Hom T m T , T s dim TS F 0
and this is nonzero only in the cases contemplated in 3.2. So, summarizing
all the work done, we get:
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THEOREM. Let T be a simple Lie triple system o¨er an algebraically closed
field F of characteristic zero and let L s S [ T be its standard imbedding.

Ž .Then Hom T m T , T s 0 unless either:S F

Ž . Ž . Ža T is of adjoint type other than A n G 2 . In this case Hom T mn S F
. Ž .T , T ( Hom S m S, S , which is spanned by the Lie multiplication in S orS F

Ž .b there exists a simple Jordan algebra J of degree n G 3 such that T is
the Lie triple system J . In this case either:0

Ž . Ž Ž .q.i J is not of type A that is, J is not isomorphic to Mat F ;n
Ž . Ž .then Hom T m T , T s Hom J m J , J is spanned by the productS F Der J 0 F 0 0

Ž .in ) .
Ž . Ž .ii J is of type A; then J is of adjoint type S ( sl n, F and0
Ž . Ž .Hom T m T , T s Hom J m J , J is spanned by the product inS F Der J 0 F 0 0

Ž . Ž .) and the Lie multiplication in J ( sl n, F .0

As mentioned in the Introduction, this theorem provides alternative
w x w xproofs of 13, Theorem 8.1 and 14, Theorem 2.1 .

4. ARBITRARY FIELDS

This section will be devoted to showing that the hypothesis in 3.7 that
the field is algebraically closed can be avoided with only some minor
modifications.

4.1

Given a Lie algebra L over a field K, two L-modules M and N and a
subfield F of K, the F-descent of L is just L but considered as a Lie
algebra over F. Then M and N are also modules for the F-descent of L.
We can form M m N, which is a module for the F-descent of L, and alsoF
M m N, which is a module for L and, a fortiori, also a module for itsK
F-descent.

ŽWe have then a natural homomorphisms of modules for the F-descent
.of L

p: M m N ª M m NF K

m m n ¬ m m n

Ž .with different meanings of the same sign m .

LEMMA. Let L be a Lie algebra o¨er a field K, let M, N, and P be three
irreducible nontrï ial L-modules, and let F be a subfield of K such that KrF

Žis a finite separable field extension. Then the linear map of ¨ector spaces
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.o¨er K

p*: Hom M m N , P ª Hom M m N , PŽ . Ž .L K L F

w ¬ w ( p

Ž .p as abo¨e is a bijection.

Ž .Proof. Notice that Hom M m N, P is a vector space over K be-L F
cause so is P. Let V be an algebraic closure of F and s , . . . , s : K ª V1 r

w xthe r s K : F different F-homomorphisms. Then by separability

V m K s V e [ ??? [ V eF 1 r

with e , . . . , e orthogonal idempotents. Besides, as a right K-vector space,1 r
Ž .e a s s a e for any i s 1, . . . , r and any a g K.i i i

Now,

L s V m L ( V m K m LŽ .V F F K

s V e m L [ ??? [ V e m LŽ . Ž .1 K r K

s L [ ??? [ L ,1 r

where each L s V e m L is the algebra obtained from L by extendingi i K
scalars from K to V by means of s . Similarlyi

M s V m M ( V e m M [ ??? [ V e m M s M [ ??? [ M ,Ž . Ž .V F 1 K r K 1 r

and the same for N and P . By orthogonality, L M s 0 if i / j.V V i j
By scalar extension

