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ABSTRACT

We determine the Lie algebras such that their number of ideals is at most five. A
complete classification is given of the solvable Lie algebras in this class over alge-
braically closed fields of characteristic zero and the real field.

1. INTRODUCTION

Let L be a Lie algebra. The ideals of L may be taken as the elements of
a lattice J(L) under the operations of sum and intersection. Although L
determines (L) uniquely, in general J(L) does not determine L uniquely.
Moreover, there exist lattices . that are not the J(L) for any Lie algebra L.
For example, the 5-element lattice .#] represented by the diagram in Figure
1 cannot occur as the lattice of ideals of any Lie algebra, because .2, is
nonmodular (see [2, p. 20).

In the present paper we are interested in answering the following
questions: (1) Which n-element lattices . with 1 < n < 5 can occur as the
lattice of ideals of some Lie algebra? (2) If & is such a lattice, how many Lie
algebras L exist such that .# is their lattice of ideals? In Section 2, we shall
obtain the answer to the first question, which helps us to determine the
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Fic. 1.

structure of the Lie algebras that have at most five ideals. These results are
then used in Section 3, where, as an illustration, the solvable Lie algebras
with no more than five ideals are classified completely when the base field is
either an algebraically closed field or the real one. The methods of proof are
entirely elementary and are applications of linear algebra.

Every Lie algebra considered in this paper will be finite-dimensional over
a field F of characteristic zero. Rad(L) [Nil(L)] denotes the largest solvable
[nilpotent] ideal of L. The Jacobson radical, J(L), is the intersection of all
maximal ideals of L. We denote the terms of the lower central series (l.c.s.)
of Lby L = L' and L} = [L, L'~ ] for i > 1. The center of L is denoted by
Z(L). We define the upper central series (u.c.s.) of L by letting Z(L) = 0
and Z,(L) be the ideal of L such that Z(L/Z,_ (L)) = Z(L)/Z,_ (L) for
i » 1. We shall say that L has nilpotency index n if L = 0 but L"~' # 0.
Notice that n is the nilpotency index of L if and only if Z, (L) = L. The
symbol J(L) denotes the lattice of all ideals of L. Algebra direct sums are
denqted by @, whereas direct sums of vector-space structures are denoted
by +.

2. BASIC STRUCTURE

LEMMA 2.1. Let L be a Lie algebra such that 3(L) is an n-element
lattice with 1 < n < 5. Then, J(L) is one of the lattices shown in Figure 2.

Proof. Notice that J(L) is as in I if and only if L = 0. Assume then
L # 0. It is clear that 0 (L) is an ideal of L with the following property: If P
is an ideal of L, then 0 < P (P < L). Thus, J(L) has at least two elements.
If n =2 or 3, it is immediate that J(L) is as in II or III. Suppose now
n = 4, and let P be a minimal ideal of L. If P is the unique minimal ideal, it
follows that J(L) is as in IV(a). Otherwise, there exists a minimal ideal Q
different from P. Then, 0, P, Q, L are the elements of J(L). Moreover,
PN Q =0and P+ Q = L. Therefore, J(L) is as in IV(b). Finally consider
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n = 5. In that case, L has at most three minimal ideals. Assume there are
three. Write them as P, Q, R. We have that PN Q=PNR=RNQ =0
and P+ Q=P+ R=R+ Q= L.Then,as[P,Q] =[P, R] = [Q, R] = 0,
we deduce that L is abelian of dimensionality 2, which is a contradiction.
Therefore, L has at most two minimal ideals. If there is only one, L is as in
V(a) or V(c). Otherwise, denote by P, Q the minimal ideals of L, and let K
be the fifth ideal. As K is not minimal, we can suppose P < K. If Q is not
contained in K, it follows that L = P + Q and therefore K = P, which is a
contradiction. We conclude that P + Q = K, and this yields J(L) is as in
V(b). [ |

In the terminology of lattice theory, a lattice . which is totally ordered
by set inclusion is said to be a chain. Then the lattices represented by the
diagrams I, I1, I1I, IV(a), V(a) in Figure 2 are n-element chains with n = 1,
2, 3, 4, 5 respectively. The other lattices will be denoted by [Figure 2, ],
where * = IV(b), V(b), V(c). In [1], we studied the problem of determining
the structure of a Lie algebra L for which J(L) is a chain. We were able to
classify completely the supersolvable Lie algebras in this class. In the general
case, we only obtained the classification of those Lie algebras for which J(L)
is a 1-, 2-, or 3-element chain. Now, from Theorem 2.3, we shall get the
complete structure of a Lie algebra L in which J(L) is a 4- or 5-element
chain. The following lemma is obtained in [1]. Its proof is presented here for
completeness.

LEmMA 2.2 (1), Let L be a Lie algebra. Suppose dim L > 1 and L is not
simple. Then the following properties of L are equivalent:

() L has a unique maximal ideal.
(i) L = Nil(L) + S, where S is 1 — dimensional or simple and ad; S
acts nontrivially on every ad,; S-invariant subspace of Nil(L)/Nil(L)*.

I 1 11 V@) | IV(h) V(a) V(b) V(c)

FicG. 2.