V m Hom M m N , P ( Hom M m N , P ,Ž . Ž .F L F L V V V VV

but
r

M m N s M m N .[V V V i V j
i , js1

Ž .For any f g Hom M m N , P , if i, j / kL i V j kV

L f M m N : f L M m N q f M m L N s 0,Ž . Ž . Ž .k i V j k i V j i V k j

so that

f M m N s 0Ž .i V j

since

� 4 � 4x g P : L x s 0 s V e m x g P : Lx s 0 s 0;k k k
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while if i s k / j

f M m N s f M m L NŽ . Ž .i V j i V j j

s f L M m N s L f M m N : L P s 0.Ž . Ž .Ž .j i V j j i V j j k

Therefore

r

Hom M m N , P s Hom M m N , PŽ . Ž .[L V V V V L i V i iV i
is1

r

s V e m Hom M m N , P .Ž .[ i K L K
is1

Hence

dim Hom M m N , P s r dim Hom M m N , PŽ . Ž .F L K K L K

r

s dim Hom M m N , PŽ .Ý V L i V i ii
is1

s dim Hom M m N , PŽ .V L V V V VV

s dim Hom M m N , P .Ž .F L F

But p: M m N ª M m N is onto; so p* is one-to-one and hence,F K
because of the same dimension, it is a bijection.

As a consequence, if T is a simple Lie triple system over a field F of
w x Ž .characteristic zero, G is its centroid and S s TT y : gl T , to deter-

Ž . Ž .mine Hom T m T , T it is enough to determine Hom T m T , T . ThatS F S G

is, it is enough to deal with central simple Lie triple systems. Moreover, for
these systems we can extend scalars up to an algebraically closed field and
then use Theorem 3.7.

4.2

Let T be a central simple Lie triple system over a field F of characteris-
tic zero with standard imbedding L s S [ T , and let V be an algebraic
closure of F. Assume there is a simple Jordan algebra of degree n G 3
over V such that T s V m T is the triple system J constructed in 2.5.V F 0

Ž 2Ž . . 2Ž .Then by Theorem 3.7, dim Hom S T , T s 1, where S T denotesF S
the space of symmetric tensors in T m T.F

Let v : T = T ª T be symmetric, bilinear, and such that the map
Ž . Ž . Ž 2Ž . .determined by u m u ¬ v u, u u g T spans Hom S T , T . ThenS

denoting by the same symbol v its extension to a bilinear map T = TV V

Ž .ª T , it follows that there is a 0 / m g V such that x ? y s mv x, y forV
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Ž Ž ..any x, y g T s J x ? y as in ) . Thus the multiplication in the JordanV 0
algebra J s V1 [ J is given by0

1
a1 q x ( b 1 q y s ab q t x , y 1 q a y q b x q x ? y , eŽ . Ž . Ž . Ž . Ž .ž /n

Ž . Ž .where t x, y s t x( y defines an invariant symmetric bilinear form
Ž .on J . Since the algebra J is isomorphic by means of the map a ¬ ma to0

the algebra defined on the same J but with the new multiplication given
y1 Ž .by m a( b, we can assume that x ? y s v x, y for any x, y g J .0

Ž 2 . 2 Ž .Now, the Jordan identity x8 ( y ( x s x8 ( y( x gives for x, y g J0
that

1 1
t x ? x , y x q x ? x ? y ? x s t y , x x ? x q x ? x ? y ? x . †Ž . Ž . Ž . Ž . Ž . Ž .Ž .

n n

Ž . ŽOn the other hand, t g Hom J m J , V ( V m Hom T mDer J 0 V 0 F S F
.T , F , and by irreducibility of T and Schur’s lemma the dimension of these

spaces is 1; hence there are a l: T = T ª F bilinear, symmetric, and
Ž . Ž .nondegenerate and a 0 / a g V such that t x, y s al x, y for any

x, y g T.
Ž . Ž .If a f F, for any x g T , take y g T with l x, y s 1 and † allows us

to conclude that x ? x g V x for any x g T. But this implies that the
Ž .degree of J is at most 2, a contradiction. Hence a g F, t x, y g F for any

x, y g T and A s F1 [ T is closed under the Jordan product in J. In
other words, A s F1 [ T is a Jordan algebra over F which is a form of J.
Moreover S s Der A since S s Der J. But we cannot conclude that T isV

Žthe Lie triple system associated with the simple Jordan algebra A because of
.the scaling we did of the product in J ; we can only conclude that there is

w x ŽŽ . Ž ..a nonzero scalar m g F such that xyz s m y( z ( x y y( z( x for any
Ž .x, y, z g A s T. We will denote this triple system by A , m .0 0