236 M. PILAR BENITO CLAVIJO

Proof. (i) = (ii): We have that J(L) is the unique maximal ideal of L.
Then L/J(L) is one-dimensional or simple. From Theorem 3.1 of [6],
J(L) = [L,Rad(L)] < Nil(L). We claim that J(L) = Nil(L). If L/J(L) is
simple, it is clear that J(L) = Nil(L). Assume then dim L/J(L) = 1. If
J(L) # Nil(L), we conclude that L is nilpotent. Then J(L) = L?, and L? is
a nonzero ideal because dim L > 1. Now consider L/L?. As dim L/L? = 1,
we can write L/L* = L?/L® +((y)). Since L?/L?® < Z(L/L?), we get L? =
L?, which is a contradiction because L is nilpotent. Thus J(L) = Nil(L).
Therefore L = Nil(L) + S, where S is one-dimensional or simple (the
decomposition in the case § simple follows from the Levi theorem). Notice
that Nil(L /Nil(L)?) = Nil(L)/Nil(L)* = J(L/Nil(L)?) (see [7, Proposition
1.4]). Assume Nil(L)2 =0. Then L = Nil(L) + S with S =((x)) or §
simple and Nil(L) abelian. We have the following: If S = ((x)), then
Nil(L) = J(L) = L* = [Nil(L), x] and therefore ad; x|z, is nonsingular.
If S is simple, Nil(L) = J(L) = [L, Rad(L)] = [S, Nil(L)]. In that case, let
A be an ad; S-invariant subspace of Nil(L). As Nil(L) is ad, S-completely
reducible (see [3, p. 79]), there exists an ad, S-invariant subspace B such that
Ni{L) = A ® B. Then [A® B,S]=[A,S]®[B,S]1=A & B, and this
yields [ A, S] = A. Therefore, (ii) follows.

(ii) = (i): Write N = Nil(L). It is easily checked that N = N2 +[N,S]
Then N < J(L) = [L, Rad(L)] < N. Thus N is the unique maximal ideal of
L. a

THEOREM 2.3. Let L be a Lie algebra. Then L has at most five ideals if
and only if one of the following holds:

@ L=o

(i) L is either one-dimensional or simple.

(iii) L = N +((x)), where N is a nonzero abelian ideal, ad, x|y is
nonsingular and cyclic, and its minimal polynomial has the form m(x)",
where w(X) is irreducible and 1 < n < 3.

(iv) L = N +((x)), where N is a nilpotent ideal of nilpotency index three,
ad; x|y, n2,ad; x|y2 are cyclic, and their minimal polynomials have the
form w(X)", u{X)™ respectively, where:

(a) (X)), w(X) are irreducible and w(X) + X.

(b) (n, m) is one of the following pairs: (1,1), (1,2), or (2, 1). Moreover, if
(n,m) =(2,1) and Z(N) # N2, then m(X) = u(X) and the minimal poly-
nomial of ad; x|y is m(X)2

v) L = N +({(x)), where N is a nilpotent ideal of nilpotency index four,
ad; xly,n2,ad; x|y2/n3,ad, x|ys are cyclic with irreducible minimal poly-
nomials, and ad; x|y n? is nonsingular.
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(i) L = N + 8, where N is a nonzero nilpotent ideal of nilpotency index
n with 2 < n <4, N/N? is a faithful ad; S-module, and N'/N**! is an
irreducible ad; S-module for 1 <i<n — 1.

(vii) L = ((x)) @ S, where S is a simple ideal and ((x)) is the center.
(viii) L = S, @ S,, where S|, S, are simple ideals.

(x) L = N +((x)), where N is a nonzero abelian idedl, ad, x|y is
nonsingular and cyclic, and its minimal polynomial is a product of two
distinct irreducibles.

(x) L =N+ S, where N is an abelian ideal, S is a simple subalgebra,
and N =N, ® N, with N,, N, irreducible, faithful, and nonisomorphic
ad; S-modules.

(i) L = N + S, where N is an abelian ideal, S is an algebra of the type
described in (vii) or (viii), and N is an irreducible and faithful ad ; S-module.

Moreover, if L is as in (xi) with S = ((x)) ® S,, the minimal polynomial
of ad x|y is irreducible. Thus if ad; x|y is split, then the transformation
ad; x is scalar in N and N must be an irreducible ad | S,-module.

Proof. From Lemma 2.1, J(L) is one of the lattice diagrams in Figure
2. We study each diagram separately.

Case 1: (L) is an n-element chain, 1 <n <5. If n=1or 2 it is
immediate that L is as in (i) or (ii). Suppose then n > 3. As L has a unique
maximal ideal, from Lemma 2.2 we have that L = N + S, where N =
Nil(L) # 0, § is a simple subalgebra or S = ((x)), and ad; S acts nontrivially
on every ad, S-invariant subspace of N/NZ. Let k be the nilpotency index of
N. Then k < 4, because the terms of the l.c.s. of N are ideals of L. Assume
first S is simple, and consider N'/N*! for 1 <i <k — 1. We can write
Ni/N*t=A/N'*' e .. ®A,/N"!, where each A;/N'**! is an irre-
ducible ad; S-module [3, p. 79]. Then A isan ideal of L for 1 <j < m. As
(L) is a chain, we conclude that m = 1 and therefore L is as in (vi). Now,
suppose S = ((x)). Consider N'/N**! for 1 <i < k — 1. Notice that every
ad; x-stable subspace of N'/Ni*! is an ideal of L. As J(L) is a chain, it
follows that ad, x|y:,y:+ is an indecomposable transformation. Therefore,
ad; x|yi n+1 is cyclic and its minimal polynomial is a power of an irre-
ducible [4, p. 129]. If N is abelian, we obtain that L is as in (iii). Assume
then k = 3. We have that 0, N2, N, L € S(L). Thus J(L) has 4 or 5
elements. If J(L) is a 4-element chain, it follows that 0 < N2 < N < L is
the chain of ideals of L. Therefore L is as in (iv) with (n, m) = (1,1). If
J(L) is a 5-element chain, there exists an ideal K such that either 0 < K <
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N2 or N2 < K < N. In the first case, L is as in (iv) with (n, m) = (1,2). In
the second one, we conclude that L is as in (iv) with (n, m) = (2, 1). In this
last case, if Z(N) # N?, it follows that Z(N) = K. As every ad, x-stable
subspace of Z(N) is an ideal of L, ((x)) acts cyclically on Z(N) with minimal
polynomial 8(X)?, where 8(X) is irreducible. Denote by 7(X)? and u(X)
the minimal polynomials of ad; x on N/N? and N? respectively. Notice
that N < Z(N) < N. Thus, 8(X) = m(X) = u(X), which proves the last
assertion of (iv(b). Finally, suppose k = 4. Then 0 < N3 <N2<N<Lis
the chain of ideals of L, and this yields that L is as in (v).

Case 2: (L) is as in [Figure 2, IV(b)]. Then, L = A @ B, where
A, B are the only two minimal ideals of L. If both of them are abelian, we
conclude that L is abelian of dimensionality 2, which is a contradiction.
Therefore, L is as in (vii) or (viii).

Case 3: (L) is as in [ Figure 2, V(b)]. From Lemma 2.2, we have that
L=N+S, where N = Nil(L) # 0, S is one-dimensional or simple, and
ad; S acts nontrivially on every ad; S-invariant subspace of N/N?. More-
over, N =A & B, where A, B are the only two minimal ideals of L. It
follows that N is abelian. Notice that ad; S acts irreducibly on A and B
because of their minimality. Suppose first S = ((x)). Then ad; x|4 and
ad; x|p are cyclic with prime minimal polynomials 7(X), u(X) respectively
(see [4, p. 128D. If w(X) = w(X), we can take {a;}, _;,..{b} cic, as a
basis for A and B with respect to which ad; x|4, ad; x| are represented by
the same Jordan canonical matrix (see [4, p. 70D. Then the subspace
P=(a, +b;:1 <i<n)isan ideal of L different from A and B, which is
a contradiction. Therefore 7(X) # u(X), and this yields L is as in (ix). Now,
assume S is simple. If A, B are isomorphic ad, S-modules, we can take
{ah cicnr 1Bl i<, basis of A and B with respect to which the action of
ad; S is the same. Then P = ((a; + b;: 1 <i < n)) is a minimal ideal of L
different from A, B, which is a contradiction. Therefore, L is as in (x).

Case 4: (L) is as in [Figure 2, V(c).] We have that the Jacobson
radical, J(L), is unique minimal ideal of L, and L/J(L) is as in (vii) or (viii).
As J(L) is nilpotent (see [6, Corollary 3.1]), we conclude that J(L) is abelian.
Suppose first L/J(L) is as in (viii). Then J(L) = Rad(L) and, from the Levi
theorem, L = J(L) + S;. where S| is a direct sum of two simple subalge-
bras. Now, assume L/J(L) is as in (vii). Then, J(L) is of codimension 1 in
Rad(L) and L = Rad(L) + S, where S, is a simple subalgebra. As J(L) and
Rad(L) are ad, S,-modules, we have that Rad(L) = J(L) + B, where B is a
one-dimensional ad; S,-module. Therefore B = ((x)) and [x, S,] = 0 (see
[5, p. 28]). Consequently, we can decompose L as J(L) + S, where S is a
subalgebra as in (vii) or (viii). Notice that ad; S acts faithfully and irreducibly
on J(L) in both cases, because J(L) is the unique minimal ideal of L. Then
L is as in (xi).



IDEALS IN LIE ALGEBRAS 239

Now we shall prove the converse. It is immediate if L is as in (1), Gi),
(vii), or (viii). Notice that if L is as in (iii), Giv), (v), (vi), or (ix), then from
Lemma 2.2 N is the unique maximal ideal of L. Suppose L is as in (iii) or
(ix). Then the proper ideals of L are the ad; x-invariant subspaces of N.
Therefore, if L is as in (iii), we conclude that J(L) is one of the following
chains:

0 <Ker(m(ad, xly))=N<L for n=1,
0 < Ker(m(ad xly)) < Ker(w*(ad, xly)) =N <L  for n=2,
0 < Ker(w(ad, x|y)) < Ker(w?(ad, xly))

< Ker(m3(ad, x|ly)) =N <L  for n=3,

where Ker(m(ad, x|y)) ={a € N:am'(ad, x|x)) = 0}. If L is as in (ix)
and we denote by 7(X)u(X) the minimal polynomial of ad; x|y, we obtain
that 0, Ke{m(ad, x|y)), Ker{ u(ad, xly)), N, and L are the elements of
I(L).

Now, let L be as in (iv) with (n, m) = (1, 1) or (1, 2). Pick an ideal P of
L such that N2 < P < N. Since ((x)) acts irreducibly on N/N? in both
cases, P=N? or P = N. It follows that Z(N) = N2 Next, let K be a
minimal ideal of L. From [7, Propositions 3.7], we have that K < Z(N) = N2
If (n, m) = (1, 1), we conclude that K = N? is the unique minimal ideal of
L. Thus J(L) is the 4-element chain 0 < N2 < N < L. If (n, m) = (1, 2),
then as ((x)) acts cyclically on N2, we obtain that K = Ker(w(ad; x|y2)).
Then, Ker(w(ad, x|52)) is the unique minimal ideal of L. Moreover,
L/Ker(m(ad; x|y2))is as in (iv) with (n, m) = (1, 1). Tt follows that J(L) is
the 5-element chain 0 < Ker(mr(ad, x|x2)) < N> < N < L.