Let us put all this another way. For any central simple Jordan algebra J
Ž .over F of degree G 3 let L J s Der J [ J be the Z -graded simple Lie0 2

algebra which is the standard imbedding of the Lie triple system J . Also,0
for any Z -graded Lie algebra L s S [ T and any 0 / m g F, let L be2 m

the new Z -graded Lie algebra constructed on the same vector space as L2
with the same grading and the same product of elements in S and of
elements in S times elements in T , but with the new product of elements
in T given by

mw x w xt , t [ m t , t .1 2 1 2

Then the arguments above prove the first part of:
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PROPOSITION. Let L be a Z -graded simple Lie algebra o¨er a field F and2
let V be an algebraic closure of F. Assume that there is a simple Jordan

Ž .algebra J o¨er V of degree G 3 such that L ( L J . Then:V

Ž .i There exist a nonzero scalar m g F and a Jordan algebra A o¨er F,
Ž . Ž .unique up to isomorphism, with A ( J and L ( L A as graded algebras .V m

Ž . Ž . Ž . Ž . y1 2ii L A ( L A as graded algebras if and only if m n g F .m n

Proof. Assume that A and B are central simple Jordan algebras with
Ž . Ž .A ( J ( B and let 0 / m, n g F and f : L A ª L B an isomor-V V m n

phism of graded algebras. Then it is immediate to check that f is an
Ž . Ž . y1isomorphism from L A to L B , so that we may assume m s 1. Letm n

<S s Der A, then the restriction f : Der A ª Der B is an isomorphismS
<which makes B an irreducible S-module. Let w s f : A ª B , thenA0 0 00

Ž 2Ž . . Ž 2Ž . . Ž 2Ž . .since Hom S A , A and Hom S B , B s Hom S B , BS 0 0 S 0 0 Der B 0 0
Ž .have dimension 1, there is a nonzero scalar 0/hgF such that w a ? a s1 2

Ž . Ž . Ž .Ž . Ž .Ž .hw a ? w a for any a , a g A . Therefore hw a ? a s hw a ?1 2 1 2 0 1 2 1
Ž .Ž . Ž .hw a and hw is an isomorphism between the algebras A , ? and2 0
Ž . Ž .B , ? . By † and since the degree of the Jordan algebras A and B is0
G 3 it follows that the traces of A and B are determined by the algebras
Ž . Ž . Ž .A , ? and B , ? respectively. From the expression in e hw extends to0 0

Ž Ž . Ž .an isomorphism of Jordan algebras c : A ª B with c 1 s 1 and c a s
Ž . . Ž .hw a for any a g A . This shows the uniqueness in i . Besides, c0

Ž . Ž . Ž . y1induces an isomorphism C: L A ª L B by means of C s s c ( s(c
Ž . Ž . y1 Ž .for any s g S and C a s c a for any a g A . Now, f (C : L B ª0

Ž . y1Ž .L B is an isomorphism of simple graded Lie algebras with f (C b sn
y1 Ž .h b for any b g B the odd part . But for any b , b g B0 1 2 0

ny1 y1 y1 y2w x w xf (C b , b s f (c b , f (c b s h n b , bŽ . Ž .Ž .1 2 1 2 1 2

and for any b , b , b g B1 2 3 0

y1 y1w x w xh b , b , b s f (c b , b , bŽ .1 2 3 1 2 3

y1 y1w xs f (C b , b , f (c bŽ .Ž .1 2 3

y2 y1 w xs h nh b , b , b .1 2 3

y2 Ž .Thus h n s 1, giving the converse in ii .
y1 2 Ž . Ž .Conversely, if m n s h for 0 / h g F, the map f : L A ª L An m

Ž . Ž .given by f s s s for any s g S and f t s h t for any t g A is easily0
seen to be an isomorphism.