Next assume L is as in (iv) with (n, m) = (2,1). Notice that N2 is a
minimal ideal. If Z(N) = N2 as in the above paragraph, it is easily checked
that N? is the unique minimal ideal of L. Now, L/N? is as in (iii) with
n = 2. Thus, J(L) is a 5-element chain. If Z(N) # N2, then from Gv) (b),
((x)) acts cyclically on Z(N). It follows that Ker(w(ad, x|z))) and
Ker(m?(ad x|zny)) = Z(N) are the only two ad, x-invariant subspaces of
Z(N). Then we deduce that N? = Ker(w(ad x|z))), which is the unique
minimal ideal of L. Consequently, as in the above case, we obtain that J(L)
is a 5-element chain. Now, let L be as in (v). We have that N3 < Z(N).
Suppose N® # Z(N). The Lie algebra L/N?® is as in (iv) with (n, m) = (1, 1).
Then 0 < N2/N® < N/N3 < L/N? is the lattice of ideals of L/N?> It
follows that Z(N) = N or N2, which is a contradiction. Therefore Z{N) =
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N3, and this yields that N 3 is the unique minimal ideal for L. Then, from
(iv), we conclude that L is a 5-element chain. If L is as in (vi), it is easily
checked that the l.c.s. of N coincides with the u.c.s. Consequently, I(L) is
the (n + 1)-element chain 0 < N*~! < -«- < N < L, where n = 2,3, 4.

Now, let L be as in (x). Take P a minimal abelian ideal of L. Then
P < N, because N = Nil(L). As ad; S is completely reducible on N (see [3,
p- 79)), there exists an ad; S-module C such that N =P @ C. From the
Jordan-Holder theorem, we can suppose that P and N, are isomorphic
ad, S-modules. Then PN N, = 0. If P # N, we obtain that N =P & N,
= P ® N,, and this yields that N|, N, are isomorphic ad; S-modules, which
is a contradiction. It follows that N, N, are the unique ad, S-invariant
subspaces of N. Thus, from Lemma 2.2, N is the unique maximal ideal of L.
Consequently, 0, N}, N,, N, and L are the ideals of L.

Finally, assume L is as in (xi). Suppose first L/N is as in (viii). It follows
that N = Nil(L). Let P be a minimal ideal of L. Then P is either abelian or
simple. If P is simple, we deduce that P < S (see [3, p. 92]). As [P, N] = 0,
it follows that ad; §S is not faithful on N, which is a contradiction. Thus P is
abelian, and therefore P =N because of the minimality of N. Now, as
S =38, ®S,, we conclude that 0, N, N + S;. N + S,, L are the ideals of L.
Next, let L = N +((x)) ® S. We claim that N = Nil(L). Notice that Rad(L)
= N +((x)). Thus we need only prove that ad; x|y is not nilpotent. If that is
not the case, from Engel’s theorem (see [3, p. 36]) the minimal polynomial of
ad; x|y is of the form X". As ad;[((x)) ® S]is completely reducible on N,
it follows that ad; x|y is semisimple (see [3, p. 81]). Consequently, [N, x] =
0 which is a contradlctlon Now, as in the above case, it is easily checked that

N is the unique minimal ideal of L. Then we conclude that 0, N, N +((x)),
N + S, and L are the ideals of L.

To prove the last assertion of the theorem, consider L = N +((x)) ® .
Notice that ad; x|y is semisimple because ad [((x)) ® S,] is completely
reducible on N (see [3, p. 81]. Then we can write its minimal polynomial as
7 (X) m(X) with 7,(X) distinct irreducibles for 1 <i < n. Conse-
quently, we can decompose N as N, + -i-N,,", where N, ={a €
N:am(ad, x) = 0}. On the other hand, [ad; x,ad; s] = O for every s € §,.
Then from [3 p- 40] we obtain that N, is ad; Sl—mvanant forl <i<n, and
this yields that each N, is an 1dea.l of L. As N is a minimal ideal, we
conclude that n = 1. Now the last part of the assertion is immediate. The
proof is complete. [ |

REMARK 2.4. Notice that every Lie algebra L listed in Theorem 2.3
determines J(L) uniquely as one of the lattices in Figure 2. Moreover, given
a lattice .2 of the type described in Figure 2, if there exists a Lie algebra L
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for which .# is its lattice of ideals, . determines the structure of L (not
uniquely). This allows us to deal with the existence problem that will be our
next task.

3. THE EXISTENCE PROBLEM

The results of the last section reveal the structure of the Lie algebras
which have at most five ideals. But it remains to be shown that these
structures are possible. The existence problem for Lie algebras of types (i),
(i), (i), (vii), (viid), (ix), (x) in Theorem 2.3 is readily solved, and in each case
it is easy to obtain a basis and give the corresponding multiplication table. If
the base field is algebraically closed, then case (xi) is easy too. The existence
problem for the rest will be solved by the two following corollaries and the
final examples in Example 3.4.

LEMMA 3.1.  Let L be a Lie algebra direct sum of a nilpotent ideal N and
a one-dimensional subalgebra ((x)). Then ad; x|y is split if and only if
ad x|y, N2 is split.

Proof. The “only if” is immediate. We shall prove the “if.” Let S be the
largest subspace of N such that ad; x|s is split. Notice that S is a subalgebra
(see [3, p. 64]). Then ad; x|y (n2+s) does not have eigenvalues in the field.
It follows that N =N?>+ S. Let M be a maximal subalgebra such that
S +(x) < M. By Theorem 6.5 of [8], N2 < M. Then M = L, which is a
contradiction. Therefore S = N, and this yields that ad; x|y is split. n

CoROLLARY 3.2. Let L be a solvable Lie algebra over an algebraically
closed field of characteristic zero. Then, L has at most five ideals if and only if
one of the following holds (only nonzero products are given):

M L=0o.

(2) L is one-dimensional.

(3 L is the (n + 1)-dimensional Lie algebra, 1 <n < 3, with basis
{a), ..., a,, y} and products [a,, yl =a, + a;,| for 1 <i<n -1, [a,,y]
=a,.
(4) L is the four-dimensional Lie algebra with basis {a,, a,, a,, y} and
products [a), a;] = a;, la,, y] = a, + a,, [a,, y] = a,, [a,, y] = 2a,.

(5) L is the three-dimensional Lie algebra with basis {a,, a,, y} and
products [a,, y] = a,, [a,, y] = aa,, where a # 0, 1.
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Moreover, two Lie algebras as in (5) corresponding to scalars a, B are

isomorphic if and only if a« = B or a = 1/B.

Proof. Suppose dim L > 1 and L has no more than five ideals, so that
L has the structure described in (iii), (iv), (v), or (ix) of Theorem 2.3. Then L
is a direct sum of a nonzero nilpotent ideal N and a one-dimensional
subalgebra ((x)). We study the different cases separately.

(a) Let L be as in Theorem 2.3 (ii). It follows that N is an n-dimen-
sional abelian ideal and ad; x|y has minimal polynomial (X — &)", where
1<n <38, a#0.Take y = pux with u = 1/a, and pick a basis {¢;}, _; .,
for N with respect to which ad; yly is represented by a matrix in classical
canonical form (see [4, p. 73]). Then {a;, y}, ;. , is a basis for L as in 3).

(b) Let L be as in Theorem 2.3 (iv). As dim N/N? > 1, there is only one
possibility, which is that dim N = 3, dim N 2 =1, and ((x)) acts on N/N?
and N? with minimal polynomials (X — @)?, & # 0, X — B respectively.
Now we consider the subspace N, ={z € N:z(ad, x — al)" = 0}. We
have that N = N, + N2, As N2 < Z(N),we have 0 # N? =[N, N,] < N,,,
(see [3, p. 64]), and this yields B = 2a. Consequently, we can decompose
N=N,+N,,, where N,={z € N:z(ad, x — al)* =0} and N,, = {a
€ N:la, x] = 2aa} = N2. Now, we can take a basis a, b, ¢, for N such that
[a, x] = aa + b, [b,x] = ab, [c¢, x] = 2ac. Notice that [a, b] = Ac for
some A # 0. Then a, ub, Apc, px, where u = 1/a, is a basis for L as in
).

(c) From [3, p.11], there exist only two nilpotent Lie algebras of dimen-
sionality 3: the 3-dimensional abelian Lie algebra and the Lie algebra
M = ((x, y, z)) with products [x, y] = z, [z, x] = [z, y] = 0. Hence there
are no Lie algebras as in Theorem 2.3 (v).

(d) Let L be as in Theorem 2.3 (ix). Then L has a basis a,, a,, x such
that [a,, x] = 8a, and [a,, x] = Ba,, where 8, B # 0 and & # B. It follows
that a,, a,, wx, where u = 1/8, is a basis for L as in (5) with a = B/8.

The last assertion is easily checked. The converse follows from Theorem
2.3. n

COROLLARY 3.3.  Let L be a solvable Lie algebra over the real field. Then
L has at most five ideals if and only if one of the following holds (only

nonzero pf'OdUCtS are giuen);

(1) L is one of the Lie algebras listed in Corollary 3.2.

(2) L is the (2n + 1)-dimensional Lie algebra with basis
{a,, fi.--..a,, f,, x}, 1 < n <3, and products a;, x] = f,, [f;, x] = —a, +
af,+a,,, forl<i<n-—1/[a,x]1=f,[f,x]=—a, + af, with0 <
a < 2,
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(3) L is the 4-dimensional Lie algebra with basis {a,, a,, a3, x} and
products [a), x] = a,, [ay, x]1 = —a, + aa,, l[a;, x] = aay, [a),0,] = a4
with 0 < a < 2.

(4) L is the 6-dimensional Lie algebra with basis {a,, a,, a3, a,, a5, x}
and products [a,, x] = a,, [ay, x1 = —a, + aay + a,, (a3, x] = a,, la,, x]
= —a, + aa,,las, x] = aay, la, a,] = —a5,[ay, a5) = a; with0 < @ < 2.

(5) L is the T-dimensional Lie algebra with basis {a\, ay, a,, a,, a5, ag, x}
and products [a,, x] = ay, [a,, x] = —a, + aa, + a;, [as, x] = ay, la,, x]
= —a, + aay, lag, x] = ag, lag, x] = —4ag + 2aaq, [a,, a;] = a5, [a,, a5]
=la,, a,] = 3a,, [ay, a,1 = —a5 + (@/aq, lay, a,] = —[a/(a® — Dla
+ [1/(a® — Dlag with 0 < a < 2.

(6) L is the 6-dimensional Lie algebra with basis {a|, a,, a3, ay, a5, x}
and products a,, x] = a,, [ay, x] = —a, + aa,, la;, x] = aa;, la,, x] =
as, [as, x] = —=(2a® + Da, + 3aas, la, a,] = a3, [a), a3] = a4, [ay, a5] =
—aa, + a; with 0 < a < 2.

(7) L is the 6-dimensional Lie algebra with basis {a\, ay, a5, a,, as, x}

and products [a), x] = ay, [ay, x] = —a, + ay, laz, x]1 =0, [a,, x] = as,
las, x] = —ay, [a,, a,] = ay, [ay, a;] = ay, lay, a3] = a;.