Ž . wRemarks. i The proposition above can be deduced also from 18,
xTheorem 4.5 . The proof above is more in the spirit of the rest of the

paper.
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Ž .ii Over the real field, attached to any central simple Jordan algebra
A of degree G 3 there appear two nonisomorphic triple systems with

Ž . Ž . wstandard imbeddings L A and L A . One is the dual of the other 7, p.y1
x235 . The irreducible compact simply connected Riemannian symmetric

Ž wspaces of type I with noncanonical affine connections see 14, Theorem
x.2.1 appear as the duals of the ones associated with the Jordan algebras of

symmetric real matrices, symmetric matrices of quaternions with respect to
Ž .the standard involution, and the simple exceptional Jordan algebra H O .3

4.3

To state the result that summarizes most of the work done throughout
the paper, we need one more thing. Let J be a central simple Jordan

Žalgebra of type A that is, after extension of scalars it becomes isomorphic
Ž .q. Ž wto Mat K over a field G of characteristic zero. Then see 9, Chaps. IVn

x.and V either

Ž .i there is a central simple associative algebra B over G such that J
is the Jordan algebra Bq or

Ž .ii there is a central simple associative algebra A over a quadratic
w x Ž 2 .field extension P s G q q g G equipped with an involution of second

Ž .kind j such that J is the Jordan algebra of symmetric elements H A, j s
� Ž . 4x g A : j x s x .

w x 2 opIn the first case put P s G [ G s G q with q s 1, A s B [ B
Ž .where op denotes the opposite algebra , and j the involution of the

Ž . Ž . Ž .second kind given by j b , b s b , b . So in both cases J s H A, j for1 2 2 1
Ž .a central simple involutorial algebra A, j of the second kind.

Ž . w Ž . Ž .x Ž .Then, Der J s S A, j s S A, j , S A, j acting on H A, j by means0
Ž . � Ž . 4 Ž wof the Lie bracket in A, where S A, j s x g A : j x s yx see 9,

x. Ž . Ž . Ž .Theorem 6.9 . Besides, H A, j s qS A, j , H A, j is the adjoint mod-0
Ž . Ž .ule for S A, j , and under the isomorphism of S A, j -modules given by0 0

Ž . Ž . Ž .H A, j ª S A, j , x ¬ qx, the Lie bracket on S A, j becomes the0 0 0
Ž . Ž .S A, j -invariant product on H A, j0 0

wx y s q xy y yx . ))Ž . Ž .

Now, Theorem 3.7 plus the arguments in 4.1 and 4.2 prove the following:

THEOREM. Let T be a simple Lie triple system o¨er a field F of character-
istic zero with centroid G and let L s S [ T be its standard imbedding. Then

Ž .Hom T m T , T s 0 unless either:S F

Ž .a T is of adjoint type with S being a central simple Lie algebra
Ž . Ž .o¨er G of type different from A n G 2 . In this case Hom T m T , T (n S F

Ž .Hom S m S, S , which is spanned o¨er G by the Lie multiplication in S.S F
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Ž .b There exists a central simple Jordan algebra J of degree n G 3 o¨er
Ž 2 .G and a nonzero scalar m g G which can be taken modulo G such that T is

Ž .the Lie triple system J , m . In this case either:0

Ž . Ž .i J is not of type A o¨er G; then Hom T m T , T sS F
Ž . Ž .Hom J m J , J is spanned o¨er G by the product in ) .Der J 0 F 0 0

Ž . Ž .ii J s H A, j for some central simple associatï e in¨olutorial
Ž . w x Ž 2 .algebra A, j of the second kind o¨er G. Let P s G q 0 / q g G be the

center of A. Then

Hom T m T , T s Hom J m J , JŽ . Ž .S F Der J 0 F 0 0

s Hom H A , j m H A , j , H A , jŽ . Ž . Ž .Ž .0 0 0SŽ A , j. G0

Ž . Ž .is spanned o¨er G by the products in ) and )) .

This theorem may be considered as an extension of the classification of
the flexible Lie-admissible algebras over a field of characteristic zero with

Ž w xan underlying simple Lie algebra see 17, Chap. III and the references
. Ž . Ž .Ž .therein , since this classification is subsumed in cases a and b ii of the

above result.
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