(8) L is the 6-dimensional Lie algebra with basis {a|, ay, a3, a4, ag, x}
and products [a,, x] = ay, [a,, x] = —a, + a,, [a;, x] =0, [a,, x] = a5,
las, x] = —ay, [ay, a,] = a,, lay, a;] = a5, [ay, a;] = —a,.

(9) L is the 4-dimensional Lie algebra with basis {a,, a,, a;, x} and
products [a,, x] = ay, [ay, x] = a;, [a,, x] = Bay, + aa; with a® + 48 < 0.

(10) L is the 5-dimensional Lie algebra with basis {a,, ay, a, a,, x} and
products [a,, x] = a,, lay, x] = —a, + aa,, las, x] = a4, la,, x] = Bay +
pa, with 0 < @ <2, =1 < B<0, and u* + 48 < 0.

(11) L is the 5-dimensional Lie algebra with basis {a,, a,, a3, ay, x} and
products lay, x] = ay, lay, x]1 = —ay, lay, x1 =a,, lag, x] = —a; + pa,
with —2< <2, u+0ora,ad 0 < a <2 Morever, two Lie alge-
bras of this family corresponding to scalars (a, p), (o', u') are isomorphic if
andonly if @' = —p and p' = —a.

(12) L is the 5-dimensional Lie algebra with basis {a,, ay, a3, a,, x} and
products [a,, x]1 = a,, lay, x] = —ay, lay, x] =a,, la,, x] = Bag + pa,
with 0 < u, —1<B<O, u>+4B <0, and (B, w) * (—1,0).

No two algebras described above (including different members of the
families) are isomorphic.

Proof. Suppose dim L > 1 and L has no more than five ideals, so that
L has the structure described in (iii), (iv), (v), or (ix) of Theorem 2.3. Then L
is a direct sum of a nilpotent ideal N and a one-dimensional subalgebra ((x)).
Take notice that the irreducible polynomials over the real field are linear or



244 M. PILAR BENITO CLAVIJO

quadratic. If ad; x|y ,y2 is split, from Lemma 3.1 we conclude that L is one
of the Lie algebras listed in Corollary 3.2. Then we can assume ad;, x|y, n2 is
not split. We study the different cases separately.

(a) Let L be as in Theorem 2.3 (iii). Then the minimal polynomlal of
ad, x|y has the form (X2 — ¢,X ~ ¢,)", where 1 <n <3, ¢,° + 4¢, < 0,
and N is a 2n-dimensional abelian ideal. Take y = ux, where u =
1/y/ = ¢ . It follows that the minimal polynomial of ad, yly is (X? — aX

+ D" with @ =¢,/y/— ¢,. Notice that —2 < a < 2. Consequently, we
can pick a basis a, f},...,a,, f, for N with respect to which ad; yly is
represented by a matrix in classical canonical form. Then a, f;,...,a,, f,. y
is a basis for L as in (2). It is easily checked that two Lie algebras of this
family corresponding to scalars a, a' are isomorphic if and only if @’ = t+a.
Therefore, we can take the restriction 0 < a < 2.

(b) Let L be as in Theorem 2.3 (iv). Then, 0 # N2 < Z(N) because the
nilpotency index of N is three. As L/N? is as in Theorem 2.3 (iii) with
n = 1,2, from (a) we have dim N/N? = 2 or 4, and we can consider without
loss of generality that the minimal polynomial of ad; x|y,n: is either
X2 —aX+1or (X%2-aX+1)? respectively with 0 < & < 2. Now, let
pu(X)™ be the minimal polynomial of ad; x|y:. Notice that if dim N/N? = 2,
then dim N% = 1. Therefore m = 1, and u(X) is a linear polynomial. If
dim N/N2 = 4, from Theorem 2.3 (ivkb) we conclude that m = 1 and
(X)) is either a linear or a quadratic irreducible polynomial. Consequently,
ad; x acts irreducibly on N2, and its minimal polynomial has the form either
X—PB or X?—¢,X —c, where ¢} + 4¢, < 0. We claim that 8= a,
¢, = 2a, and ¢, = —4. Consider the Lie algebra Lo = L ® C. Notice that
0 # (Ng)? = (N®)¢ < Z(Ng) (see [3, p. 27D and ad; x|v, adL x|y, have
the same characteristic polynomial. Denote by 8, 8 € C the roots of X2 —
aX + 1. Then we can decompose N¢ as (N5 + N5) + (Ng)*. We have that
8+ 8 = a; then from [3, p. 64], 0 # (Ng)? < (Ng)y3 +(Na:)2a +(N¢),»
where (Nc) =0 if v is not a root of the characteristic polynomial of
ad;_ x|n.. Consequently, either 8= a or 28, 28 € C are the roots of
X% — ¢, X — ¢, and therefore, ¢, = 2a and ¢, = —4, which proves our
claim. Then, if dim N/N? = 2, it follows that dim N2 = 1 and X — @ must
be the minimal polynomial of ad x|y2. Thus, we can decompose N = N_x,

+N where 7(X) = X* — aX + 1, N,(x, = {z € N: zm(ad, x) = 0}, and
{a € N:[a, x] = aa). Notice that N2 = N,. Now, we can pick a basis
al, a, for N, x, such that [a,, x] = ¢, and [az, x] = —a, + aa,. Then

N2 = (([a,, a, D), and therefore a,, a,,[a,, a,], x is a basis for L as in (3). If
dim N/N?2 = 4 it follows dim N* = 1 or 2. Thus, the minimal polynomial of
ad; x|y2 is X — @ or X? — 2aX + 4. In the first case, we can take a basis
P1 91> Pas Ga, z for N such that [p,, x] = gy, [py. x] = g5, [q), x] = —
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+ aq, + p,, [qy, x1 = —py + ag,, [z, x] = az. By using the Jacobi iden-
tity, we obtain the following identities:

[[p1.q:]x] = alpi ] + [py, pel,

[[p1. polx] = [91. p2] + [ P12 g2],

[Py g21x] = [91. 921 = [pr po] + alp1. gs ], (33.1)

[[9:. plx] = —[p1 po] + algr, po] + [g1. 921,

[[g1.g:1x] = —[p1.q2] + 2alq1. 2] + [p2. 921 = [g1. 5],

([pe. golx] = alpa. qal.
From the above identities, as ad; x|y: = I, it is easily checked that
[p1. P2l =191, 921 = [ps, 21 = O and [ p,. q,1 = Az, [qy, p] = —[p1. g5l
= pz, where A, p € R. If u = 0, we get that p,, g, € Z(N), which contra-

dicts the last assertion of (ivXb) in Theorem 2.3. Thus, g # 0. Now, write
k = A/p and take the following basis for N:

a(a?k + 2) a’k +k+1
att+a P2 a®+2

a =ap, —q, + qs,

(a>+ 1) (k-1 a(k-1)
* a?+2 Pz ™ a?+ 2

ay =p 9z

a3 = apy — gy, Q4 =Py, 45 = U2,

It is easily checked that a,, a,, a5, a4, a5, x is a basis for L as in (4). Now,
assume dim N2 = 2. Then the minimal polynomial of ad; x|yz has the form
X2 - 2aX + 4. Write m(X) = X2 — aX + land w(X) = X2 — 2aX + 4.
We can decompose N = N, x + N, x)- Take a basis py, q,, py, g, for N 4,
such that [p,, x] = q;, [q,, ’Cf = —p, + aq; + py, [py, x]1 = g5, [q,, x] =
—py + aqy. As N,y = N? = Z(N), we have that N* = [N, x,, N,x,] =
R((a,bl:a,b € {p,, q;. p,, g2})). Notice that the identities listed in (3.3.1)
hold. Consequently, [p,, g,] = 0. If [p,, p,] = 0, from (3.3.1), we obtain
that N? = 0 which is a contradiction. Thus 0 +# [p1, ps] € N2 Denote
[p,. po] = z,. Write [z, x] = z,. We have that z,, z, is a basis for N2 such
that [z,, x] = —4z, + 2az,. Now, from this last identity and (3.3.1), it is
easily checked that p|, q,, p,. g, 2;, 25, x is a basis for L as in (5).
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(c) Let L be as in Theorem 2.3 (v). As L/N?® is as in Theorem 2.3 (iv)
with (n, m) = (1,1), from (b) we conclude that dim N/N? =2 and
dim N2/N3 = 1. Moreover, we can consider without loss of generality that
the minimal polynomial of ad; x|y, ~° has the form (X? — aX + IXX — )
with 0 < @ < 2. Now, by using the same argument as in the above paragraph
(b) with the Lie algebra Le = L ® C, it is easily checked that ad; x must act
on N*® with minimal polynomial either X — 2@ or X2 — 3aX + (2a? + 1).
Suppose first that the minimal polynomial is X — 2. Then N° = R((¢))
and [¢, x] = 2ac. As L/N? is as in (3), we can take linearly independent
elements a,, a,, a; for N such that N = R((a,, a,, a;)) + N® with products
[a), x] = a, (mod N®),[a,, x] = —a, + aa, (mod N?),[a;, x] = aa, (mod
N3), [a,, a,] = a; (mod N3), [a,, a;] = [a,, a;] = 0 (mod N3). Notice that
N? < Z(N). Then by the Jacobi identity we obtain the following:

[[al»aa]x] - 2ala), a3]=[a,, a;] — a[a,,a;] =0,
(3.3.2)
[[az’ “s]x] —2ala,,a3]= —[a;,a5] = 0.

Consequently, a, € Z(N), and this yields that N° = 0, a contradiction.
Therefore the minimal polynomial of ad; x|y2 is X% -3aX+ Qa2+ 1).
Let 7(X)=X2—-aX+1 and w(X)=X? - 3aX + (2a? + 1). Notice
that in the case a = 0, the characteristic polynomial of ad; x|y is (X* +
1)2X. We have two possibilities:

Case 1: ad; x|y is semisimple. Then N is ad; x-completely reducible (see
[4, p. 129]). Consequently, we can decompose N as V + N2, where V is
ad; x-stable. As N, < N2, we deduce that the minimal polynomial of ad; x|y
is X* — @X + 1. Moreover, N* has a decomposition as N, + N°. Notice
that N, = R((¢)). Now, take a basis a,, a, for V such that [a, x] = a,,
la,, x] = —a, + aa,. Then N? =R((a,, a,),[a,,cl[ay, c]). As dim N?
= 3, we conclude that [a,, a,],[a,, c], [a,, c] is a basis for N2. Now, by using
the Jacobi identity, we can easily check that [@), a,] = Ac with 0 # A € R
and therefore a,, a,, Ac, Ala,, c], Mlla,, c]x], x is a basis for L as in (6).

Case 2: ad; x|y is not semisimple. Then its minimal polynomial has the
form (X2 + 1)’X. Consequently, we can decompose N = Ny, + N,. In
that case, ad; x must act on N, cyclically. Take a basis b,, b,, by, b5 for
N, (x, such that [b), x] = b,, [by, x] = —b, + b, [b,, x] = b, [b;, x] =
—b,. Pick c € N,. Then N, = R((¢)) and [¢, x] = 0. Notice that the only
ad;, x-invariant subspaces of N,, are Kerm(ad, x|y) and N, ) Thus
N3 = Kerw(ad, xly) = R((b,, bs)). As dim N? =3, we conclude that
[b,,b,1[b,, clib,, c] is a basis for N2 Now by the Jacobi identity, it is
easily checked that [b, b,] = Ac, [b,, Ac]l = Bb, + pb,, and [b,, Ac] =
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—ub, + Bbg, where 0 # A and (B, w) # (0,0). Write by = Ac. If B> 0,
consider the following elements:

y = Kyb; + x,
a) = Kiby; a, =Kb, + K|K, Bb, + K, K, ubs, ay = (Kl)gbs’
a, = K,(1 = 2K, u)b, + 2K, K, Bbs,

ay = —2K,K, Bb, + K,(1 — 2K, w)bs,

/| B M
Kl“ m and Kz—m.

It is immediate that {a,, a,, a;, a,, as, y} is a basis for L as in (7). If B <0,
consider the following elements:

where

y = Kyb; — x,
a, = Kby, ay= —Kb, + K|K, Bb; + K, Ky pubs, a3 = _(Kl)zbs’
a; = Ki(1 + 2K, u)b, — 2K, K, Bbs,
ag = —2K,K, Bb, — K,(1 + 2K, u)b;,

where

It is immediate that {a,, a,, ag, a4, a5, y} is a basis for L as in (7). If 8 = 0, it
follows p # 0. Then consider the following basis {a,, a,, a,, a4, as, y} for L:
if w>0.
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if, u <0,
1
K=y—-—pn and y=—b;+nx,
m
1 1 1 1
a, = Ebl, a, = —Izbz + }(‘bs, a; = —IEEZ)S, a, = _Eb4’ as = ——Izb5.

It is easily checked that L is as in (8).

(d) Let L be as in Theorem 2.3 (ix), so that the characteristic polyno-
mial of ad; x|y has one of the following forms: (X — aXX? — ¢, X — ¢,) or
(X2 ¢, X ~coXX2—d, X —d,) with a#0, ¢+ 4c, <0, d® + 4d,
< 0, and (¢4, ¢p) # (d,, dy). In the first case, taking y = Ax with A = 1/a,
we obtain that the characteristic polynomial of ad,; y|y is (X — IXX 2 - uX
— B) with u* + 4B < 0. Now, we can pick a basis a,, a,, @5 for N such that
la;, y]l = a;, lay, y] = a3, [a,, y] = Ba, + pa;. Consequently L is as in (9).
In the second case, we can assume without loss of generality that the minimal
polynomial of ad; x|y is (X* — aX + IXX* — yX — 8), where —2 < a <
2, y% + 48 < 0,and (y, 8§) # (a, —1). Now, we can take a basis a,, a,, a,, a,
for N such that [a,, x] = a,, [a,, x] = —a, + aa,, [a;, x] = a,, [a,, x] =
8a; + ya,. It is easily checked that two Lie algebras of these families
corresponding to scalars (a, B, u) and (a’, B', u') are isomorphic if and
only if (a’, B, n) = (pu/ V= B.,1/B,a/V~- B),
(—p/V—-B,1/B8, —a/ - B), or (—a, B, —p). From the above isomor-
phism characterization, the restrictions 0 < @ <2 and —1 < B8 <0 are
immediate. Now, if 8 # —1, 0 < & < 2, we conclude that L is as in (10) or
(12). Notice that in case (12) we can take u > 0. If 8 = — 1, we obtain that
L is as in (11) or (12).

The converse follows from Theorem 2.3. [ |

ExampLE 3.4. The following examples ensure the existence of Lie
algebras of the type in Theorem 2.3(vi) with nonabelian nilradical. A final
remark: if L is as in Theorem 2.3(vi), the structures of Nil(L) and the Levi
factor of L influence each other.

(1) Let N be the nilpotent 3-dimensional Lie algebra with basis
{a,, a,, a;} having as its only nonzero products [a,, a,] = a3 = —[a,, a1 If
N is the nilradical of a Lie algebra L as in Theorem 2.3(vi), it is easily
checked that L/N must be isomorphic to the split three-dimensional simple
Lie algebra. Now, from [5, p. 32], L has a basis {a,, a,, a3, x, y, h} with
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products [a,, a,] = a;, [a,,a5] =0, [a,,a5] =0, [x,4,]1=0, [x,a,] = a,,
[x,a,1=0, [y,a]=a,, [y,a,]1 =0, [y,a;1=0, [h,a]=a,, [hal=
—ay, [h, a1 =0, [h, x] = 2x, [h, y] = —2y, [x, y] = h. Notice that I(L)
is the following 4-element chain:

0 < F((a3)) =N? <F((a;,a5,a3)) =N <L.

(2) Let M be the Lie algebra with basis {a,, a,, a;, a,, a5, x, y, h} and
products [a,, a,] = a3, [a,, a;] = a,, [a,, a5] = a5, [x, 4,1 = 0, [x,a,] = a,,
[x,a,] =0, [x,a,] =0, [x,a5] = a,, ly,a,] = a5, [y,a,] =0, [y,a;] =0,
ly,a,0 =a5, [y, a51=0,[h,a,] =a,, [h,a]l= —ay,[h,a;] =0,[h,a,] =
a,, [h,as] = —as, [h, x] = 2x, [x, y] = h, [h, y] = —2y. It is immediate
that M is as in Theorem 2.3(vi), where J(L) is the following 5-element
chain:

0 < F((ay, as)) = Nil(L)® < F((as, a4, as)) = Nil(L)*
< F((a,,ay,a4,a4,a5)) =Nil(L) <L. u
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